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Preface 


The worldwide exchange of ideas and information plays an important role within Unesco's 
programme to promote innovations for the improvement of mathematics education. One of the 
Organization's contributions to this international exchange is the publication of New Trends in 
Mathematics Teaching, within a broader series, The Teaching of Basic Sciences. 


This volume, the fourth on the subject of mathematics education, is to a large extent based 
upon the preparation for and proceedings of the Third International Congress on Mathematical 
Education (ICME) held in Karlsruhe, Federal Republic of Germany, in August 1976. This 
Congress, the largest International meeting of its kind, brought together nearly 2,000 mathematics 
educators from seventy-six countries. Efforts to broaden participation from developing countries 
resulted in the attendance of educators from eighteen countries which had not been represented 


at previous Congresses. 

The introduction which follows explains the planning of the thirteen chapters of this volume 
and the steps taken to ensure that the contents reflect worldwide trends in mathematics teaching. 
The international community of mathematics educators, as represented at Karlsruhe, was in 
general agreement with these papers, which show the common trends and processes of 
mathematics teaching. The present volume is, however, not a statement of what should be taught; 
this will depend upon each country's social, economic and cultural goals and resources. 


All those who are actively interested in the improvement of mathematics education should 
find this volume useful; practising teachers and teacher educators, teachers-in-training, members 
of examination boards and teachers’ associations, school inspectors, curriculum development and 
research workers, and especially those responsible for making decisions in respect of mathematics 
curricula. 

Selected chapters could also be used as resource material in mathematics education workshops 
and conferences. Problems of a national educational system or those common to a group of 
countries can be studied in the light of the international body of ideas and information contained 
herein. 


Unesco wishes to express its appreciation to all the many persons who helped to prepare this 
volume — authors of papers, all of whom agreed to remain within the boundaries set by the 


editorial board; panel members for constructive criticisms of the draft papers; Congress 
participants who contributed to the discussions; the International Programme Committee and the 
Federal Republic of Germany Organizing Committee of ICME. Special thanks are due to the 
editors of this volume (Professor B. Christiansen and Professor H.G. Steiner) and their co-editors 
(Dr. T.J. Fletcher, Professor A. Revuz and Professor L.A. Santaló 


) for their competence, care and 
patience in editing the papers of thirteen authors. 


The views expressed by the various contributors are the responsibility of the editors and 
authors and do not necessarily reflect the views of Unesco. The International Commission on 
Mathematical Instruction was entrusted with full editorial responsibility for this volume. 
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Introduction 


For several years past, the United Nations Educational, Scientific and Cultural Organization 
(Unesco) and the International Commission on Mathematical Instruction (ICMI) have co- 
operated on a number of important tasks. Among these co-operative activities, the development 
of the series New Trends in Mathematics Teaching has been of special prominence. Volumes I 
and II, prepared respectively in 1966 and 1970, contained various articles on key topics in 
mathematics education, written by internationally recognized specialists. These two volumes 
were well received, since they brought extensive information about innovative efforts, but it may 
have been difficult for the reader to distinguish individual contributions (which considered 
general problems to be coped with) from major trends. Unesco therefore decided that future 
volumes should be composed of scholarly analyses of such Problems and trends, so that the 
contents of the volumes would correspond more closely to their titles. 


A i lume III followed a new pattern 
ccordingly, volum education specialists discussed those chapters which were still only 


" 1 tics 

ate Sie RA that additional action should be taken to ensure that trends in the 
development of mathematics education were described on a sound and appropriate basis. 

ed to discuss thoroughly the possible composition of volume IV. This 
oo per dip ci at the end of 1974 at an Ad Hoc Advisory Meeting convened by 
ICMI on behalf of Unesco. Among the participants were staff members of Unesco and members 
of the Executive Committee of ICMI. The structure of the previous volumes was carefully 
analysed, and new plans Were made to identify both major problems in the field of mathematics 
education and the direction and intensity of changes taking place in that field. As expected, 
Unesco and ICMI were in full agreement about the purposes of the volume, and the meeting 
further clarified the principles for its development and the strategies and working methods by 
which the necessary co -operative support from mathematics educators around the world could be 


obtained and facilitated. 
fessional responsibility for the development of 
U d that ICMI assume full profess : pment ontus 
aga re pa. adds with the general plan identified at the Paris meeting. It was intended that 
work on the publication should be linked to the professional preparations for the Third 
Titemotional o ngress on Mathematical Education to be held in Karlsruhe, Federal Republic of 


w pattern, based on the conclusions of a two-week 
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- ugust 1976. It was agreed that meetings of authors with editors and other 
beris p rs peel both before and after the Congress. As a first step in these 
co-operative efforts, an editorial board was established to assist ICMI in fulfilling the 
Commission’s obligations towards Unesco. The two Vice-Presidents of ICMI became members of 
this board and chief editors of the volume. Three other mathematics educators served as members 
of the board, with special responsibilities related to the English, French and Spanish language 
versions of the volume. 


The International Commission on Mathematical Instruction welcomes this occasion to describe 
how the envisaged procedures were actually carried out. It should be emphasized that the 
planning meeting in Paris at Unesco Headquarters was of great importance for the subsequent 


work, and that these plans greatly benefited from the co-operative spirit of the National 
Organizing Committee for the Karlsruhe Congress. 


Three aspects were of major importance in the development of the volume: first, the scope and 
purposes of the work seen in relation to the general pattern of its execution ; second, the details 
of the system within which each chapter was established; third, the Specific difficulties and 
constraints inherent in the task itself, namely establishment of survey-trend reports. Knowledge 
of these three aspects will help the reader to see the ways in which this volume may be useful as 
an instrument in the hands of the mathematics educator or teacher. 


The scope, purposes and development of this volume 


It was decided during the Paris meeting that this volume should deal with thirteen broad themes 
of general educational interest for mathematics teachers and educators. Six of these themes 
divided the field of mathematics education according to levels, ranging from pre-school to adult 
education, whereas the remaining seven made a “vertical” division of the field in question, so that 
each theme would be of interest for the work at all levels, e.g. curriculum development, 
evaluation, research. The final selection of the themes appears as the chapter headings in the list 
of contents. 


For each of these themes a report was develo 
Ieport was next e 


The contributions of each Specialist, first as re 
number of stages which gave the reporter/author a 


» expressed personal views in 
above, a high degree of "objectivity" was possible 


chapter. In (2), the subjective judgement 
and (4), but especially in (3), the choices of the specialist dep 
experience, judgement and views. 


The above procedure and purposes indicate that the develo 


; t pment of New Trends in 
Mathematics Teaching, volume IV, was indeed an ambitious and difficult task, which could only 
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be accomplished in a tentative and approximate sense. At the Ad Hoc Advisory Meeting at Unesco 
it was seen that the development of an appropriate volume would depend on an expansion of the 
existing network of international co-operation. This co-operation would be a means to counter- 
act two major risks which are implied by the intended scope and purposes of the volume. One 
risk was the danger that each of the thirteen themes might be considered in isolation from the 
other themes, which could be counteracted by bringing authors together at several stages of the 
working process. The other problem was the danger that the developments and tendencies of a 
particular theme might be judged in relation to one specific context only. The provision of 
interaction between the reporter/authors and specialists from a number of countries around the 


world would counteract this tendency. 


Some details concerning the development of the chapters 


The first step to be taken by ICMI was the identification of the team of thirteen reporter/authors. 
The second was the establishment, for each theme, of an International Advisory Group of 
specialists on that theme (10—15 members), broadly representative both with respect to 
countries or regions and to the various aspects of the theme. The members of this group had 
several crucial functions: first, to provide the reporter/author with information on other national 
or professional contexts; second, to give constructive criticism at several stages of the working 
process; third, for those members of the Advisory Group who were able to attend the Congress, 
to join the core group of a Panel to discuss the report at the Congress section on their theme. 


The International Programme Committee of the Third ICME became the instrument under 
which these early plans developed into a practicable form. This process involved the co- 
ordination of the development of the chapters with the preparation of the reports to be 
presented at the Congress. The Committee comprised some twenty specialists from fifteen 
countries, and counted representatives of the editorial board of this volume as well as the 
National Organizing Committee for the Third ICME. For the theme of each Congress section, 
available international expertise was screened. by a sub-committee of the International 
Programme Committee, and personal contacts were established accordingly through 
correspondence and direct consultations. As a result, the team of reporter/authors was finally 
established in June 1975, and the thirteen International Advisory Groups were forming by the 
end of 1975. By the middle of 1975, *New Trends IV" began to take shape. Some of the major 
stages in the development of the volume are indicated below. 


First, the chief editors of the volume, acting on behalf of ICMI and Unesco, drew up a list of 
sub-themes and aspects which should presumably be part of the reports and of the corresponding 
chapters. These brief statements concerning the thirteen themes were sent to all reporter/authors 


together with basic information on the intended volume. 


Second, each reporter/author developed an open-ended outline of his intended report. The 
purpose was not, at this stage, to develop a summary of the report, but to make views and 
intentions open to comments and criticism, and to indicate working principles and criteria for 


identification of trends or suggested actions. 

to all authors and to the editors, to the International 
d German mathematics educators who would each serve as 
a co-ordinator of the contributions at one of the Congress sections. This group of about 30 
specialists was then brought together for a three-day meeting in December 1975 at the 
Mathematics Research Institute in Oberwolfach, which was made possible due to financial 


support from the Volkswagen Foundation. The outlines were here subjected to a thorough 


discussion, which revealed the many cases where overlaps would be necessary and even fruitful. 


Third, these outlines were sent 
Programme Committee, and to selecte 
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Constructive criticism during the meeting resulted ina n 
early stage of the development of the re 
influence on the subsequent work. 


umber of changes and adjustments at this 
ports. Thus, the discussions in Oberwolfach had a great 


Fourth, the reporter/authors, acting on recommendations made during these discussions, drew 


presenting a closer approximation of the 
o the editors and to the members of the 


professional advice, comprising information and criticism, furnished the reporter/authors with 


ing process. 


This fifth and major stage was the development of the survey-reports (in preliminary form) and 


ons mentioned above, whereas the 
abstract was given (in an English, French or Spanish version, as 


on the complete (preliminary) report. Furthermore, authors 
become acquainted with the total volume in its preliminary 


for the sixth crucial step, consisting of several inter-related 
Congress. 


In August 1976, the themes of the cha 
of the thirteen sections at the Karlsruh 


mmunications) in the 
rd International Congress on Mathematical Education*), 


picture presented was an accurate and balanced statement of affairs; b) whether 
urgency of the problems and changes were properly identified; and c) whet 
programme recommended seemed to be sound and practical. 


the nature and 
her any action 


> 


elopment of his final 


*) Published Karlsruhe, 1977, 


Distributed b 
Hertzstrasse 16, D-7500 Karl. 
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obtained, and co-ordinating adjustments had to be made by means of further co-operation 
between authors, Panel members and editors. The resolution of such difficulties, which are 
further elucidated below, required considerable time and therefore delayed the publication of 
this volume. 


Difficulties and constraints of the task 


Is it possible to identify “new trends" in mathematics teaching? The difficulties inherent in the 
task become even greater when the purpose of the volume, as required by Unesco, is to “present 
an accurate, comprehensive and balanced picture of mathematics education around the world — 
what is going on, what difficulties are being experienced and what needs to be done — but 
written basically for anyone who is interested in what is going on in mathematics education 
around the world, particularly those interested in and/or able to promote innovations in this 


field." 


Certainly, when the process of mathematics education in a selected country is considered over 
a certain period, changes are seen in a number of respects, and the direction and intensity of such 
changes, trends in the developments, are also seen. However, the object for study — mathematics 
education — is a complex and multi-faceted field, and its themes and sub-themes are closely 
inter-related. Moreover, the process of education is interwoven with the development of society, 
and hence is dependent on socio-cultural and socio-political aspects. Not only does the subject's 
perception of the object for study depend on his personal views and values, but inherent in the 
object itself are value-systems and valuejudgements. Accordingly, even if the reviewer of the 
developments consciously attempts to be impartial and objective — which he certainly must — 
his personal values and views will influence his choice of aspects and factors to be analysed, as 
well as his insight into such selected items and his judgement of them. 


Such difficulties were often encountered in the development of this volume. For example, 
when the reporter/author needed to consider a problem in different socio-cultural or national 
contexts, he had to base his comparison on a few arbitrarily-distributed views expressed by other 
specialists, who in turn were influenced by their specific contexts, and who may have described 
the problem in their own or in other countries. Awareness of these difficulties is, however, the 
first step to bringing them under some control. Moreover, the consideration of changes in 
mathematics teaching “around the world" necessitates that the identification of trends be limited 
in scope to such cases where it is universally accepted that a common tendency exists in the 
developments. Another way to confront these difficulties is to consider trends in specified 
contexts (e.g. national, institutional) for which broad agreement has been reached. 


The problem of being "objective" and the dangers of identifying trends with limited back- 
ground material — or in complex domains to which the concept of tendencies is not applicable — 
were carefully considered by the authors at the meetings in Oberwolfach and Karlsruhe. It was 
clearly recognized that the consideration of trends would have different interest and value in the 
different chapters. It was agreed that, in all cases, important parts of each chapter would consist 
of statements of the author's own view of the process of change, and that it should be made clear 
to the reader when personal views and proposals were expressed. 

It is hoped that the danger of undue isolation of topics, which is implied by the division of the 
theme of this volume into the thirteen closely inter-related sub-themes dealt with in the chapters, 
has been counteracted by the following measures. First, each author — as far as conditions 
allowed — developed his chapter as a self-contained unit. This arrangement should aid the reader 
who is interested in only selected chapters, and the reader of the complete volume should benefit 
from the treatment of the same sub-theme from different perspectives as regards priority and 
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detail according to the context of the chapter in which it appears. Next, the extensive co- 
operation between authors at the authors' meetings and by correspondence helped to avoid 
undue separation of themes. Third, in the case of the division into levels (corresponding to the 


first five chapters), the age-levels to be considered in each chapter were deliberately chosen so as 
to overlap. 


Authors were requested to write at a level of interest for mathematics teachers and educators, 
but not to simplify matters unduly nor to write popular accounts. 
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Chapter I 


Mathematics education at pre-elementary and 
primary levels 


F. Colmez 


INTRODUCTION 


In this chapter we shall try to define the chief tendencies in the mathematical education of 
children from the beginning of their school-life up to the age of 10-12 years. In many countries, 
this age no longer indicates the end of compulsory schooling, but it is still very often the time 
when a change occurs in the pattern of education; this is the age, according to Piaget, which 
marks the end of the stage of concrete operations. 

At all events, the years of elementary education are still the years, within the context of school, 
into contact with mathematical activity, and on that account is 
of paramount importance for their future, and especially for the attitude they will adopt towards 
learning mathematics. Moreover it is at this point that the various problems raised by the teaching 
of mathematics are more easily formulated and observed. 
ment is motivated by two desires which are complementary but different in 
character: (1) to enhance the content of education by promoting the standardizing and 
simplifying power of mathematical thought, with the object of improving each individual’s level 
of understanding and grasp of an environment full of mathematical situations; (2) to improve the 
learning process of every child and to introduce the study of mathematical ideas at the must 


appropriate moment. 


when young children first come 


Current develop 


was essentially the first idea which motivated the will for reform at all 
s a question of bridging the gap between mathematics taught in school 
y mathematicians. An attempt was therefore made to pass on the 
d more elementary levels of teaching. 


During the sixties, it 
levels of education. It wa 
and mathematics as developed b 
general unifying ideas at more an 
the move from a stage of isolated experiments to a stage in which 
dertaken, or where planned modifications were about to be 
hich more importance was given to the second idea. 


During the seventies, 
experiments had already been un 
implemented, led to a situation In W 

It is the results of this change in priorities which form the background of the new trends which 


we shall attempt to analyse in this chapter. 
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1 GOALS 


1.1 Mathematics or arithmetic 


in place, of arithmetic. This idea is false; and to avoid this mistake s 


ome countries have preferred 
to use the terms “‘pre-mathematics” or "mathematical arithmetic". 


This dispute over words reflects in fact the present varying trends in elementary education, 
from the point of view of goals as well as of content and methods. 


Although the range of goals set out for elementary teachin 


one place to another, the world-wide trend is to extend 
citizen's basic training in mathematics is no longer ensured by the 


to provide them with a correct approach and a real understandi 


associated with these techniques, and a solid base for their continuing education. 


1.2 The value of attainments 


In many countries, the role of Selection and orientation in 
important; even officially this role 
to be the case; it probabl 


elementary edu 
has often disappeared, but the facts do n 


are no longer clearly discerned 
by its most interested parties: parents, pupils and teachers. These gi onger be confined 
simply to those of acquiring knowledge and skills within a limi 
operations), and the problem thus raised, of assessing the 


Pre-elementary and primary 


This is the emerging trend at present: not only to maintain a good level of attainment in 
arithmetical proficiency and skills, but to extend this aim to other fields and thus create in the 
pupils fresh abilities, attempting especially to leave the way open for later adaptations. 


1.3 Development of an exploratory attitude 


The preceding sections relate to the subject which is taught; the aims we shall now attempt to 
define relate to the child who does mathematics. In this field, the most interesting trends are 
based on the idea that there is no basic difference between the way in which a child acquires 
knowledge and the way in which a mathematician creates it and that, as a result, the teaching of 
mathematics should be considered mainly as a rediscovery. In point of fact it may be noted that 


the following trends are being adopted only very slowly. 


We put in first place a goal which, although not entirely new (it has been found as a regular 
item for a long time now in official texts), is now considerably strengthened by the fact that 
efforts are being made to find effective means of attaining it: the development of the attitude of 


research in pupils. 
Thus pupils are presented with situations in which there are several possible approaches to the 
solution. at different levels of ability or formal techniques, while care is taken not to discourage 


the various endeavours nor to favour one method of solution more than the others. 


Each pupil is capable of doing something and can eventually move from one level of solution 
to another if he is stimulated by discussion within the class. 


This goal assumes a considerable change in the conception of the nature of teaching. 
Previously, the learning of techniques for solving closely defined problems whose terms include 
the few key words giving the pupil the clue as to which mechanical process to apply often reduced 
the pupil's role to that of a computer which has to learn programs. This conception of teaching 
has unfortunately not yet disappeared; it often produces an emotional blocking in the pupil who 
is afraid of not knowing the answer, and it leaves him helpless when he finds himself confronted 
with a problem which is not closely defined. On the contrary, the development of an exploratory 
attitude is a goal which has both a social and a psychological basis. Socially, the variety of 
questions in which mathematics occurs makes it impossible to provide a child with a sufficiently 
wide range of techniques to allow him to confront all the problems he will meet in the course of 
his life (most of which are unknown at the present day); and psychologically, the pupil does not 
learn mathematics by contemplating the complete mathematical structure, but by a reasoned 
dialogue, which it is the teacher’s duty to foster. This goal can be stated more clearly and 


succinctly as follows: 
— to foster the natural curi 
with situations where the 
grasp; 


— to leave children to develop their . 
— to allow each child to succeed in order to encourage his research in the future; 


pupils to appeal to their previous skills and abilities in order to explore new 


osity of children and their desire to understand by presenting them 
procedure to apply depends on a mathematical model within their 


own strategies of research; 


— to encourage 
situations; 


to stimulate children to suggest new topics of activity of their own accord. 


Mathematics Teaching IV 


1.4 Intellectualization of elementary teaching 


ent, the definition of the concept of 
area, the inter-relationship of the different Sorts of area, t 
giving the areas and the volumes of simple geometrical object 


Also under the heading of intellectual 
of different situations, common models, that is 


describing and studying well-chosen situations pecting the principal criteria which 
constitute the efficiency of this tool of investigati i 
accuracy, relevance, normality. 


In particular, the deliberate use of symbols to indicate obj 
variables, encourages them to const 
way, children are able to grasp t 


matics (discove con i 
reorganization), and one can perceive in their problem-solving s Ei. ende 
well as analytical thought. 
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pedagogic situation or intention. It demands that the teacher become much less apparent as a 
giver of information and much more available and alert as an organizer and animator; this 
requires much greater professional ability. Finally, the size of classes must be adapted accordingly 
(neither too many nor too few); the optimum size is probably somewhere between 20 and 25 


pupils. 
For all these reasons, this goal may seem a Utopia in the current teaching situation; this is yet 
another argument for increasing research into the exact conditions necessary for its achievement. 


1.6 Pre-elementary teaching 
The idea of introducing activities with mathematical content into the nursery school has been 
apparent for some years. 

First of all it must be noted that the status of pre-elementary education varies greatly from 
place to place. In many cases this stage of education does not even exist; if it does exist, the 
attainment of skills is not an aim of prime importance. Those who teach at this level receive a 
training which often differs from that of primary school teachers, having little mathematics; they 
concentrate much more on children's affective problems rather than on the cognitive problems. 
For all of these reasons, no far-reaching change can be introduced rapidly, and even research is 


more difficult in this field. 

However, reasons abound for research at the level of pre-elementary education. Psychologists 
have shown that the intellectual maturity of a child depends largely on the activities in which he 
ty to participate. We cannot exclude the hypothesis that the absence or delay 


has the opportuni : 
e s creates an insurmountable handicap for the child. 


Of certain activitie 
-school teaching should therefore be to devise activities for children which they 
do not necessarily find in their family environment, and to exploit them by helping the child to 
recognize the relevant objects of thought and to construct his own patterns and structures. 
Beyond the activities of sorting and classifying which are fairly generally practised, many 
children’s activities relate to mathematics in the areas of time, movement, speed, spatial models, 
measurement, geometric-type creations, relationships of all kinds, symbolic notation, ideas of 
quantity, etc. Some of these areas are consciously dealt with in pre-school education in some 
countries; however, in most countries no clear trend towards an intellectual approach in pre- 
elementary teaching can yet be discerned, even if the social importance of the latter is increasing. 


One goal of pre 


2 CONTENT 
i thought that the content of elementary education in mathematics has 
TR- ORNS duis er fact, the modifications are on the whole modest, and arithmetic 


cl letely. In actual : i; 
Eai e e ire: of mathematics teaching at elementary school level. 


2.1 Operational techniques 

the reform in mathematics teaching at the elementary level has given rise 
ed with the attainment of operational techniques, and has 
laying open to doubt a large number of generally accepted 


The implementation of 1 
to reséarch on the problems link 
afforded an opportunity of once more 
ideas. 


The majority of people and many teachers still think that for each arithmetical operation there 
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This gives rise to a division in activities: on the one hand, ther 
other, the study of technique. In turn, the study of techni 
repertoire to be committed to memory (the operational 
program which, broken down into a Sequence of sub 


gers amounts to using the 
rithm to be shortened. 


gorithm and a repertoire is the 
ing and the time Spent on each 


a very full repertoire allows the algo: 


Traditionally, in every country, the simultaneous choice of an al 


historic result of an overall optimization of the effort of memoriz 
calculation. 


To help remove the mystique of the subject among adults, it w 
available a collection of the different techn 


j £ ould be interesting to have 
Glues used in various cou 
also be of use in the training of teachers. 


ntries. This collection could 


must, if he is to use the necessary repertoire 
another base, or consult it having written it down: as 
algorithm shows little change, the total task of the pup 


2.2 Natural numbers 


The introduction of sets in the 


elementary school is one of the 
criticism; some of this was and s 


thin, i i 
till is well-founde s: His mL Be TDR 


d, as we show in the following analysis. 
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The word "set" had been introduced in a naive sense by certain promoters of the reform, in 
order to be able to speak more easily and more consistently of collections of objects whose 
comparison leads to the concept of number. But, on the one hand, this word made some good 
people shudder, since they appeared to take the word in the strong meaning of set theory; on the 
other hand, teachers wished to express ideas in concrete terms by representing sets by stereo- 
typed drawings called Venn diagrams in many text-books, thus creating automatic responses in 
the children. 


In the same stereotyped procedure, the use of one to one correspondence to compare two sets 
is done with the aid of lines linking the elements of sets inside two potato-like figures, which is 
useless on small sets as the comparison is done by the eye or by mental calculation (so that the 
drawing becomes an end in itself and is no longer a means), and which on sets which are too big 
produces an inextricable drawing; in the same stereotyped practice, the sum of two numbers can 
only be considered by the drawing of three “potatoes” of which two are inside the third etc. . . 


This procedure does not allow any distinction between different levels of abstraction: collections 
of objects, representations of sets, classes of sets, numbers, and the writing of numbers. Children, 
not having touched on the process of abstraction, are lost at the level of writing down the 
numbers, which seem meaningless to them. To remedy this difficulty one comes back down the 
Scale of abstraction by expressing written work in concrete terms with the help of such objects as 


multibase blocks. 

One may note a tendency to correct this mistake by constructing the natural numbers in 
stages, each stage requiring the introduction of methods at different levels of abstraction; for 
example, comparison by one to one correspondence and simple enumeration of numbers up to 
15-20, comparison of "bundles" and written recordings of numbers up to 40-50, systematic 
“bundling” and numeration beyond 60. Each new tool, introduced because of an extension, can 
also be applied in previously explored fields. Thus a coherent construction is reached, where all 
aspects of number are taken into account and where confusion between levels is avoided. 


2.3 Computation and the extension of the concept of number 


eloping in the teaching of computation which may be termed 

uote a le Sao mathematica structures with a view to changing the teaching of 

arithmetic with the help of general ideas of transformations, relationships, etc... Now it no 

l that the activities thus contrived encourage pupils to reach the fixed goal in the 

Hio nos TR does not mean that such activities are uninteresting — on the contrary — but 
cte 2 


their interest lies in another direction. ion of (Z,*), the study of al fini i 

i elp in the construction of (Z,+), the study of several finite groups is 
m. example, pues M pen elements) in which the elements are one-one mappings of a set 
introduced (mainly wi he law of combination is composition of mappings. The dynamic 


pos det pU luec is brought out by arrow diagrams or with the ideas of "function 
aracter 


machines". z " ; ; 
rators for addition and subtraction are introduced as functions in N. But 
i le, the composition of the 
iti erators analogy no longer works for example, comp 
for the hx vua 5 Fi “add 2" does not give the function “subtract 1". (The domain of 
doom à ipa is same.) If the computations are clear at the level of counting, their transfer to 
inition is à 


the function level is ambiguous. | i | 
surmounted by establishing written conventions which are not 


li bis vias fin Hie while the children continue to do their computation at the level of 
inked with p 


In the same way, ope 
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; but the clarifications produced by operators do not 
correspond to the process implicitly followed. 


These difficulties lead to a regression in the t 
the study of certain algebraic properties which 


to carry out a great deal of research. 

From a similar viewpoint many activities devised for children may be classed under the heading 
combinatorics. This allows the teacher to present open situations adapted to the pupils’ 
capabilities for investigation and it is up 


; 1 s to them to organize their work, to discover through 
systematic exploration some interesting properties of numbers, and in many cases to do actual 
demonstrations. Although some teachers restrict these possibilities to systematic tree- 


constructions, thus creating automatism in their pupils, generally the proficiency acquired by the 
pupils during exercises of a combinatorial character encourages them to think out their 
computations in a better way. 


The main content of elementary teaching in all countries is still the introduction of natural 
numbers and the study of some of their properties. 


Many countries introduce negative numbers at a fairly early stage in elementary teaching; 
others do not do so at all. 


It would appear that in some countries the study of rati 


trend. 


2.4 Geometry 


1 of points, find the median 
t requires numerical į igati 
are possible along the same lines. i iss: 


The second is an exploratory trend based o. i 
plane figures to classify and the study of cla 
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some properties of symmetry, of the incidence of parallel lines, and of some plane trans- 
formations, which also come into constructions of tilings of the plane, and regular polygons or 
polyhedrons. The use of squared paper helps to simplify certain constructions, facilitates their 
solution by the introduction of numbers, and stimulates arithmetical research. The use of 
assemblies of cubes affords an opportunity of setting and solving problems from the point of 
view of shadow cast and representation with the help of projections, etc. Many other activities 
may be introduced, stimulated by the environment. 


The structural trend being the earlier one, it appears that the second trend is developing in 
some countries as a reaction against the first, supported by the argument that the structural trend 
portrayed a conception of geometry which was too algebraic and did not sufficiently emphasize 
the concepts most useful to the child for his spatial awareness. In fact, these two trends do not 
seem incompatible (the activities based on geoboards, for example, hinge the two together). 


As for measurement, a fairly wide-spread trend is to devise activities constructed around the 
idea that for each particular magnitude a measuring instrument allows a number to correspond to 
each object (with or without approximation). Studies are being made of what happens when the 
measuring instrument is changed, and what sort of information is given by the knowledge of the 
measurements of objects: in particular, how the sum of the measurements corresponds to a 
certain arrangement of the objects. The refinement of measurements and the use of the metric 


system is linked with the study of decimal numbers. 


2.5 Probability and statistics 

One of the most important of the new subjects beginning to penetrate elementary teaching is 
probability and statistics. However, even if the will to teach these subjects is fairly general, their 
introduction at present is still frequently limited toa few experimental areas, especially in the 
case of probability. We have been able to distinguish various goals in the teaching of probability 


at the elementary level: 

(1) To provide children with the experience of chance by presenting them with situations 
where a determinist model is not appropriate: for example, placing appropriate bets or making 
Correct predictions, even without any analysis. (The words "appropriate" and “‘correct” mean 
satisfying to the child, that is, fitting in with his statistical experience, which it is absolutely 
essential to develop.) 

(2) To introduce a useful and precise vocabulary so that the children may formulate their 
findings, that is identify events and their measures". If we wish to simplify the understanding of 
the model idea, it is important to have two languages, one for the a posteriori measures 
(statistics), the other for the a priori measures (probability). 

(3) To construct models of prob 
recognized as relevant in statistica 
experimental verifications of these fo 
ratios and combinatorics are used. 


(4) To start a more systematic study by organizing the ideas so as to be able to describe and 
while enriching the analytical instrument with concepts such 


ability, that is, to clarify relationships between the objects 
] experiments, which allow forecasts to be made, and 
recasts. This is where the use of mathematical tools such as 


solve certain categories of problems, 
as events and measures. 

It is to be noted that these four goals correspond to four very different levels of abstraction. 
With the help of this classification, two principal trends can be discerned in the teaching of 


probability. 
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A first trend, already fairly widespread, is restricted to the teaching of statistics; " vs "e 
the teaching mainly deals with the two first levels, and moreover only achieves part 2 tes vis 
two goals. This teaching is performed with the support of both the information provided by 
environment and experiments conceived and carried out by the class. 


i i deals more or less with all four goals. 
A second trend, still often at the experimental stage, y : 
There is therefore the risk of stressing the third goal too soon and of reducing the teaching. of 
probability to a use of arithmetical and combinatory techniques, and of making the simulation 
without the pupils having actually constructed the models which justify it. 


Many didactic materials and situations have been prepared which can be exploited in either 
way. 


2.6 Influence of computer science 


The influence of ways of thinking used in computer science can be noticed to a certain extent in 
elementary teaching, even if this trend is perhaps less strong at the present moment than might 
have been expected some years ago. There is no question here of teaching a new subject but of 
using to advantage certain methods of analysis and presentation by adapting them to the needs of 
elementary teaching. 

A first, very wides 
standing of the d 
arithmetical writte 


pread, trend is the use of arrows, boxes, etc., which encourages the under- 


ynamic aspect of mathematical thought much more easily than a classical 
n sequence. For example the statement: 


+2 x3 
3 ——— 5 — ————-15 
is simple and immediately understandable. Writing (3*2) x 3 = 15 is not at all on the same level 
of abstraction as it introduces additional ideas. One method of investigating these notions is the 
diagram 


A second trend is the use of diagrams of the above type to solve and present the solution of 

problems, and then to generalize from one category of problems in which the terms are similar in 
nature but different in value. Flow diagrams with or without loops are used with the same end in 
view and also to describe algorithms, etc. 
A third trend consists of using imaginary machines: even if access to a computer is not 
write a program for an imaginary machine which as a rule can 
ich must be given precise orders to be able to function. 
program compel the children to be Very strict in the 
writing of instructions, and to clarify the properties they use in their choice of elementary 
instructions. 


2.7 Language and logic 


Reformers have often been reproached with changing and increasing the vocabula 
let us try and see what the situation is. The real problem in some countries does 
quantity, but the function of the vocabulary introduced. Most of the terms aren 


ry used in class; 
not concern the 
ot used to name 
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the mathematical notions themselves, but representations of these notions, or are even used to 
describe the representations themselves. In other words, these terms have no mathematical 
function; they have a metamathematical or a perimathematical function. 


Let us give an example. There are three names (and surnames, what is more), Venn, Euler, and 
Caroll, to indicate three slightly different representations of the same mathematical entity (the 
partition of a set defined by two of its subsets). The partition itself is not discussed; moreover an 
actual act of mathematization must be carried out in order to recognize this partition in the three 
cases. Everything takes place as if it were the intention to conceal the subject under discussion 
from the children. This is a very popular trend and is not new; school vocabulary has always been 
found to contain more means of indicating or qualifying the significants (the pictorial 
presentations) than the signified (the concepts). So much so that many concepts cannot be 
treated in class discussion by the teacher or pupils other than through the intermediary of a 
pictorial presentation of a concrete situation, which like any presentation, is accompanied by 
many other things besides the concept itself. 

In an attempt to prevent the pupils by-passing the essential (the concept in view) in a concrete 
situation, a procession of multiple concrete situations follows, which often results in the 
introduction of as many vocabulary systems as situations, and the need for translation from one 


situation to the other. 

No country has probably been able to escape totally this language perversion, which in other 
respects is probably no worse than that which has always existed. One of the goals of reformers 
was and still is the disappearance of this perversion; it is still out of reach and prolonged efforts 
are still required, as this problem is for many people a question of teacher training, and of 
mathematical and didactic ability on the part of text-book authors. 

In the field of logic, yet another issue for elementary teaching, some practices have been 
Observed deriving from a similar desire to express 1n concrete terms: for example, creation of an 
artificial language which is neither the native language nor the mathematical language, resulting in 
phrases such as “the set of girls wearing non-dresses "(to indicate those wearing skirts or trousers). 
The current trend is to try and avoid the trap of this artificial language which transforms what is 
easily understood in the native language into a pseudo-mathematical jargon, in order to preserve 
that part of it which is most ambiguous, that is, the logical connections. One of the measures 
suggested is the choice of well-adapted situations (riddles for example) which lend themselves to 
a twofold description, one in the native language, the other with the help of mathematical 
apparatus (symbols, diagrams, tableaux, etc) and which allow the children to clarify certain 
reasonings. But the temptation to make logic an area separated from other activities is still very 


strong. 


3 TEACHING METHODS AND MATERIALS 


n the elementary school currently presents a growing diversity of 
uch in content as in form, while teachers attempt, during each 
he best of their ability — the activity chosen with a certain goal 


The teaching of mathematics i 
activities devised for pupils, as m 
didactic sequence, to adapt — tot 
in view. 


3.1 Choice of situations and materials 
The variety of situations presented to pupils within the framework of mathematics, allows them 


to be shown different aspects of mathematical activity. At each end of the range of these 
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activities one finds, on one hand, those which emphasize the role of mathematics in real life (the 
application of mathematics), and on the other, those which emphasize the nature of mathematics 
(creation or rediscovery of mathematics). Of course, many situations combine these two aspects. 
A balance is on the way to being established at present, but has not been immediately discovered. 
At the outset of the reform, much more attention was paid to the pure aspect of mathematics, in 
accordance with the principal concern of the time, which was to introduce the fundamental 
mathematical concepts into teaching. Certain excesses were no doubt committed in this 
direction, which caused innovators to be reproached with no longer wishing to show interest in 
the teaching of useful mathematics to pupils. 


But it is only fair to consider all sides of the question. Previous to the reform, the activities 
devised for pupils were very often confined to the performance of operational techniques and the 
use of these in problems alleged to have been taken from everyday life, but in fact already half- 
expressed in mathematical terms and therefore stereotyped. Since then the scope has widened 


enormously, not only in the creation of mathematical notions but also in the application of 
mathematics. 


Indeed the activities directed along this last path are more than ever rooted in reality, by 
means of investigations and observation of the environment; they encourage pupils to collect data 
for themselves and contrive their own problems; this entails that the children must, before 
treating a situation mathematically, reduce it to mathematical terms, a process founded on a 
multidisciplinary approach. Once the problem to be solved has been defined, the children can, if 


the data is too complex, be encouraged to construct a simulation of the situation or look for an 
approximate result. 


At the other end of the scale one finds mathematical games or structured material; they 
encourage the creation of artificial situations which often depend on a certain number of 


parameters on which the teacher can play in order to adapt the activity to the children's 
reactions. 


One of the aims of some current research is to 
precisely in terms of the teacher's strate 
Strategy of research. Within this perspec 
material is an effective stimulus to the co 


characterize situations which may be described 
Ey corresponding to the development of the pupils' 
tive many structured materials are used. Structured 
nstruction of mathematical notions if it is used to assist 
mathematization; there is a risk, on the other hand, that structured material may act as a brake if 
VE Eig to put a concept in concrete form without its status as a model being clear to the 
children. 


Let us also draw attention to the universal trend of providing more variety in the materials for 
presentation, by the use of squared paper, abaci, sketches, etc., with the aim either of 
communicating or of promoting the production of conjectures and investigations 
3.2 Technological resources 


Over recent years, certain technological resources for written or pictorial — 

: : comm 
come into general use in the elementary school (like felt-tipped pens, overhead E www 
They make team preparation work of visual documents much easier and provide the whole class 
with a good quality picture. 


The use of some structured materials created with the reform has also become more general 
Some of these materials are techniques embodied in material form and are related to abaci (for 
example, multibase blocks, counting frames, mini-computers), 


Others are investigato 
instruments (geoboards, for example). These often very expensive materials have been aese 
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as being essential to the new styles of teaching, and are for some a great source of profit. Less 
sophisticated material, made in class as the need arises, would probably be better suited in many 


cases. 


Some countries also use the media (television, films, photographs) to introduce activities to 
children, or even sometimes to relieve the lack of qualified teachers; but these facilities are used 


more generally in teacher-training. 


If, as might be thought, pocket calculators continue to increase in number, they can no longer 
be ignored by elementary education; they will have to be combined with both the learning of 


operational techniques and problem solving: they will provide an opportunity to explore more 


widely certain areas where overlong numerical computations restrict possibilities at present (e.g. 


statistics), but research has still to be done in this field where there can be no question of leaving 
it to machine manufacturers. 


3.3 Books and school publications 


A most important question is that 
intended for pupils, as it is mainly t 
taking place. 


Although, apparently, this qu 
possibilities ranges from unrival 
publishers and freedom of choice 
accepted conformity; in actual fact, t 
standard from one country to another. 

Traditionally, a school text-book has two distinct purposes. On one hand, the text-book 
suggests outlines of lessons to teachers, who use them adding examples, exercises, motivations, 
anecdotes, etc. Afterwards, these outlines provide summaries or reminders of the subject for 
pupils (the text-book only refers to the pupil through the intermediary of the teacher who directs 
the method of use). On the other hand, the text-book is a collection of exercises on applications 


of taught material. 


concerning school text-books and the different publications 
hrough this written material that the renewal in teaching is 


estion takes a different form in different places, the gamut of 
led official material to complete freedom of publication for 
for teachers, passing through a restricted choice, subject to an 
he differences encountered and the current trends are fairly 


ted on the part of text-book authors to appeal more directly to 
e attractive, the contents are varied; the partition into lesson and 
able; one finds open situations covering all kinds of areas, 


A general desire can be no 
Pupils; the presentation is mor 


exerci d idered question P : A 
rcises is often cons! , sketches, graphs, etc. A pupil can organize his work better 


ngs 
erii d Eo ik Some authors go further in the direction of individualization 
and suggest, instead of text-books, collections of work-cards, forming a sort of programmed 
teaching These collections are accompanied by handbooks with advice for the teachers on their 
use. These instruments are only really effective if the teacher involves himself in their use by 
distributing the work organizing it individually or in groups, and especially by contriving times 
’ ventually adding cards himself bearing in mind the children’s 


for collecti esis, and e : 
ed ue rn fo hine the role of the teacher, on the contrary the new materials require 


increased availability and skill if they are to be put to judicious use. 
i i i h child, with his teacher’s hel 
Oth duce controlled exercises which encourage each ; chei P, 
" essem e his shortcomings and his lack of understanding and orderly thinking, and 
thus encourage individual teaching and the adaptations necessary to different pupils. 
hese cards with “blanks”; the pupil is invited to complete 


O exercises on t : s ; 
med ngoai patterns, etc.; this makes the task of correcting considerably easier, but these 
, , 
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exercises are not without risk: (i) their misuse in mathematics and other subjects reduces the 
pupils' training in organizing and carrying out written recording; (ii) being often based on the 
principle of multiple-choice questions, their chief disadvantage lies in allowing a correct answer 
for reasons completely foreign to the basis of the question; (iii) the role of the blank is often 
ambiguous; it can replace different functions in the same exercise; this ambiguity does not 
encourage the creation of ideas such as unknowns, variables, constants, etc. 


Finally, let us indicate another kind of publication, as yet little known, of a “mathematical 
club” style. These are collections of problems or open situations entirely for the use of pupils, 


which they will work on during periods of free activity, and this work will not necessarily find an 
outlet in a collective class activity. 


3.4 Change of methods as regards pupils 


Mathematical education at primary school level is currently chan: 
number of classes. The child is no longer regarded as a receptacle 
use his intelligence much more. He finds more sources of motiv 
desire to understand, the pleasure of discovery) 


ging in outlook in a certain 
for knowledge; he is urged to 
ation during his activities (the 


Unfortunately, too many classes still exist in which the pupil’s life is not or 
but where, with unchanged methods, the work allows t 
essentially in the repetition of similar type exercises. In 


of the intersection of two sets is unprofitable from the p 
children who do not understand what is expected of them. 


3.5 Change of methods as regards teachers 


companions) and the necessity of authority (the teach 


ity i r er's approval), Conversely, teaching based 
on the idea that mathematics is a creation by the cla 


SS must use more differentiated methods, 


20 


Pre-elementary and primary 


providing within each topic times for activity, for the formulation of findings or conjectures, and 
for their confirmation. In the third stage, the teacher's role is especially delicate; he must remain 
neutral and lead the discussion without showing his feelings or his ideas. These methods are much 
more arduous for the teacher and also for the pupils, for they must endure periods of frustration 
and lack of confidence when their early ideas fail; this is the point where the teacher must judge 


whether he may help and how he may do so. 


Such methods are not at all widely used and are still associated with the area of didactic 
research. They demand special abilities on the part of the teacher. In the eyes of many people 
they seem costly both in time and energy; they can only be effective if they are constantly used. 


But the results obtained in this way deserve great attention. 


Most teachers, with a greater or lesser degree of success, attempt to change their methods; 
within a framework which they themselves define and with the skills and techniques they offer 
the children, they allow the latter much more initiative on the whole, while attempting to avoid 
the dangers of the two conflicting reefs of dogmatism and laissez-faire, 
be a mistake to believe that a change in mathematical content 


It would, however, 
s ude to knowledge, and a change in methods. 


automatically determines a change in attit 


3.6 Assessment 
The assessment of pupils’ work is one of the most difficult points raised by the reform. 
Previously, it was enough to supervise, through a number of limited points, specified knowledge 
and skills (operational techniques and certain types of problems), and even if this assessment was 
fairly arbitrary, it seemed sufficient. This. type of control is now no longer suitable as the 
assessment should also include other capabilities which are more difficult to define in terms of 
Performance. The current situation reveals that a certain perplexity is felt by all when faced with 
the problem of assessment. One trend, however, can be discerned, which consists in arranging 
exercises during each activity which provide the teacher with an opportunity of assessing the 
that he may adapt the sequel according to the difficulties he has 
integral part of the mono aie often lead to compulsory 
4 3 T his activity; they do not therefore take the form of a check- 
productions by the children during i he other hand, individual checking of performance is still 


3.7 Slow and handicapped children 
the despair of their teachers, who did not succeed in helping 


n en 
m children have pm Ee as the others. It seems that the new methods of learning 
mie maintain ae the wider variety of activities and the more suitably adapted pace of 
rn cwn Pipini al aid of their companions help some slow-learning children to overcome 
r, an 


emotional blockages to their progress: field wh tional l 

, ade in this field where emotion questions play an important 
"Noo cosi poder us to think that it is better not to separate slow-learners from 
m psc gent than the fast-learners): the results of such a separation are generally 
catastrophic on the psychological plane and moreover unfavourable to collective creation; indeed, 
ere phic on ake place it is not necessarily the work of each individual, but on the other 
is creation to ta , capable of it, while the others must be ready at that point to 


hand some children must be C4 i 
understand it, accept it, and take it back as their own. fe 
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1 i i lly taken into specialist institutions, 

Physically or mentally handicapped children are genera ; 
Wher the sicion have very little training in mathematics. Some of the experiments carried out 
in an attempt to adapt the new approach to arithmetic in this field are very promising (for 
example, the use of diagrams with arrows and mini-computers with slightly defective children, or 
the manipulation of sets and their representations for teaching language to deaf and dumb 
children). 


More intensive research in these fields would be desirable, for besides an obvious humanitarian 
concern it can provide us with much information on the processes of learning in general. 


3.8 Mathematics and language 


Previously, computation was very dependent on an 
the terms of a problem were written down and a 
written recording. 


adequate mastery of the written language, as 
n important part of the solution required a 


Some countries where mathematical activitie 
language present Special problems which have 
Subject is still in progress. 


s take place in a language which is not the native 
not yet been studied in depth; research on this 


4 TEACHERS 


4.1 Freedom of teachers in their teaching 


It must be remembered that the administrative and pedagogic organization of elementary 
education varies widely from country to country, ranging from a Very centralized organization 
where the teachers receive strict directives, to a decentralized organization, where the teachers 
accept a local educational curriculum which they themselves have 


often helped to define. 
The reform of mathematics teaching generally has the effect, in different cases, of increasing 
the inequality in teaching between classes, b 


S, by increasing the freedom of the teachers. This 
freedom has several aspects; first, a technical aspect: the increased participation of the pupils 
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requires that the teachers be able to develop a strategy which is not entirely defined in advance, 
so that they can adapt it to the reactions of the children. Next, a sociological aspect: there can be 
no question of imposing a change in many countries, because of the insufficiently developed 
ways of providing information for teachers. Decisions for reform provide the most enthusiastic 
and best-prepared teachers with an opportunity to teach as they wish; the others, caught 
unawares, see this freedom change to uncertainty; prepared to change their teaching, they do not 
know how to go about it. For them, the role of publications is fundamental, but they discover 
the multiplicity of viewpoints concerning content, methods and goals. This uncertainty is 
contrary to their way of thinking, and forces them to question their very role as educators. 
According to the way it is applied, the support and the resources they receive, their reactions are 


very different: progressive adaptation or complete refusal. 


4.2 Teachers in the teaching situation 

Most teachers are aware of the need for change in their way of teaching. Many are alarmed by the 
extent of this change. Some can imagine only one way of approaching the class, and thus produce 
what is indeed a caricature of the method chosen. Experience shows that a teacher can only 


Teally cha i hing if he has himself the opportunity to experiment with new patterns of 
y nge his teaching 1 upils to this change. The conditions which favour this 


behaviour and to note the reactions of the p F É iae 
experim ery differently according to the different countries. It is important that 
p ent are grouped very achers can put forward their ideas and their 


a supporti ld exist, where the te a pu Á 
pporting body shou h may satisfy immediately (knowing that one is 


problems, even if they do not receive a reply whic 1 à T 
not alone in finding a question perplexing is both morally comforting and an incentive to seek an 


answer). Periodicals can partly fill this role, but they are not enough; nor are they the ideal 
instrument for judging materials or text-books, for it is important to judge how the material is 
used, and not the material itself. Collective thinking is therefore desirable. Another thing which 
frequently puts a brake on the teacher's change of attitude is his feeling (unfortunately often 
ufficiently thorough knowledge of the material he is teaching. 


justified) that he does not have as 
the productive ideas in the pupils’ suggestions, and of 


He is afraid t being able to pick out : à : 
dicum ees pets wa a blind alley, without being able to intervene in a useful way, of 
making them waste time, and of discouraging them. Many teachers are thus afraid of not having 
the necessary capabilities. which places them in a very uneasy moral position, made even worse 


by the often malicious reactions of public and press. 


4.3 Polyvalency of the teachers : 
T í ; aostly undertake the whole of this teaching themselves; they are 
ewe beter pa i oe wok sit that their mathematical knowledge is not very great, 
and that many prefer to devote their time and efforts to other subjects. In many countries the 
reform in mathematics teaching has been accompanied by teaching reforms in other subjects. 
Even if the various reforms can give each other support, because they have a common educative 
aim, it is none the less true that they place a burden of extra work on the teachers and enforce a 
dispersion of their efforts, which accordingly slows down the development in mathematics. Some 
Countries have specialist teachers at the elementary level; in many others, the problem of 
Specialization is raised but no trend stands out clearly, and the solution will perhaps lie in a 


Partial specialization, progressing with the age of the children. 


4.4 Teacher training 


Most teachers receive an initial training in which the level of mathematics is not high. In many 
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cases not only the teachers but also their trainers have had to redevelop their ideas towards the 
new content, which at first led to an emphasis on content (mainly from the point of view of 
structure) much more than on methods. 


The current trend is to bring theoretical training in content and practical preparation for the 
profession closer together, linking them by an epistemological and didactical analysis. This 
development is only taking place slowly, as the training institutions are often very lethargic, and 
their burdens have increased with the in-service teacher-training but without any increase in their 


resources as a result (and the trainers have therefore no chance to think sufficiently about their 
work). 


Usually the teachers at the pre-elementary level h 
not feel directly concerned with it in their teach 
developments in elementary teaching. 


ave no special mathematical training and do 
ing, but a few wish to find out about the 


5 SOCIOLOGICAL COMPONENTS 


When reforms in mathematics teaching at school level became a matter of discussion nearly 


years ago, the public and elementary school teachers did 


shock caused by the Sweeping changes that resulted explains the passionate character of many 
reactions. 


5.1 Projects 


i : ent, geometry, functions etc. 
er than on a vertical, logically arranged organization. 


5.2 Transformations 
The shock needed to set the reform in motion was Produced much more by the change in 


content, because of its spectacular aspect, than by the change in methods (it is significant that 
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articles in the main newspapers deal almost exclusively with content and "teaching of new 
mathematics” is spoken of rather than “new teaching of mathematics"). 


Change in methods requires that teachers should have both a long psychological and technical 
preparation. But to carry out this preparation certain resources are necessary which initiators of 
reform have long demanded in vain. The authorities in charge understand more easily the need to 
provide teachers with a training in content than a training in methods. 


In many countries, establishing the teaching of new content, informing the public and training 
teachers had all to be set in motion at the same time. The role of publications became therefore 
fairly important, as much those intended for the eyes of the public (the quality of which is often 
suspect) as those intended for the pupils and teachers. 

It is through the intermediary of text-books for the pupils and accompanying handbooks for 
the teachers that the large majority of teachers come in contact with the innovations which it is 
their duty to teach. The early text-books, often hurriedly produced and relying only incidentally 
on the author's actual experience, helped to emphasize the gap between the initial projects and 
their implementation. In the countries where the reform promoters themselves produce material 
intended for teachers, the results, although better, are not perfect, as this material seems to the 
teachers too far removed from their way of thinking for them to use correctly, and they often 
prefer other more traditional text-books. In any case, the teachers have to make a great effort to 


adapt, and generally do so without opposition. 

rest and curiosity at the outset, to anxiety and considerable 
chievements. The emotions which were aroused are now, on 
idden by this apparent lack of interest? 


Parents’ reactions range from inte 
Opposition in the face of the early ach men 
the whole, soothed. But how much resignation is h 


5.3 Difficulties 


One of the reasons for the diverg 
Beneral use is probably that the met 
Pedagogic considerations rather than b 

So a gap is to be seen between the pedagogic wishes of the teachers, which are: to pass on 
knowledge, to correct through their teaching socio-cultural disparities and to encourage maturity 
in the children: and the teachers' everyday practices, where by concentrating their efforts on 


technical skills they reduce the cultural role of mathematics. 
Evidently these questions also preoccupy the parents, who generally tend to distrust the 
Cultural aspect and prefer that learning deal only with basic techniques. 


i i i tical culture, expressed by many people 
T i n technical skills and mathematica 3 le, 
is Um rion cie ir im experiments show that the learning of the former is made much easier 


by the construction of the latter. 
An improvement in the situation can only arise through a change in attitude towards 
mathematics. As long as teachers do not have the opportunity, during their training, of practising 
4 ructive way, and of seeing the same attitude of discovery in 


mathemati Ives in a const f le 2 
children ee aE tempted to look on mathematics as a fine building, up whose steps the 


children must be made to climb one at a time. 
" "erem that of mathematical language 
By making a distinction between the aspect of knowledge and that > 
we have nae Aona The idea that the change was confined to modifying a manner of speech. We 
have even seen books for the use of elementary teachers, based on the plan: “‘one used to say... 


now one says. ..". 


ences noted between the early endeavours and their more 
hod changes recommended are too often justified by general 
y the special requirements of mathematics. 
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The plans for help in the classroom, proposed by the reform commissions at the same time as 
the new directives, have rarely been implemented by those in charge of elementary teaching. The 
use of television as a means of continued training for teachers is disappointing if there is no 
structure allowing teachers to work out the contents of a programme as a team, and to 
communicate with the producers. 


But the inadequacy of the resources does not explain everything. We lack information 
concerning the precise conditions of an effective training for teachers (often the proposed 


curricula have been too much influenced by the structural orientation, and certain modifications 
have had to be made). Research on this subject is in progress. 


Recent years have seen the establishment of “think tanks", bringing together people of very 
different training and ability; but their existence seems to be under scrutiny at present in certain 
countries. 


6 RESEARCH AND PROBLEMS 


One of the main difficulties encountered in s 
levels, and perhaps even more at the elem 


behaviourism). However, the reforms have b 
of learning, which seemed to have a special li 


When psychologists’ information on the child's operational stages coincided with the 
endeavour to reorganize mathematics into large structures, it seemed an opportune moment for 


the creation of a new didactics of arithmetic at the elementary level, based on the learning of 
Structures and integrated with the wave of unification in scientific thought. 


Research began in this direction, and the results of such research encoura 
reform. Subsequently this research was disseminated, for the 
principle of conditioning, applied this time to the teachers. 


ged the start of the 
most part, according to the 


6.1 Current research 


The spread of the reform has resulted in ri 
an increased concern for scientific exactit 
the framework of an embryonic theory. T 


esearch being multiplied and 
ude, often in an empirical w 
hus we have been able to see: 
— Investigations or assessments modelle 


diversified with generally 
ay, and less often within 


— With a view to helping teachers solv 
pointillist studies and a spread of docum 
learning by conditioning. 


€ the practical 


problems of teaching, 
ents adapted to s 


numerous 
hort teaching Sessions, e 


mphasizing 
— A large number of studies in restricted fields i 
transmission of pedagogical methods seem to 
of knowledge, which is the very opposite of 
on the idea that all knowledge can be reorga 


n which the display, 
be more limited. This 1 
what was envisaged. Th 
nized in the framework 


the description and the 
eads to a fragmentation 
ese researches are based 
of large structures, this 
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reorganization being, however, only interesting if it encompasses enough things and is 
carried out at a sufficiently high level. 


There are attempts at present to establish the didactics of mathematics as a fundamental 
autonomous science which must create both its objects of study and its methods; the latter not 
being reduced simply to a transfer of the methods of the experimental sciences, which are often 
ill-suited in the present state of knowledge. This will probably cover mainly the field of 
elementary mathematics teaching as, on the one hand, we have here the most experience 
(psychological and other) and the problems are simpler and more fundamental; on the other 


hand, it is here that there is most urgent need for progress. 


6.2 Some problems 


Recent years have seen the appearance and formulation of many problems. Amongst the most 


important and widespread let us mention: 

— Research on situations favouring fundamental processes of learning (arithmetic and others); 
the study of conditions necessary for reproducibility. (In particular, in a teaching sequence, 
what are the.chntces open to the children and the choices open to tae teacher? Can criteria 
of choice be established so that the teacher may construct his strategy?) 

a ; nditions of communication necessary to prevent knowledge 
neut > s diete the problems which gave it birth (at the classroom level as 
well as at teacher-training level). In other words, research into functional and not structural 
methods of communicating mathematical or didactical knowledge. 

E ; nalogy in mathematics learning; is analogy a method of 
RM t bond d a competence recognised as such by the person learning? 
(Research not only into the pupil's ability to express 1n mathematical terms but also his 


ability to theorize.) 
ersonal discovery as he acquires knowledge (the 


f a child's p : 
EC f that knowledge), and its effects on teaching 


— Study of the importanc 
d p n the nature O 


importance depending O 
methods. 


— Research into the difficultie 
character of certain handicaps, W 
be made, and what treatment can 


widest sense)? aking the topological aspects of content into account 
T ! as ories taking the ; d 
Elaboration of came I of decimals; or in geometry, perhaps allowing the latter to 
ok icc een E ning processes (based on the adaptation and mathematization of 
uce functional 


concepts). litical and institutional i hicl 

raises many political and insu utional issues which are not 

us study of these pe cs teaching, but which, as a result, make it difficult to study in 

^ Hee har inane her, Satie the whole of the innovation process, ranging from experiments 
n e DAL ig 

with pupils to the training of teachers and application in the classroom. 


s of slow-learning or handicapped children. Has the medical 
hich has been asserted, been proved? How can a diagnosis 
be provided which is not pedagogical but medical (in the 
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Chapter II 


Mathematics education at the first level in post- 
elementary and secondary schools 


A. Z. Krygowska 


INTRODUCTION 

with mathematics education for the age level 10 to 16. It consists of 
two parts. Section 1 constitutes the first part, which deals with the overall background and 
sources of the current developments in the field of mathematics education. Sections 2-6 
constitute the second part, which deals with trends and problems in important areas related 4o 
the level under consideration: goals and objectives (section 2); content ES and its organization 
(section 3); methods and assessment (section 4); teacher education (section 5); research per- 


spectives (section 6). 


This chapter is concerned 


1 GENERAL SOURCES OF CURRENT TRENDS AND PROBLEMS 


1.1 Some important changes "— 
In many countries, ost-elementary school education has become compulsory for large numbers 
ot m ne in the ages of 14 to 15—16 years. Within this education mathematics generally 

pulsory subject for all pupils up to the end of their school 


holds an i tant position as 2 compu i 
= ban ji penal optional subject during their final years at school. 


; : st-elementary schools by these large numbers of children naturally 
Piceni nk Lacs part of society, with a view to providing the material conditions 
and the qualified teaching staff for education at this level. But a great effort is also needed to 
formulate a conception of mathematics for all" and the final aims of this teaching, as regards 
the individual and society itself. The lack of such a conception is reflected in the fluctuating 
opinions concerning the position of mathematics teaching in general and in professional 
education at post-elementary level. On one hand, particular importance is attributed to this 
teaching in accordance with the role of mathematics in the development of science and 
technology, and the role of its teaching in the process of intellectualizing modern man's attitudes. 
On the other hand, there is opposition to the fetishism of mathematics in school education for 
“all”. and this opposition reflects the fundamental criticism of the scientific and encyclopaedic 
approach of this education which (according to this opinion) disturbs the balance in the develop- 
ment of general culture in young people, and impedes their preparation for active life. 
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i i iew, the report of the National Advisory Committee on Mathematical 
Phi Me a the 1 bitten ities sere a particularly interesting example of the analysis of such 
fluctuations and their sources (NACOME, 1975). This report establishes the following facts. 2 
The current situation of mathematics in the United States is disturbed by internal and aem 
difficulties. — Public opinion does not now accord to the mathematical, scientific and technic. ^ 
disciplines the same privileged position they held after the turmoil provoked by the launching o 
the first Sputnik. — Young people's interests are directed towards other subjects and the 
popularity of mathematics, and consequently its financial Support, is neither as strong nor as 
significant as previously. 


mathematical education for Society and the individual. S 
answers to two basic questions: “Why mathematics for all?” and “Which mathematics for all?", 

Naturally such fluctuations do not o 
example, developing countries) accelera 
staff is treated as an indispensable conditi 
Secondary school in such countries being practically available to only an elite of pupils who will 
pursue a more or less long course of i i 


concerns the ages from 6 to 11—12 y 


; for theoretical reasons, 


ority of pupils (who are not going to climb to these floors) is 
» this majority only derive from th 


be useful for their professi 


mathematical education of 


the intellectual layers of every country. 


j e one who will follow the mathematics 
course to the higher level. But what meaning should be given to the 


hematics taught for its own 
sake. : 
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The education of large school populations demands large numbers of qualified teachers, and 
mathematics teaching at the level of the middle-year classes demands special mathematical and 
pedagogic qualifications, for it is a distinct stage in the totality of mathematical education. 
This is the stage where the pupil's mathematical world is not only enriched but also adopts a 
more methodological structure. The transition from what was implicit in the mental experiences 
of the primary school child, to something explicit in the thought of adolescents at the age of 
15—16, requires not only an adequate theoretical understanding of the course material but also 
the application of discriminating methods. In his role as scientific guide and as an educator 
sensitive to the difficulties of the transition stage from childhood to adolescence, the teacher 
should have a broad, deep-seated mathematical and pedagogic culture at his disposal. But it is 
obvious that teachers cannot be recruited in a body from a restricted elite. On the contrary, it 
is essentially the large numbers of average teachers who shape the common mathematical culture 

hile setting up any reform in mathematics education on a 


of society. To forget this reality w 1 
national scale, would be to run a great risk as regards the education of a whole generation. 


post-elementary level by these large numbers of children, and the 
ture of the middle-year classes in general education, is therefore 
blems analysed in this chapter. 


The invasion of schools at 
resulting change in the social struc 
one of the main sources of the pro 


1.2 Criticism of some reforms in the “first wave" 

s aiming to modernize school mathematical education have 
assessments. These assessments were not always made in 
But they did also provide serious and profound criticisms, 

n the current trends and research. It would be impossible 

est discussion. We shall therefore only note the main 

targets of the criticism concerning the so-called “Bourbakist” orientation of certain reforms, 
namely: (a) the fetishism of the set theoretical mode of thought, (b) the abstractions which are 
unproductive because they are unjustified in their applications and often wrongly embodied in 
concrete situations, (c) the pseudo-erudite language burdened with symbols and terminology, 

(d) the fetishism of the axiomatic method, (e) the fetishism of rigour, which in the reality of the 

classroom has become useless pedantry, (f) the neglect of physical reality as a source of 

mathematical ideas, and in particular the neglect of physical space as a source of geometry, (g) 

the neglect of an over-all vision based on spatial awareness, to the advantage of the algorithmic 

thought of formal algebra (Freudenthal, 1973; Kline, 1973; Thom, 1971, 1973). 

i of mathematics, directed at the principles of the “Bourbakist” 

m ice = SES eengihanád by the criticism of the implementation of this idea in 

the classroom situation. «Unfortunately the innovations have not fully achieved the euphoric 

hopes: of the year 1960” states the NACOME report (1975). According to some observers, the 
so-called “new” mathematics has proved neither easy nor interesting for many pupils, and has 
continued to be the means of selection favouring children more conceptually developed because 
of their home background (Jaulin, 1974). The new methods, often ingenious, involve in practice 
misconceptions and erroneous concrete expressions of mathematical abstractions (Freudenthal, 

1973; Adda, 1975). In the light of certain assessments, pupils performances arouse anxiety. The 

application of methods activating the pupils’ thought in open situations Is rendered difficult by 

the deductive structure of the lesson. The level of abstraction eliminates from the pupils" 
experience many simple problems, accessible to them in free research. So-called "new 
mathematics is isolated from other teaching subjects. 

:eiems equally energetic replies are given. At the peak of mathematics, 
he ^ suh a£ inan e osteo of the reform is defended from the standpoint of the 


During the last ten years the reform 
undergone preliminary analyses and 
competent and unprejudiced circles. 
which have a considerable influence o 
to reproduce here all sides of this earn 
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ienti ion of mathematical education (Dieudonné, 1973). The criticism is accused of 
"edel ce of generalizing the pathology of the reform, of attacking the theoretical 
model without knowing what actually happens in teaching (Begle, 1974). The means of 
assessment are also suspect as being too superficial to be able to measure the complicated and 
multidimensional phenomena of mathematical performance. In opposition to the polarization 
expressed by the dichotomies: traditional or new mathematics, skills or comprehension, concrete 
or abstract, induction or deduction, intuition or formalization, mastery of structures or practice 
of applications .... stands the principle of unification as the controlling idea of the reforms of 
the “second wave". 


The criticism of the most radical reforms of the "first wave", in spite of having given rise 
occasionally to incompetent and demagogic demonstrations, has been useful to the progress of 
mathematical education. It has encouraged people to define their positions clearly and it has 
revealed the danger of illusions concerning the reality of the classroom. It has shown the 
importance of a clear conception of mathematics education “for all”, and the need for a 
pedagogy which is not confined to the construction of a modern curriculum of elementary 
mathematics. It has given rise to new problems and new trends. 


1.3 Society’s influence 


Cultural, structural and economic 


changes exercise an everincreasing influence on school 
education in general, 


and on mathematical education in particular (unemployment and 


In many developed countries — having a long tradition of publicly managed school education 
— Society has become knowledgeable and active enough, when faced with social problems, to be 
able and to wish to influence and assess the working of its educational institutions. Here the 
school is under pressure from public opinion, from demands and criticisms coming from different 
backgrounds. The fluctuations in mathematics education caused by this pressure have sometimes 
proved unfavourable to progress, but they have also indicated the need for an analysis of the 
reasons for these fluctuations, and as a result, the need to rethink certain conceptions. In some 
developing countries, the lack of a tradition of compulsory schooling for all children on the 
one hand, and the firm traditions of family life on the other, as well as the economic situation of 
large layers of society, still create Obstacles to the development of School education for the 
masses, not only at secondary level but also at elementary level. The prejudices concerning the 

developed countries also. 

But if society exercises an influence on the progress o 
this education in turn moulds the average mathematic 
understanding of the importance of this education. The 
for the formulation of adequate Strategies during the 
sources of the current problems and trends in the t 
awareness is to be found in the conferences, discussions 
congresses held in Latin America (Caracas, 1975), Asi 
1976). We need only compare the spirit of the Rabat ci 
held in Cairo (Unesco, 1969) to understand the develo 


f mathematics education for the masses, 


al culture of society, and develops the 
awareness of this feed-back with the need 


reforms has today become one of the 
eaching of mathematics. Proof of this 
and recommendations of the recent large 
a (Bharwari, 1975), and Africa (Rabat, 
ongress with that of the regional seminar 
pment of the idea expressed in the Rabat 
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recommendation: “The congress recommends that the content of curricula should be at once 
international, pan-African, and national". "The congress is against all importation of school or 
university structures by the African countries, and suggests the formulation of teaching systems 
and curricula in accordance with our concern for our development". 


1.4 School structures 


The variety of school structures at t 
hand, the diversity of conceptions o 
and problems in different countries. Th 
from unitary and compulsory universal 
freedom in teaching as regards the administrative system. 

As examples of conflicting structures according to these two aspects, we can mention school 
education in the Union of Soviet Socialist Republics on the one hand, and in the United 
Kingdom on the other. In the U.S.S.R. a diversification into four streams takes place after eight 
years of education in a unitary, compulsory system for all children. The mathematics curricula 
in all these streams are practically the same, in this way therefore all normal adolescents in the 
U.S.S.R. receive a compulsory, almost unitary education for at least ten of their school years. 
In the United Kingdom the diversification begins early (at the age of 11-12 years). Of the 
many courses in school education at this level, two streams lead to examinations taken at the age 
of 15—16, by the pupils wishing to obtain one of the two types of secondary school certificate. 
In the U.S.S.R. all school education is administered centrally at Federal Republic level; in the 
United Kingdom on the other hand, teaching is unrestrained, decisions on course content being 
left to the teachers or to a development project (many experiments and different projects) and 
directed towards the examinations intended only for certain groups of pupils (although these 


constitute the great majority). 


It is clear that the problems 
a great extent themselves different. B 


he level under consideration in this chapter reflects, on one 
f education, and on the other, is a source of different trends 
ere are essentially two decisive aspects: the transition 
education to diversified education, and the amount of 


raised in mathematical education in such different systems are to 
ut certain trends reflect the conflicting aspects of the same 

i in the countries where the division of pupils at the start of their 
mii e aerei ia rd ied e to the standard of their abilities, still remains one of 
the fundamentals of the system, the teaching of “mixed ability classes in under investigation. 
On the other hand, in countries where the principle of teaching mixed ability classes, following 
the unitary curricula for all pupils, is achieved successfully at the secondary level, the problem 
Of pupils who are conspicuous very early by their abilities and the interest they show in 
mathematics demands research into methods of individualized teaching within the framework of 
the system. Thus the same difficulties and problems are revealed when they are analysed within 


the various school structures. 


2 GOALS AND OBJECTIVES 


2.1 General trends Coe 
en made to define the final goals and objectives of 


his problem by various groups of people becomes 
status of the secondary school. Society expects 
titutions. But to evaluate these results there must 


Over the last ten years, a great effort has be 


teaching mathematics. The interest shown in : 
understandable in the light of the new SOC. 


i i its educational ins ] there mus 
"6 der eb bee e » expected. It is felt that there is a need for clarification in this 


field, even in countries where the tradition of pragmatism and liberty in education is opposed to 
theoreti cal analyses and the conditioning of teaching by the aims imposed by the country. 
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- In fact, it still happens that the goals and objectives of mathematics education at secondary 
school level are defined according to the goals and objectives of higher education. The new social 
status of the secondary school as the school where the mathematical education for the majority 
of pupils stops, prevents us from accepting such a principle. 


Mention must be made of work directed towards a theoretical analysis of the formative 
potential of mathematics teaching (Lenné, 1969) on the one hand, and on the other, towards a 
clarification of the goals of such an education in the school System as set out for example in 
Stoliar's book (1969), or in the Hungarian curriculum plan (Orszagos Pedagogical Intezet, 1975), 


articipation in contemporary society, (c) to ensure that those 
essential basis as regards mathematical preparation on the one 
; and the ability to study mathematics on the other. These formulations are expressed in 

s as, for example, “the development of logical reasoning", 
ess", "initiation in the axiomatic method", etc., and by 


curricula arranged and expressed in different forms, also in the shape of lists of operational 
objectives. 


Tradition dictated that school work was directed according to the following reasoning: 
sophisticated mathematics, as a method of thought and a 


and means of learning. 


General education, including mathematical education, is treated as an essential factor in the 
polyvalent preparation for a full life. The current innovations are to be seen in the curricula of 


professional post-elementary schools, where the role of general subjects, mathematics among 
others, is becoming more and more significant (Bureau International de l'Education 1974). 
The fairly wide scientific basis and the intellectual attitudes develo : 


i t l veloped along with the learning of 
this basis provide professional preparation with an adaptability to rapid changes, which is 
particularly necessary in the contemporary technological world. ' 


From this point of view, mathematics education is treated in Socialist countries as an 
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important factor in the polytechnic education of the masses. Mathematics education “for all", 
from the point of view of the principle of the polytechnic approach, should (a) make each pupil 
aware that mathematical research is not about particular phenomena but about their abstract 
models, and that for this very reason, thanks to its character as a science of models, it is useful 
because of its wide application, and (b) initiate each pupil in the construction of such models, 
and their use in the solution of problems adapted to his level, having a practical, technical or 
economic application (Gnedenko, 1973). In this context, the “usefulness” of learning 
mathematics is understood in a very different sense from narrow pragmatism. 


between the technical aspects of professional preparation with 
the conceptual aspects of scientific subjects are met on the other hand by attempts to 
Professionalize. to a certain extent, general education (career oriented curricula), which also 
concerns mathematics. These are still very vague proposals, but which reflect an underlying 
idea of the integration of general and professional education (NACOME, 1975). 


Attempts to achieve a balance 


2.2 Operational objectives 

There is an essential difference between the concept of an objective defined precisely by such 
expressions as “to know the theorem . .. » “to be able to solve the equation of the type ee E 
etc., and the concept of goals defined in a more vague way by such expressions as “to initiate z 
“to develop”, “to familiarize” etc. The key-expressions to develop an open attitude to 
problems”, “to initiate in the process of mathematization” etc., only indicate guide-lines for the 
process of teaching and the meeting points of various avenues of learning, which are never finally 
reached. These are goals specific to mathematic: education, which are being approached the 
whole time if education sets out to be truly formative. The keystone of mathematical teaching 
would therefore be the ability to continually guide the achievement of the more direct objectives 


towards these general goals. : 
ered within such a perspective there is the difficult problem of 


i i sid j c 
Pied pego Lager com from all these points of view. It is possible to control and 
evaluate by well-known methods, attainments, algorithmic abilities, skill in solving standard 
problems according to previously assimilated patterns, although there are still many difficulties 
even in this field. Progress concerning “development”, co amm , and “familiarization”, etc. 
does not, on the contrary, correspond to the primitive methods o objective evaluation which are 
currently available. The drastic attempt to express all attainments by objective measures often 
Teverses the onder in the didactic procedure: “to set oneself the Ew and te look uh a 
adequate means of control and evaluation of their achievement’. This -— is expense i 
the tendency to set objectives for mathematical education in accordance with the too ; o I 
and Salan ion available. Such procedures have been developed pup ade a = : 
ehaviourism. From this point of view, the specific objectives are Sente by detailed = oft 
simplest performances, which define in the same way the ee M curriculum an 
Which can be assessed locally in simple situations by suitable standardized tests. 
the effects of the implementation, in a school situation, of such 
a ats en haa nee United States. It is observed that Pi often be ekort a 
teachers and pupils is concentrated on mastering restricted, isolated per eae as define i y 
the lists previously mentioned. The minimum curriculum confined to these per iy e a E 
leads to minimalization as regards the organization of varied mathematical po pied E. 
Suggest open situations, free research done by the pupils, etc. The ae bs a 
report emphasize that the correct learning of “true mathematics pe x pupils be 
initiated in heuristic procedures, which cannot be induced by problems s ihe a ead 
into a sequence of small exercises. They state “... we agree that. . . an overly-specilic concepti 


37 


Mathematics Teaching IV 


i jecti i er to mathematical education and we deplore much of 
ud m A EL po and more lists of low-level, narrow skills as the sole or 
bus E bieotives of mathematical instruction” (NACOME, 1975, p.55). The report therefore 
indicates pepe, need for research into means of assessing the development of mental attitudes, 
Mone thought, heuristic procedures in problem-solving, of all these attainments of intelligence 
ind ought to be considered by mathematical pedagogy as learning's final aims. 


We should also note the work concentrating on the construction of lists of operational 
objectives in some countries where, up to now, mathematics teaching has not been guided by 
such means, and the research carried out in these countries regarding the influence of such an 
orientation on the results of learning (e.g. Tourneur et al., 1974; Tourneur, 1975). 


The problem of methods and strategies in the orientation of mathematics teaching by the 
definition of its final aims is still open. 


3 CONTENT, ITS ORGANIZATION, CURRICULA 


3.1 Common ground — and differences 


The common core of the different mathematics curricula taught at the level considered here 
contains the following topics: real numbers, numerical computation, elements of traditional 
algebra, affine functions and examples of other functions, equalities and inequalities, systems of 


simple equations, Euclidean geometry of the plane, Cartesian co-ordinates, geometric vectors, 
similarities in the plane. 


Beyond this common ground, the followin 


g subjects are to be found: the elements of logic, 
algebra of sets, Boolean algebra, elements of 


modern algebra, classical functions (polynomials, 
rational functions, logarithms, exponential functions, trigonometry), equations and inequations 
including systems of higher degree, elements of analysis, combinatorics, probability, 
“mathematics for life” (“consumer mathematics”), various subjects chosen from the point of 
view of applications, affine and Euclidean three-dimensional geometry. 


3.2 Statistics and probability 


statistics can be broken off at the diff 
functions and co-ordinates etc, 


The position of probability within elementary mathematics, at the educational stage which 
interests us here, creates on the contrary certain disagreements, According to one idea, there is no 
question at this stage of learning a theory, but essentially of acquainting the pupils at an early 
stage with probabilist thought in action, which is different from formal, “determinist” thought. 


The work carried out during the last ten years has introduced many new ideas into this field, and 
various projects have been worked out in detail (Engel, 


1975, 1976; Engel et al., 1974; 

Glaymann and Varga, 1973). According to Opposing opinion, the theory of probability is a 

mathematical theory like other mathematical theories, and should be taught as such. It is 
therefore only suitable at the teaching level beyond the lower stage of secondary school, 

This discussion reflects deeper dissensions concerning the very idea of g 

mathematics. But the elements of probability are already treated informal 

at the level of primary school and the middle-year classes. 


o-called elementary 
ly in many countries 
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3.3 Combinatorics, finite structures 


In conjunction with this trend, the teaching of combinatory analysis also arouses much interest. 
We also notice the increasing role given, from the pedagogic point of view, to finite structures 
(e.g. Myx, 1973). According to some experiments, such structures very soon simplify the 
children's active approach to the world of abstract structures, starting with manipulations. But 
some doubts are also noted concerning exaggeration in this field, which can develop the pupil's 
thought unilaterally, and may even hinder the development of the heuristic procedures needed 


to handle problems which cannot be solved simply by finite enumeration. 


3.4 Geometry 

The question of geometry teaching still remains open. With regard to the situation described in 
chapter 3 of volume III of New Trends in Mathematics Teaching (Unesco, 1972), we note certain 
recent endeavours, which appear in different ways but which all aim at a geometry taught 
without being conditioned by “the system" or developed in different ways before its integration 
into the system (French Report; IOWO, 1976; Bericht über IMUK Regionaltagung, 1974; Vysin, 
1975; Papy, 1974). We should mention here the extensive analysis of the problem of geometry 


teaching carried out by H. Freudenthal (1973). 


3.5 Status of general structures 
t stem from the different ideas concerning the role and place of 


Important differences in conten É 
g at the level of the middle-year classes (algebraic 


fundamental mathematical struc 


and topological set structures). 

Three points of view may be distinguished: (a) Sets and algebraic structures are treated as 
subjects appropriate for direct teaching (the algebra of sets, Boolean algebra, elements of group 
theory, study of vector spaces). (b) There is merely à question of a universal language, worked 
out on the basis of concepts introduced either intuitively or by definitions generalizing very 

facilitates integration of the course and communication. No 


varied examples. This language « 

theorems ae ec theory, for example, are introduced, but the term . ‘sroup” is used in the 
various situations. (c) In principle abundance of terminology is avoided by organizing the 
ee Ae way that the structures underlying different situations become more and more 


familiar to the children during their mathematical activity, without having to define them and 


give them their explicit names. 


tures in teachin. 


3.6 The axiomatic method, deduction 
pupils should be introduced to deduction by local deductions, 


gressively from the methodological point of view. According to this 

nd formal nuances are not within the reach of the 
sses. We must nevertheless emphasize that in some 
e is introduced quite soon, even at the start of 
t of elementary mathematics in such a way is 


It is usually considered that 
Studied very carefully and pro. : 
Opinion, axiom-based global deduction à 
majority of pupils in the middle-ysar cla 
countries the axiomatic basis of the cours 
Secondary school, and that the developmen 
defended. 


3.7 Integrati 
gration á ; 
ree following intepretations: (a) internal integration at the 


ed in the th : anes : 
sed al integration concerning communications with the other 


The term integration is U 
if, (b) extern 


heart of mathematics itse 


39 


Mathematics Teaching IV 


teaching subjects, and (c) vertical integration concerning the consecutive levels of education. 


(a) Internal integration is achieved mainly according to one of three models: (i) with general 
Structures as a base; (ii) around problems and applications; and (iii) with the help of **transverse 
bridges". According to the first model, elementary mathematics is presented in the form of a 


question and answer (for example, some Belgian text-books). The second model tries to integrate 
the teaching of the subject on a basis of applications and the solution of problems. Instead of 
constructing a priori the deductive "building" of elementary mathematics, a sequence of 
situations is chosen, the exploration of which allows a fairly wide curriculum to be covered. 
Local deductions are included in this process, and the lesson is often organized in the form of a 
spiral (Castelnuovo and Barra, 1976; IOWO, 1976). Thirdly, if the content is developed following 
certain vertical lines (geometry, numbers and numerical functions, combinatorics, probability 
etc), the "transverse bridges" are applied as often as possible between certain points on these 
lines (demonstration of analogies, generalization of notions defined independently at first on the 
various lines etc, for example, in the curricula of the U.S.S.R. and Poland). 


ical analysis of applied mathematics (for 
example, Blechman et al., 1976), and on the other hand, to examples of the applications (Bell, 
1967; Castelnuovo and Barra, 1976; Echternach Symposium, 1973; Galion, 1972: Fletcher. 
1972; Pollak, 1970). : d 


science. Th 
significant in the teaching of the maj 
contribution of this field to mathe 


adequate vertical integration. Conversely, if the primary 


t 1 School is isolated from the secondary 
school (and in extreme circumstances even isolated from t 


he point of view of administration and 
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teachers’ associations) the situation is different. It worsens when the planning of the teaching is 
Open, without co-ordination between the successive stages by means of compulsory curricula, 
and if moving to one of the post-elementary streams is conditioned by selection at the end of 
Primary school (teacher’s opinion or test). In certain developing countries, where in spite of 
Secondary schools being officially open to all children, mathematical education stops for the 
majority at primary level, the problem is even more complicated by the economic and cultural 
Conditions of the population. The élite who go on to secondary school are not identical to the 
élite from the viewpoint of their mathematical capacities. The same difficulty concerns the 
transition from the lower to the upper stage of the secondary school in some developed 
countries, 

Vertical integration in mathematics education does not finish therefore with the curricula. 
It also concerns teaching methods and assessment procedures. In some countries an attempt is 
being made to achieve such an integration through direct contacts between teachers at various 
levels. But it may still happen that the secondary school teacher neither knows nor is interested 
in the teaching which his pupils received previously. In the teachers' initial and final training, the 
Problems of vertical integration should be considered to a far greater extent than hitherto (in 


Socialist countries this demand is already being met). 


3.8 Role of the curricula 
All these developments pose many problems relating to the construction of curricula and their 
Continual revision. Almost everywhere one sees overloaded curricula, which are one of the major 
Obstacles to the modernization of teaching methods, because methods based on the organization 
Of the pupils’ mathematical activity require a relaxed, unhurried atmosphere. There is a demand, 
therefore, for curricula outlines, flexible and open to the teachers own invention. But, on the 
Other hand, we must take account of the classroom reality and the qualifications of the mass of 
teachers fn im middle-year classes, their compulsory timetables, and their own conditions of life. 
any teachers follow the text-book page by page, which thus replaces the curriculum. And the 
ext-books are often overflowing with material. It would be unjust to burden the teachers with a 
responsibility beyond their qualifications. Childrens _ Opportunities in their. mathematical 
education should not only depend on the teachers’ individual opinions of what is mare: or Jess 
important in this education. So intermediary solutions E beig ee ue oye Ps i 
of ideas such as “content-core”, “rallying points", and "optional chapters irai planot Hos 
Mathematics curriculum for the elementary school in Hungary also provids an original conception 


of this point of view (Orszagos Pedagogical Intezet, 1975). 


^ METHODS, AUXILIARY RESOURCES, ASSESSMENT 


1 1 i tline of the trends and 
In v in Mathematics Teaching, there is an ou 
Probi Uaf No A and teaching resources in the learning of mathematics. The outline 
hic amre cq qn ld be no point in repeating this excellent presentation 


eing still essentially the same, there wou I 
here. Some recent Rae ira nevertheless worthy of mention. 


4.1 Text-b 
-books 
The avalanche of texts printed for the pupils’ use, text-books, work-cards, programmed texts, 


i for pedagogic research. There is a 
assoc: ; teachers, etc., creates problems for 
need mu peel ra text-book intended for the pupil, in general and exin em, 
Sa thongs iis book used as a means of learning. The mathematics text-book at the middle- 
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year class level should fulfil a role, not only in the mathematical education of the child na 
in his general education. The primary school child can do without a ‘ pre-scientific book; the 
student at the age of 17 or 18 should already be able to read and use a book during his studies. 
The pupil in a class in the middle-years should therefore be initiated into such techniques. The 
school text-book which presents an account of some part of knowledge is an important facility 
for “learning to learn". 


But the text-books available are not very often written for the pupil, from this point of view. 
They are aimed rather at the teacher, in spite of appearances. Moreover, we have still no clear 
awareness of the working of mathematics text-books and of the criteria for their assessment. 


The new text-books look spectacular with their colours, their ingenious drawings, their 
pictorial form, etc. But there is no analysis of how these aspects work, and of their role in the 
learning situation. The same remarks concern other texts and other auxiliary resources. 


The first wave of the reform enriched in a revolutionary manner the written language of 
school mathematics by pictorial means (various diagrams, graphs, tree-structures), useful and 


appropriate to the level which interests us here. Some criticisms are to be noted, nevertheless, 
for these means of expression, used in exaggerated and incorrect ways, can give rise to serious 
misconceptions. 


4.2 Streamed or mixed classes 


problem: streamed or mixed classes, 
differentiation or equality, collective or individual work? In some countries external 
Is into parallel classes streamed according to their 
f the school. As a rule, differentiation of a certain 
Germany) should ensure the "permeability" of the 
ossibility of being able to move from one class to 
e learning situation. Such differentiation must be 
rce, for example in the United States, namely, the 


arying curricula. The pupils can choose the more 
advanced classes or the more ordinary, or can take an accelerated course in some subjects which 


Optional external differentiation al 
example, "mathematics" classes for 
early within mixed classes, or optional 


pupils in the U.S.S.R. and in some socialist countries, etc.), 


principle to institutional differenti 
uthors of the Japanese re 


pupils (Japanese R 
“permeability” of the system of any external differentiation is o 


child of 12 years, put into one of the “weak” classes, has only m 
into a parallel class at a higher level for the whole of his School life 
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Some recent work aims at harmonizing the indubitable values of learning in a mixed group 
with the need to ensure that all possibilities are left open to the individual mathematical 
development of each child. Along the same lines, the method recommended is that of 
mathematical situations sufficiently rich to allow each pupil to work at a level within his grasp in 
collaboration with the others. But such a natural differentiation, often based on the spontaneous 
division of the collective work, and not institutionalized, is difficult for the teacher and demands 


pedagogic invention. 
All these attempts reflect problems very deep! 
‘for all", 

Theoretically, differentiation “at its limits” is only the individualization of the learning 


situation. This idea, recommended by certain experiments during the last ten years, has been seen 
to decline somewhat. Moreover, it seems that the integration of very differentiated teaching 


methods is the optimum solution for the level which interests us here. 


y rooted in the social foundations of the school 


4.3 Free mathematical activities 

forms of organization of mathematical activities outside class or 
even school for interested pupils has been in some countries a particularly important element 
Of natural, healthy differentiation in mathematics education. Mention must here be made of 
mathematical clubs and reviews for pupils, the Olympiads at various levels, etc. The uniformity 
Of school learning in some countries (the compulsory curriculum, a choice of only two or three 
text-books for the teacher) is complemented by a variety of other courses in mathematics 
education open to all who wish to take advantage of it. 


The application of the various 


4.4 Collections of problems 
s made in the construction of exercises and problems adapted to 


le, IREM de Strasbourg, 1972—1976). The reforms of the years 
y problems from so-called "traditional" mathematics which 
dern content. They have been replaced by the often sterile 
the “problem of problems" today concerns, among 
le to average pupils, and devised not only with a view 
to dati i ising the abilities, but directed towards the development of 
catalan te Bb ented i such as generalization and specification, the 
discovery of analogies, and the stimulation of various forms of reasoning. There is also the 
question of collections of open problems, simple but instructive applications, etc. In spite of 
Some progress made in this field the current situation still demands a lot of work. International 


exchange in this would be extremely useful. 


We must mention certain progres 
modernized curricula (for examp 
1960—1970 have eliminated man 
Could not be integrated in the moce 
exercises of pure terminology. That is why 
Others, the construction of problems availab 


4.5 Asses 
sment 
g at the post-elementary level, at the transition 


from general studies and going on to studies 
perhaps even more difficult problems than those 


e results of learnin 


An objective assessment of th - 
scence, starting 


stage from childhood to adole 


directe rofession, presents : ae S 
of iu r ie at Kihei levels. À certain lack of confidence is observed in diagnostic as 


i i t complemented by other 
Well i f mathematical tests, if these tests are not | ) 
este Prognosis sua iden of standardized tests, expressed in the NACOME report 
(NACOME 1975) and in the opinions of some American teachers (United States Report), 
exemplifies this very characteristic point of view. But tests are applied in many countries, often 
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with other means of assessment, when it concerns the pupil moving from one class to the 
following one or from one teaching stage to a higher one. 


An endeavour to limit the quantity and the role of examinations is being gradually applied, 
parallel to the increasing role of the teacher's judgement. A continuing assessment is 
recommended based on observation of the pupil during his mathematical activity, stimulation of 
auto-control and auto-assessment, consideration of the collective opinion of the class, etc. What 
happens in the class-room is still far removed from the realization of such proposals. Assessment 
is still too much directed towards selection, which often leads to social selection. Frustrations are 
noticed in the pupils, dread of mathematics, discouragement in those who, being “good pupils” 
at primary school, become “bad”, and traumatized by poor results at secondary school. The 
problem cannot, however, be solved by the demagogic command “down with assessment", for in 
the current structure of societies assessment of abilities is necessary. We must nevertheless 
minimize the harmful aspects of such an assessment and replace selection by pedagogic means 


by practices aimed at giving good guidance to the pupil with regard for his potential and his 
interests. 


5 EDUCATION OF TEACHERS 


It is impossible to sketch out the current very diverse situation conce 
mathematics teachers for the level we are considering in this chapter. 
education between that of primary school teachers and that of teach 
secondary school. It is provided by different institutions, universitie 
and pedagogic institutes. This intermediary position entails certain con 
School teacher receives mostly an intensive pedagogic preparatio 
mathematical instruction. The scientific qualifications of the teache 
Secondary school are important, but generally his pedagogic educat 
matics teacher in the middle 
both the point of view of his mathematical training and his 


rning the initial training of 
It is often an intermediary 
ers for the higher stage of 
s, teacher training colleges 
sequences. The elementary 
n at the expense of his 


6 | RESEARCH PERSPECTIVES 


During the preceding considerations many 
Above all, we feel the need of a thorough kn 
takes place at the levels treated in this chapt 


problems ready for research have been revealed. 
owledge of the process of mathematics learning as it 
er. There are enormous gaps in our knowledge of the 
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sources of methodological misconceptions, of the 


natural thought which should be the starting point towards the formation of mathematical 
thought in the pupil. All this concerns a reality which is very difficult to penetrate, since it is 
particularly linked to the experience of the individual. But it is these very gaps which often force 
us to grope blindly through the reforms, with the aim of improving the mathematical education 
of the masses of adolescents. Research into the process of mathematical learning in the transition 
period from the thinking of the child to adolescent thought seems particularly important today, 


now that the secondary school is open in many countries to all normal children. 


pupils’ difficulties in mathematics, of the 
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Chapter III 


Mathematics education at upper secondary 
school, college and university transition 


D. A. Quadling 


1 INTRODUCTION 


ed the development of mass education in primary and the early 
d have considered the role of mathematics in the curriculum of 
social background or ultimate career. At the next stage, with 
new situation arises in which there is a marked differentiation 
f students choose to follow. 


Previous chapters have emphasiz 
years of secondary schooling, an 
all pupils, whatever their ability, 
Which this chapter is concerned, à 
between the courses which different groups o 
In many countries the beginning of this stage coincides With : he age ee iof UL EHI 
School attendance, so that the students have made a conscious choice to continue in full-time or 

, to take up full-time employment. Even where students are 


Part-time educati ather than : 
ucation T ften have considerable freedom in the choice 


required to continue full-time education, they otte 1 t : 
of the subjects which they will study, and may if they wish omit mathematics from their 


Curriculum. 


The institutional framework within which courses at this level are offered varies widely. In 


Some countries, students remain in the school in which the earlier part of their secondary 
education took place but in separate classes; others designate special colleges for work at this 
level, In countries were for a variety of reasons (for example, the need for pupils to study in a 


lesen mother-tongue) progress towards the end of general education takes 
moe eni : ated with the first year or two of 


tage of education may be associ: 
university studies. The issues tO be raised in this chapter are, however, to a large extent 
independent of the institutiona 


] context. 
It will be helpful to identify four types © 
mathematical education: 


f course at this level from the point of view of 


which are usually planned to meet the needs of students who will 
iversity studies. Such courses tend to present mathematics as 
and to emphasize theoretical principles and the logical 


(a) Academic courses, 
subsequently proceed to un 
a specific isolated discipline, 
coherence of the subject. 


(b) General courses, followed by pupils of not more than average ability but with no particular 
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career objective. These courses are assuming greater importance as more pupils choose to 
continue their education beyond the age of compulsory school attendance. They aim to 
emphasize aspects of mathematics of special relevance to the ordinary citizen in the modern 
world. 


(c) Technical courses, designed to provide the mathematical knowledge needed in particular 
areas of employment. Some of these courses (for example, those for engineers, business or 


(d) Skill courses, normally taken on a part-time basis by employees following particular crafts, 
and providing the basic mathematical skills needed (calculations, measurements, application 
of formulae). The mathematics will not usually be more advanced than the student has 
already met at school, but it will be related to one specific area of application. 


It should be noted that there is not necess 


arily a one-one relationship between type of course 
and type of institution. 


It is difficult to make a distinction between “academic” and “ 


technical” without implying a 
value-judgement 


; and in some countries the view is taken that the existence of an élitist academic 


-needed technical developments. There is in 
consequence a tendency for the dichotomy to become less sharp at this level of study. 


"precise and critical thought, logical deduction, precise verbal expression, independent 


intellectual activity, creativity and intuition, insight into mathematical subject-matter 
and method, knowledge and abilities required for other subjects and for various real-world 
applications" 


as goals appropriate to academic courses, and specify amongst the implications of these 


m 


nowledge of the axiomatic method, training in proof, training in the capacity for 
abstraction, familiarity with langua 


l t guage and symbolic expression in the subject, fluency with 
the most Important manipulative Procedures, mathematical treatment of problems from 
natural science, technology, economics and other areas, development of geometrical 
intuition". (Trans.) 


mathematics in the view of society at large. From France, for example, we may quote from the 
preliminary report of a ministerial commission (2): 
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“Mathematics enjoys a privileged role for our understanding of reality .... By its very 
nature it involves an economy of thought which permits us to classify, command and 
synthesise, often in a few short formulae, a body of knowledge which would otherwise 
resemble an encyclopaedic dictionary of infinite mass." (Trans.) 


In similar vein, the standing conference of Minsters of Education for the Federal Republic of 
Germany reported, in a document (3) giving recommendations and guidance for the 


modernization of mathematical education (1968): 


*Only when an individual has, from an early age, gained insight into the thought-patterns 
of natural science and an appreciation of mathematical structure can he solve the problems 


with which he will be faced in the modern, rationalized world." (Trans.) 


It seems important to set alongside these statements, however, the growing recognition that, 
at the stage of education with which this chapter is concerned, few of the goals detailed above are 
likely to be achieved in any measurable degree by more than a small proportion of students. 
Because of the prestige accorded to academic courses in many countries and their role as the 
gateway to university education, these courses are frequently followed by students who are far 
from fluent in the language and symbolism of abstract mathematics and for whom formal 
Operational thinking is not confidently established. The optimism with which more formal, 
abstract mathematics was introduced in many countries a few years ago is giving way to a degree 
Of scepticism amongst teachers and a growing awareness that the students who follow courses 
are not yet fully mature. Moreover, some countries report the shortage of mathematics teachers 
at this level as a further limitation on their ability to bring mathematical education up to the 
Standard implied by the goals officially laid down — a shortage which is all too easily perpetuated 
by "exclusive" attitudes to the subject. 

Thus whilst the identification of goals has an importance for curriculum developers, teacher 
trainers, writers of syllabuses and authors of textbooks, it is recognized that many students and 
their teachers work to more limited goals: namely, to acquire the knowledge and skills set out in 
the syllabus and textbook and the ability to apply such knowledge and skills to certain specific 
Situations. Aspects of mathematical training which it has not been found possible to incorporate 
into the textbook and exercises, and which. are not tested in the students' examinations, are 
unlikely to feature prominently in mathematical education at this level. These points are taken 


up again in section 5 of this chapter. 
h is confusing the discussion at the present time, between the 


i lued by employers or teachers of other 
Boals ematics educators and those va y 1 
eiie ie e engineering OT chemistry in the university often look to the upper 


i i i kills and processes which are 
sg i eir students with the mathematical s l 
rey i sed ear x and show little interest in rigorous foundations or a structural 


used i i isciplines : : iita 
ved oll oh bodies (even if these aspects might have importance for the application of 
mathematics in the long term). 


This diver f goals is leading t 
gence of goa s 
certain quarters, and even to the establishmen 
University departments. Underlying this crisis of con 
E i zon” differ in essence from 
mathematics as an education C17. A As 
àn issue on which there is a need for wide-ranging an p 


parties. 


There is also a conflict, whic 


o increasingly vocal criticism of mathematical education in 
t of short-term “remedial” solutions in some 
fidence is a fundamental question: does 
“mathematics as a qualification"? This is 
-minded debate amongst all interested 


ensus of view in technical courses, and indeed 


is a stronger conc : nd ii 
framing the goals and in the examination of 


i here 
As might be expected, the part in 


in some countries industry plays à large 
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students; it may also make a substantial financial contribution to their training. Goals for mathe- 
matics in technical education stress exact, logical and critical thought, the ability to apply 
mathematics to problems in the particular field, and reliability in using numerical, aigebraic and 
graphical techniques. In many countries there has been little change in recent years in the goals 
of mathematics in technical education, though its practice has been considerably influenced by 
the growing importance of the computer. 


3 | MATHEMATICS CURRICULUM AND CONTENT 


3.1 Mathematics within the total curriculum 


The structure of academic education at this level varies considerabl 
but everywhere mathematics is regarded as a fundamental component of the curriculum. 
Sometimes (as in Denmark, Austria and Brazil) mathematics is compulsory below the level of 
university; typically 4 or 5 hours a week are set aside for the subject. It is, however, in many 
cases possible for students to offer it to different degrees of intensity: for example, in the Federal 
Republic of Germany, mathematics may be taken either as a principal subject in the Abitur, as 


y from country to country, 


School; otherwi 


1 ;itistherefore important to relate the teachin 
total curriculum and to take their wider con 


countries where it has been the custom to prescribe a 
choice is now being given as to the depth to which m 
studied at all. 
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3.2 Variety of mathematics courses 


There is a particular problem in planning the mathematics to be taught in technical courses, since 
students have already made a decision to take up a particular kind of work, and are therefore 
more likely to be well motivated if they can see their mathematics in that context, especially if 
the teacher is also knowledgeable in the area of application. However, there is much common 
ground between the mathematics required for the various applications, both in content and in the 
emphasis on models and algorithms. It is therefore almost inevitable that, on grounds of 
organizational economy, students with different specialisms will learn much of their mathematics 
in the same class, using a general textbook rather than one directed to their special interest. It 
may happen, however, that there will be some separation into specialist classes in the later years 


of the course. 

Although some countries still have the same mathematics syllabus for all students following 
academic courses, there is a general trend to allow a degree of choice between different branches 
of mathematics in the senior high school. A common arrangement is to specify a core of material 
Which all students are required to study — some calculus, algebra and trigonometry, perhaps — 
Which might take up about one-half of the course, and then to allow choice between a number of 
Options such as statistics, linear algebra, abstract algebra, numerical analysis or informatics. 
The choice may in some cases be determined by the mathematical requirements of other subjects 
in the students’ curriculum. However, it has been pointed out that many senior high schools are 
not large enough for a wide range of options to be made available; in this event, the choice is in 
Practice made by the teacher rather than the students. Moreover, if there is too much variety 
in the work done at this level, problems arise at the next stage of education; university teachers 
sometimes complain that there is little common knowledge amongst the students in their first- 


year classes. 
his kind of course structure is provided by the International 


ceterum. Gn, spurts devised originally for use in schools with students of many 
different nationalities (4). The curriculum for this examination comprises six subjects, three at 
“higher levei” and three ät “subsidiary level". All students must offer mathematics at one or 
other t subsidiary level this may take one of two forms. The first of these is 

of these levels, but a d the higher level course have a “core plus options” 


along mo nventional lines; this an 
Structure "aad ae interest that in the current revision of the syllabuses the amount of core 


eio : $ ; i dingly reduced. The second 
materi tiall increased, and the options correspon r 

ve » ies a imer retested for students who do not expect to make use of mathematics 
in hair ailseq ient careers is being re-designed under the title Mathematical Studies. This will 


A i ill permit students to concentrate for a 
em es of mathematics, and wil 1 ; 

et bare ae oa ome on a personal project covering an aspect of mathematics or 
Mathematical applicatio 


An interesting example of tl 


n of their own choosing. 
course in mathematics is also available, usually intended for 
athematical ability than the academic course and lasting for a 
d to place more emphasis on the applicability of mathematics 
i ibili tudents to choose a particular 

rat} M a ure. There is often a possibility for stuc e a particu 
uer fan v te pen aion such as business mathematics, technical mathematics, statistical 


methods, mathematics in design, consumer mathematics, etc. 


In some countries a general 
Students at a lower level of m 
Shorter time. These courses ten 


ents 
within or outside the school) means of stimulating 
ively few students who display 


3.3 Provision for mathematically gifted stud 


A special problem is that of providing (either 
and deepening the mathematical experience of those relat 
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particular aptitude for the subject (5). It is often remarked that mathematics is a "young eee 
subject", and history records many examples of precocious young qe s 
therefore concerned that they should enjoy a challenging mathematical diet which will en 
them to build up their strength. Some ways in which this is being done are listed here. 


always easy to find teachers qualified to take these classes, and some countries have pee: 
declining support amongst students, teachers and administrators for this form of specia 


(b) Where there is sufficient flexibility in the curriculum, as is often the case in United States 
Schools, good Students may be able to take mathematics courses a grade early, making it 
possible for them to take "advanced placement" courses in their senior year which for most 


(c) There has been a rapid spread in recent years of Olympiads and other mathematical 
contests (6). In 1975, teams from 17 countries took part in the International Mathematical 
Olympiad, but this is only the top of the pyramid; in each country, the selection of the inter- 


national participants is made through a series of national tests often affecting thousands of 
students, 


(d) It is not uncommon for distinguished mathematicians and oustanding teachers to lecture 
to groups of students perh 


aps assembled together from groups of schools for the purpose. 
This may occur regularly as part of the curriculum, or at a Special occasion organized by a 
university or a local mathematical Society, in the form either of a short conference or a single 
lecture. An extension of this idea is the Summer school, in which à more systematic 
programme of study can be followed, TI 


ne value of opportunities for students to work 
alongside their peers cannot be over-rated. 


(e) Mathematical journals written Speciall 
written by students, are nother 
from established journals with 
produced within a single sch 


y for Students, and often containing contributions 
means of stimulating interest in mathematics (7). These vary 


à national distribution to more ephemeral publications 
ool or university, 


(f) Some national organizations of 


) mathematics teache 
suggestions for problems) for School 


TS provide support (e.g. by circulating 
mathematics clubs, 


applications, particularly in new fi 
operational research. 


3.4 Style of the mathematics course 


There are three aspects of mathematical didactic 
wide debate in recent years. These are the degree o 
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possibility of an integrated presentation (within mathematics) of the subject-matter and the place 
of deduction and axiomatics. 


3.4.1 Abstraction 


It is a truism that mathematics progresses by taking an increasingly abstract stance, and this has 
never been demonstrated more clearly than during the present century. Abstraction provides a 
"short cut" to the frontiers of knowledge, by furnishing the means to incorporate within a single 
theory a number of special cases and by focusing attention on those features which seem to be 
essential and suppressing those which are superficial. Moreover, it is the abstract character of 
mathematics that makes possible its application to problems in a wide variety of fields outside 
mathematics. But it is precisely here that the educational problems arise, for such applications 
bring with them a demand for a high level of mathematical literacy amongst an increasingly 
large proportion of students; and for many of these students abstract mathematics is uncongenial 
and perhaps even inaccessible. The saving of time, which is one of the reasons given for adopting 
Such an approach, results in a course which for many students is pure book-learning and one-way 
instruction, so that they never successfully acquire the intended concepts. Indeed, if the goal of 
More effective problem-solving is never achieved, it may be questioned what has been gained by 


demonstrating the abstract concepts. 
teachers who would assert that, whilst the ability to handle mathematics to 
à high degree of abstraction is a desirable goal of mathematical education, abstraction is more 
Properly described as an activity than as a state. For such teachers, it is more important to 
involve students in the process of abstraction than to teach them about the abstract structures 
of mathematics; and this would require learning materials of a very different kind from most 
text-books in current use at this level. 
i P experience in many countries that some of the original 
on 2 m picis piste reform around 1960, for courses in the senior 
high school on topics such as function theory, vector spaces, groups and fields has declined. It 
is more widely recognized that the step from the mass education of the lower secondary school 
to a level of education in which there is some element of self-selection does not in itself turn 
hematicians, able to operate at an abstract level without 


There are many 


Operati i i ds ^ $ 
5 Td Vues CIE for the sophisticated purposes of higher mathematics. 


In this context, it has been rem 
Courses — mastery of language a 
With abstract ideas — are those m 


qualities required to succeed in such mathematics 
ression, quickness of assimilation and familiarity 
ore likely to be cultivated at higher levels in the socio-economic 


; ; ics gives it a major role in selection for many of the leading 
Scale. Since the prestige of tere AER an abstract approach into mathematical education can 


Profession int ] 
s, the premature 1n "im 
ave a conservative effect on the broad structure of s y. u l 

of recent years, it is becoming more common to 


which there is a more concrete, process-oriented 
when an attempt is made to summarize and show 
learnt, from a more abstract point of view (8). at has to be 
e of time this last stage may get little attention in practice, 
d of the course puts an emphasis on the ability to perform 


arked that the 
nd of oral exp 


tract courses 
h school in 
he final year, 


As a reaction to the highly abs 
find syllabuses for the senior hig 
Programme of mathematics until t 
the connections in what has been 
admitted, however, that under pressur 
specially if the examination at the en 
Toutine calculations.) 
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3.4.2 Integrated approaches within mathematics 


Practice varies from country to country epus S 
rned with one particular branch of m thei j ‘ tat 

ar ue "Mathematics", in which the material is organized on is implicit jade ido uad 

i f this latter type, students may mee 
ct concepts. For example, in syllabuses o I stud. e 
esse ideas of linear dependence of equations, motion of a particle in two Viele tu 
heorems of affine geometry and the equation of a line in 3-space; clearly an abstract vi : 

die gh the student may not be made 
tage. To illustrate this difference in 


yllabuses divided into a number of sections, 
athematics, and the presentation of a syllabus 


, and be able to draw structural connections fro 
the policy in many countries. 


3.4.3 The place of deduction and axiomatics 


This is an aspect of teaching in which natio 
Syllabus, and there are wide differences in 
continuity should one use?" or *what is the b 
may be warmly debated in so 


The role of axioms at this level is d 
is organized (see section 3.4.2). With courses divided int 
wishes, to introduce early on a statement of defin 
"properties") on which subsequent Work is to be based, In integrated courses, on the other hand, 
a structure imposed by deductions from i i i ict wi 
clustering topics round concepts; the instances of deductive mathematics in such a programme 
are likely therefore to be on a “local” rather than a “global” 


€pendent in some measur 
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3.5 Topics covered in the course 


There is considerably less difference between countries in the content of the syllabus at this level 
than there is in school organization or the style of presentation of the material. We have now 
reached the situation where, in those countries in which syllabuses are issued by the Ministry of 
Education, nationally or by states, a new syllabus has been in force for a few years (usually the 
result of controlled experimentation in a small number of schools) following the widespread 
discussions about the “new mathematics” in the period 1960—1965. There has thus been time 
to observe the effect of the change in syllabus when implemented across the whole school system, 
and some countries have already taken steps to revise the new syllabus in the light of this 
experience. In countries where individual schools, or local school districts, have autonomy in 
determining syllabuses, a substantial proportion of schools have gone over to a new programme, 
in whole or in part. One can therefore hope to review the situation with a reasonable measure of 


Objectivity. 
Before describing the main chang 
always a body of basic mathematics, 


have been made. In many countries, th y a 
geometry, polynomial theory and combinatorics. Associate 


es in the new syllabuses, it should be stressed that there is 
which remains relatively fixed, around which these changes 

this covers differential and integral calculus, analytical 
d with such a basis it is now common 


to find: 
ied theory for discrete sample spaces, possibly including Markov 
Probability en. binomial, normal and Poisson probability models) 
€ descriptive statistics, statistical measures, elementary tests of 
Statistics dta. point estimation and confidence intervals) 


(sets of equations up to 3-by-3, matrix notation) 

(including the notions of basis and dimension, but without 
full proofs) 

(groups, rings, fields) 


Linear algebra 


Vector space theory 


Algebraic structures 


and less commonly: aer un 
(with emphasis on applications, propositional calculus) 


(simple linear programming) 
(with emphasis on scientific applications of computing) 


Boolean algebra 
Optimization 
Informatics 


Affine geometry 


Numerical analysis : 
I iti : i tion of new subject-matter, there have also been many changes in 
"i addilion to Thema the old syllabus are treated. These are dealt with in more 


the ways in which various topics 1n 


detail in secti below. j 
section 4.1 the subjects most commonly dropped have been solid 


commercial applications, and trigonometry associated 
ation of trigonometrical formulae. It is clear, 


ew material, 


To make space for this n E 
sections, 


and spherical geometry, conic > 
i is ith the manipul i i 
hs ien solutio not triangles and vi introduced material is more demanding, both in quantity 
amd o that in many ond which it replaced. A consequence has been a o ida ME 
perf. conceptually, thait nd in problem-solving — either intentionally or merely through lack o 
ormance of exercises à 


i i is change in subject-matter may reduce students’ 
time, Another matter for concern is that this c 


9Pportunities for using geometrical language. 
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In the most recent revisions of syllabuses some new material, such as elementary theory of 
sets and functions, which was introduced when new syllabuses were first devised, was moved 
to an earlier stage and is now taught in the lower part of the secondary school. There has also 
been a trend to discard from this new material some of the more abstract subjects such as 
algebraic structures and the theory of vector spaces, since these were found not to have been 
successful with the full range of students following an academic course in mathematics. Mention 
should be made at this point of difficulties which have often been experienced in teaching this 
new material by teachers who themselves lacked the necessary background of knowledge in these 
new subject areas; whilst syllabus revision can have a beneficial effect on teachers and provide a 
strong incentive to take further in-service training, the difficulties which it poses for teachers are 
an important practical constraint on the speed with which syllabus changes can be promoted. 


Syllabus changes in technical courses have come more gradually, and have been far less drastic 
than those described above. Since the course i 


country, it is difficult to say much about this i , ? 
attempt to introduce ideas of set and function into the courses, wi i 


students to a better understanding of conventional arithmetic algebra and calculus; and subjects 


such as statistics, probability, Boolean algebra, vectors and informatics have also sometimes 
found a place. In some count 


ries the availability of computers has had an important effect on 
the mathematics taught in technical courses, making it possible to give a numerical rather than 
analytical emphasis. 


3.6 The balance of the mathematics curriculum 


It has already been mentioned that, in revising the new syllabuses, some adjustments have been 
made away from the more abstract forms of mathematics. Reference has also been made to the 
reduction in the time available for practising exercises and problem-solving, which has brought 
criticism from some university mathematics teachers and teachers of other subjects (especially 


the physical sciences) that students are not sufficiently fluent in important manipulative skills. 


at, to be widely accepted, the 
the increasing abstraction and 
ls and knowledge of specific 


and its invitation to civil service, business and 
syllabuses, are developments of special interest. Mention may also be made of an enquiry in 
Ontario, Canada, comparing the characteristics of high schoo] mathematics with the expectations 
of university teachers. 
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3.7 Integration of mathematics with other subjects 


Would it be possible, for those students who study mathematics mainly for the sake of its useful- 
i ou subjects, that the mathematics might be absorbed into the teaching of the other 
ubject? 

tries have experience of such an approach, though there is occasionally 
courses strongly linked to a particular field of application, such as 
s, however, the mathematics is usually limited to 
uch as complex numbers or some statistical tests, 


It appears that few coun 
a precedent in vocational 
electronics or applied biology. In such case 
techniques needed for a particular purpose, S 
rather than constituting a complete systematic course. 
n an integrated approach in academic courses. Not the least of 
these is the long tradition of the separation of disciplines in many countries, so that teachers at 
this level have often had a specialized preparation in only one subject and are wary of committing 
themselves to  interdisciplinary co-operation. Moreover, the belief is strongly held 
that any subject studied at this level should have a sound theoretical development, and there is a 
fear that the frequent intrusion of ideas foreign to the subject may result in confusion. Another 
danger is of mathematical imperialism", trying to find mathematics everywhere and obscuring 
concepts natural to the other discipline by the premature imposition of mathematical structures 


upon them. 


There are major difficulties i 


Nevertheless, it is felt in some quarters that the motivational advantages could be considerable. 
In France, for example, there have been discussions with teachers of philosophy, language, 
economics, geography and the various sciences towards the design of an interdisciplinary 
education, and the facilities of some of the IREMs (Instituts de Recherche sur l'Enseignement des 
Mathématiques) have been used to initiate local experiments (10). In the United States, a project 
in biomedical education is developing a programme which incorporates the relevant mathematics 
Within it. Another approach, developed by the Continuing Mathematics Project (11) in the 
United Kingdom, is to prepare modules of mathematics for individual study (programmed texts, 

xibly by teachers and students as part ofa 


tape-slide presentations, etc.) which can be used flexibly s f 
course in some other subject — either in sequence to build up a body of knowledge in subjects 


Such as statistics or calculus, or individually when needed to provide the mathematics appropriate 
to a particular topic. It should be stressed, however, that these are experiments which have so far 


affected relatively few students. 
ts require fundamental changes of attitude, not just on the 


In the long term, such developmen 
part of mathemakies teachers but within the educational world at large. It is not sufficient to 
— L eserine” physics; the problem is to devise a structured curriculum in 
mathematics as p bine to advance knowledge. All that can be 


which mathematics, physics, biology, etc. com ae : : 
Teported so far is a growing interest in several countries in co-operative courses on these lines, 


and a small amount of experiment designed to find ways of overcoming administrative and 


educational difficulties. These issues are discussed further in Chapter XII. 


4 TEACHING METHODS 


4.1 Treatment of the course content 

be in detail the me 
t from the textbooks, 
an, however, i 
tice in various countries. 


thods — taken in mathematical sense — used to teach 
these methods are extensively debated in journals 
dentify certain common trends, and also observe 


It is impossible to descri 
the new syllabuses. Apar 
for mathematics teachers. One ¢ 
certain contrasts between the prac 
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One important factor in many countries has undoubtedly been the increasing availability of 
computers for schools and colleges. Apart from the introduction of informatics into the 


Another important change is the extensive use of vector methods to lead in to the analytical 
£eometry of the plane and of 3-space; the results in terms of co-ordinates and equations are then 
vector i 


derived from the corresponding relationships, This 1 n lead t e phasis or 
n tur 
s toa greater em 


thereby forming another link between ideas o 
be used to illustrate this link. 
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Special reference should be made to a mathematics project initiated by the Schools Council 
for England and Wales, whose researches indicated that many students following the conventional 
course were being expected to cover new ground far more quickly than they were able to form 
the relevant concepts. This project has devised a new style for teaching mathematics, which has 
been called Applicable Mathematics (12). The emphasis is on hypothetical situations for which 


various mathematical models form an appropriate description, and many sections of the course 


in fact have titles such as “vector models", “linear models", "probability models", etc. The aim 


is to cover less ground than in the standard course, but to concentrate on building up concepts 
through a variety of real-life problems. 
is the choice of approach used in probability and statistics 
untries prescribe the definition of probability based on sets 
of elements in a sample space, from which a strong structure of probability theory is established 
before applications to statistical problems are discussed. There is, however, a school of thought 
Which believes that it is undesirable for the teaching of statistics to be too strongly rooted in 
mathematics, and which would like to see the course growing out of the discussion of real data. 
Special mention may be made of the joint committee of the American Statistical Association and 
the National Council of Teachers of Mathematics in the United States which has sponsored a 
project on the development of statistical concepts through case studies (14). Much work remains 
to be done, however, in investigating how far such a programme can be taken, and how and when 
the conceptual development of statistical ideas should be given theoretical support (which may 
call on quite advanced mathematics). It is not easy — in the planning for students at E modest 
to steer a middle course between the mere application of 


level of mathematical sophistication — e 4 ; 
standard statistical techniques and a theoretical approach divorced from real-life problems. 


To summarize this section, we should perhaps question to what extent the mathematical diet 
Which is offered to students at this level contributes to an implementation of the goals referred to 
earlier (see section 2). Many of the changes described above appear to be motivated more by a 
desire to preserve the purity of mathematics than by the broader educational needs of the 
Students, We should perhaps be concerned at the relatively small extent to which the new 
Programmes appear to encourage "independent intellectual activity, creativity and intuition es 
Objectivity and self-criticism . . - appreciation of mathematics as a basis of civilisation, 
development of judgement in formulating and interpreting mathematical models... 
encouragement of good attitudes towards mathematics (see section 2). It may be more 
important. in the coming years, for those charged with the development of mathematical 
education to try harder “‘to see ourselves as others see us . 


One of the major areas of debate 
(13). The new syllabuses in many co 


42 Teaching mathematics through exploratory methods 


; " i countries that new syllabuses have made greater demands in 
a eei o e ed that students are expected to acquire; there isa danger that, 
whilst students may know more mathematics, they may be less adaptable in its application. It is 
hardly surprising therefore that whilst some interest has been shown in the possible role of 
exploratory investigation in open-ended situations 1n the teaching of mathematics at this level, 
little has been achieved. Nevertheless, £roups of teachers in several countries have been studying 
Possibilities of incorporating a component of “personal mathematics" into the course, taking 


the vi in thi an some of the goals of mathematical education — self-reliance, 
iesu thet cally ji i Oe the ability to use books and to work co-operatively in a group 


co i i matics, | á A : Be 
= vie d is method of working is now used extensively in primaty education in 
Some a sera the aim of helping children to develop enquiring attitudes in mathematics; 
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inni heir 
isi beginning to select themselves for t 
it i that, at the stage where students are r I I 
ode el dinates to follow a career involving mathematics, and have attained a capacity for 
See pete reasoning, nothing further is done to foster research skills. 


of motivation, giving students a more positive 
the importance of learning. 

One development which is undoubtedly helpin 
availability of computers. If a student is practisin 
an individual and largely self-evaluating activity, 


ited to prepare a syllabus for the final two years of 


Typical i vestigatons carried out by students incl 
and games; patterns of numbers associated with a set f 
of the graphs of a family as the Parameter is varied; a variety of queueing problems; the layout o 


a car park; the mathematics of a hovercraft or helicopter; the effect on geometrical shapes of 
various transformations of the complex number plane; and so on. 


ude mathematical aspects of various sports 
of geometrical figures; the changes in shape 


of the student); and the qualities which are 
measured as the acquisition of new kno 
hard to achieve, especially if (as may be desirable) it is c 
individuals. Above all, it requires a fundamental change in a n 
the part of teachers, many of whom have had no Personal experience of "exploratory 

mathematics and would see in it a threat to security in their relationships with students. 
Attempts have been made to overcome this in one by including such activity 
in teacher training, both pre-service and in-service, and by Strengthening links between teachers 
» this development must still be regarded as 


claimed to be d 
wledge or skills. Re 
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being in an experimental stage. 


4.3 Individualized learning programmes 


At the other extreme, there is growing interest in the construction of courses broken down into 
small stages, each with clearly stated behavioural objectives, and designed for each student to 
work through individually. Typically a student begins by working a pre-test to determine the 
skills which he already possesses, and is then directed to individually prescribed (sometimes 
individually chosen) learning materials which he studies until he successfully demonstrates 
mastery of the objective. Ideally these programmes offer variable pace of instruction and variable 
media of instruction adapted to the needs and aptitudes of each student. 

as a teaching technique, such programmes help to promote 
f co-operation between students. There are countries in which 
Ily included in the senior high school course in order to 


Apart from their effectiveness 
self-reliance and to foster a spirit o 
self-instructional programmes are specifica 
promote these aims. 
ical education naturally has its strongest appeal in technical 
has a recognized "service" role in the students’ curriculum. In 
hat he needs to learn a specific piece of mathematics for a 
Specific purpose, and is well motivated to follow a course explicitly designed to enable him to 
achieve that objective. It has yet to be demonstrated, however, that it is possible to devise 
Programmes embodying this approach which can take the student beyond limited goals at the 


cognitive level and give him an overview of mathematics as a whole. 


This approach to mathemat 
Courses, or where mathematics 
these cases, the student is conscious t 


5 EVALUATION OF STUDENT ACHIEVEMENT 

Tb : school is in almost all countries completed by an assessment of 

a pea eas an oe The form of a mark or grade, which may have considerable 

influence pae ture cared. Frequently this assessment is based solely on an examination, set 

and m bed qp ] level, in which the student is asked to apply his knowledge to the 
arken aD a nationa 4 ference to books or notes. This examination may 


soluti ercises without re 
D = a pe F : multiple-choice test or of a number of longer open-ended questions, or 
a ive of ete, o students may also be asked to reproduce proofs and definitions which 


d i ther forms of assessment are 
th s is less common. In some countries, o 

ased pos beet i pascere to the examination: these may be based on tests and 
other s der ied am by the student during the course and marked by the teacher, on an oral 
cen E modd nally (but rarely) on projects carried out by the student in his own time. 
its of the results of this assessment has the effect that most teachers 


mphasis during the course on those attributes which contribute to 
of knowledge and skills, and the ability to apply these in given 
achievement is less easily evaluated by tests of this kind — the 
perserverance, the ability to learn from books, the devising and 
] models — receive correspondingly less attention from teachers 


The importance to stude: 
and students put their main € 
it — usually the acquisition 
Situations. Other goals whose 
encouragement of creativity, 
interpretation of mathematica 


and students. . v 
ade awarded at the end of the course is used as the basis for deciding 


jen d e rà r university education, but in others university teachers set separate 
tests fo T7 is en This latter practice has a superficial attraction, since one would expect a 
Senna " : ke pe titude for university studies to be different in kind from a test designed to 
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: dp: à a 
ecially designed aptitude tests, teacher assessment, or interviewing of candidates were mor 
effective guides in selecting university students than the school leaving examination. 


A not dissimilar problem arises in so 
the industry take part in setting the e 


examination has le 
for its restoration, 


6 RESEARCH ISSUES 


Whilst many of the new developments in math 
into theories of learning and child developme 


to understand the factors which prevent 
many students from achieving some existing goals, 


One important distinction js between the learning of Processes and specific skills and the 
development of cognitive strategies relevant to problem-sol 


ving. Research by Gagné (16) suggests 
that, whilst the former can be achieved through breaking t 


he process down into small steps, the 
latter occurs through repeated involvement in Problem situations. If valid, this conclusion clearly 
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has implications for education at this level. 


Another area of particular concern at this level is the conflict between the everyday language 
to which students are accustomed and the highly developed special language used to 
communicate mathematical ideas. At the level of formal operational reasoning the student is 
more than ever dependent on adequate linguistic support, and recent work in curriculum develop- 
ment has brought this problem to the surface. It is to be hoped that this will become a major 
area of research activity. Special problems arise in many countries in Africa and Asia, where the 
language of instruction in secondary school and university is different, and often embraces 


fundamentally different thought-forms, from the students’ mother-tongue (17). 


Related to the language-problem are questions of the role of geometry as a source of 
mathematical insight; does a shift from geometrical descripiton to symbolic presentation hinder 
the formation of concepts and thought-processes, and if so, in what ways? Another starting-point 
for enquiry is the development of probabilistic thinking. Finally, there is a need for far more 
research to find valid and reliable tests covering the whole range of agreed goals of the 
mathematics curriculum. The acid test of the importance of a declared goal is the account taken 
by society of the evidence of its achievement; but at the present time we lack the instruments to 
provide this evidence in respect of all but the most basic cognitive goals. This research is therefore 


an essential accompaniment of the programme put forward in this section. 
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references to chapter VII). The efforts of có-ordinating mathematics teaching and teaching of other 
subjects are mentioned in number 5 of the Bulletin, 


ll. Information about this 
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Mathematics education at university level 


J. H. van Lint 


INTRODUCTION 


One extremely useful report should be mentioned right away, Mathematics in India, Meeting 
the Challenge (1973). A 


report concerning Europe, with nearly the same title as this chapter, 
appeared a few years ago (Fiala, 1970). 


he scope are necessary. In November 1975 ; an outline of this chapter was 


Some comments on t 
sent to 200 universities all over the world, Many questions were included with a request for 
answers and general information. The author is 


the trouble to send him answers, in fact often | 


The final version of the chapter was written after the Third ICME in Karlsruhe and it 


I am most thankful for the international assistance which I r 
taking personal responsibility for the contents of this survey. For the sake of information of the 
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Arab Jamahiriya, Egypt, Uganda, South Africa, Lebanon, Kuwait, Qatar, Bangladesh, India, 
Japan, Singapore, Australia, New Zealand. Besides these countries I mention Ghana, Israel and 
the U.S.S.R. because of contributions made at the Karlsruhe Congress. 

ur sections in this chapter: 1. Curriculum trends 


(contents and objectives); 2. Structure of the programme (educational methods); 3. Mathematics 
as a minor subject; and 4. The role of university mathematics teachers. Within each section, we 
shall first discuss trends in objectives if they exist and then turn to trends concerning the actual 
achievement of these objectives. On that background, we discuss some of the corresponding 


problems and possible solutions for these. 


Following this introduction, there are fo 


1 CURRICULUM TRENDS 


The education of mathematicians at bachelor’s, master’s and Ph.D. level has in many countries 
and during a long period of time essentially been based on the assumption that they would 
become research mathematicians, future university staff, or something comparable. Even the 
mathematicians who became teachers at secondary level or found employment in industry were 
often trained as research mathematicians. However, this has not been the case in all countries and 
now the pattern is changing everywhere, i.e. the objectives of mathematical education at 
universities are much more diverse than before. As an example we mention that the education at 
bachelor’s level in many colleges in the United States has noticeably had as its objective the 

ccepted by good graduate schools, while now a trend in 


production of students who would be a £ à e 1 
the other direction — offering a balanced education leading to a good terminal degree — is 


starting, There is also increasing realization of the value ofa bachelor's degree in mathematics 
às preparation for graduate work in fields other than mathematics. For data concerning trends 
related to undergraduate mathematics courses in the United States in the past five years, we refer 


to Botts and Fey (1976). 

In a number of countries there now exist shor 
courses for programmers and statistical analysts. A pro 
is described by MacDonald (1976). The development o 
above, as opposed to the idea of specialization, is a tren 


employment situation. 


t terminal programmes; for example, 2-year 
gramme related to business and economics 
f more balanced programmes mentioned 
d which is being forced by the 


i i i i hanges. In some countries 
A i curriculum 1$ caused by philosophical char n c ; 
orato sea cio nel ae equality” of people have led to an egalitarian attitude which has a 


Negative influence on the level of the curriculum. 
not been solved, judging from the many situations that were 


A problem which has clearly HE A 1 
ud i tages such that each of 
descri : ; n mathematical education into several st: a 
these Pr t 2S ra or ing put for the next stage, but also a satisfactory education to 
terminat - m. i es find corresponding suitable employment. In such a system, the first 
level sum. ades ir mathematics and specialization could occur at subsequent levels. There is 
Some experience with this idea in Bulgaria (Iliev, 1976). 


l.l Early years — e.g. leading to a bachelor's degree 
ng to the education of students entering the university, after 


We consider b lati 
elow problems rela à f stude 
Some kind of sos gin education, with the intent of majoring in mathematics. 
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1.1.1 More abstract courses 


Courses are general. 


It is of course hard to measure the effect which this abstraction has had. However, there is a 
feeling that it has led to a compression of material, making it harder for students to absorb the 


gen [ pics in concrete analysis, geometry, physical 
applications, etc. which disappeared but should not have done. 


1.1.2 New subjects 


there is some doubt whether the Pupils really learn much about probability theory). 4 
recommended programme can be found in A Compendium of CUPM Recommendations, Vol. I 
(1973). In some places, topics from i 


ary numerical analysis, We refer to A C di. CUPM 
Recommendations, Vol. II, p. 571—627, where the mai e ompendium of 


? ; a main theme is the introduction of computing 
aspects into many different topics of the curriculum 


the early years (e.g. the United States, eastern E 
reasons for this. Clearly there are strong connecti 
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Another important point is the possibility of offering a challenge in a programme that might 
otherwise bore or scare off many students. Most important of all is probably the possibility of 
rediscovery (by the students) of results, which has become rather unlikely in the more abstract 


parts of the curriculum. 


Of course, the coming of new subjects has implied the disappearance of others. One of these is 
geometry. From many responses it has become clear that practically everywhere the amount of 
physics which is compulsory for students of mathematics has decreased very much, sometimes 
to nothing! In the long run this may prove to be a most unfavourable development. In some 
universities, extended courses in the new topics treated in this section are options. They seem to 
be replacing courses in hard analysis and other difficult subjects, thus creating the danger of 


unbalanced education and too early specialization. 

As developments in the near future we expect, an increase in the number of computing-oriented 
calculus courses (cf. CUPM Recommendations, Vol. II), more emphasis on the algorithmic 
approach to mathematics (cf. Chapter XIID, and a growing influence of hand-held calculators on 
the curriculum, probably also in high schools (National Science Foundation Report, 1976). 


When considering such trends and maybe even more such innovations, it is essential that we keep 
in mind that basic analysis, linear algebra and elementary probability theory remain the most 
important subjects to teach and are usually more than enough for most students to digest. 


1.1.3 Level of students at entrance 


ds related to the level of students entering the university. Mathe- 


d secondary level has been changing much more in recent years 
ffects of this change are being felt. Some sources observe an 
increase in the ability of young students to handle abstraction (whatever that may be worth; 
cf. Chapter III, section 3.4). In some countries, the introduction of probability theory in 
Secondary schools has had favourable effects. Certainly the early use of linear algebra is 
Considered advantageous, but the toll that had to be paid was too heavy. From all corners of the 
se of the replacement of Euclidean geometry average students now 
knowledge, intuition or insight, and as a result one has to devote 
dents to develop this insight. 
nts who observed that in their country the goal of secondary 
tertiary education but to prepare for life as a citizen. Often this 
f final year secondary school curricula. In 
r tertiary education apparently becomes a 


In this section we examine tren 
matical education at primary an 
than at the university and the e 


ha one hears that becau 
have practically no geometric 
more time to trying to help stu 


There were some corresponde 
education was not to prepare for 
is a reaction against past university dominance O 
Countries where this is true, the preparation fo 


preliminary task of the universities! 
at the Third ICME that even if present day 


It ini e of the participants Third at ev t day 
"E ud is spem ye suitable preparation for a university education In mathematics, it 


has become a better education for the majority of the pupils (who do not go on to study mathe- 
matics). 

about a most significant trend: the strong decrease in 
niversity. The same is true for other fundamental skills 


(Older people claim that this complaint has always been made!) 


R g “ "j ibed as a complete failure 
Not nly quite often, the "new math is descri l le > 
Partly ie; : m Jange took place too quickly after decades of immobility, partly 
relies : patere ab prepared for the change and there was not enough suitable material 

duc e tion 2.1). Data to support opinions are known (e.g. a project by 


available (see Chapter VIII, sec 


the complaint 


Practically universal is : 
nts entering u 


manipulative skills of stude 
Such as reading and writing. 
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background of the present day student differs from what it was. 


traditional university education. Consequently, considerably 
and counselling than into the teaching itself. It is probably 
the end of the freshman year and to structure th i 


: ion, a high dropout rate after one 
year should be considered acceptable. 


> it is a personal impression of the author that every year 
students are less able to express themselves reasonably in their own language (or any other), 
which clearly has a disastrous effect on the ability to study mathematics. 


One can hardly expect an easy solution for the problems of this section. The topic “new 
math” alone is enough for lengthy arguments, However, some of the facts mentioned above, 


e it Clear that in the future there should be much more 


enough agreement on the division of t 
Chapter III, section 3.6). 


At a meeting on the teaching of mathe 


one of the conclusions was that pr. 
studies in mathematics should incl 


a 5 » it is doubtful whether the recommendations 
hieved in present day se 
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career possibilities for mathematicians are not as appealing as those in many other fields (mathe- 
maticians receive low salaries). The level of the freshmen reflects this undesirable situation; 


changing it is strongly advised! 


1.1.4. The non-mathematical content of the programme 


It is much more difficult to identify general trends in the non-mathematical content of the 
undergraduate programme. There have always been tremendous differences from country to 
country. Language requirements were absolutely necessary (as a preparation for future study) in 
many countries and this remains true, whereas in others the necessary knowledge of languages is 


obtained through secondary education. 


Also, the objectives of undergraduate education still vary from a preparation for further 
education in mathematics to a broad general education with an accent on mathematics. In 
general, the English-speaking countries still have the broadest programme, whereas many 
European countries have curricula including only mathematics, physics and mechanics. 


nd towards a decrease in the number of compulsory physics 


Nevertheless, there is a general tre > 
sics courses which are chosen when they are optional. 


courses and also in the number of phy 

In some universities, the increase in the number of students has resulted in parallel courses, 
e.g. a course on physics especially for mathematicians (instead of both mathematicians and 
Physicists). Strangely enough, there are many many complaints that this has lowered the level 
of teaching of physics for mathematicians. Such facts, and the presence of many new areas where 
mathematics is applied at a reasonable level, e.g. economics, have led to a decreasing appreciation, 
by both students and faculty, for physics as part of a mathematics education. Many universities 
report that physics has completely disappeared from their mathematics programme. A few 
mention that as a reaction to the over abstraction of a few years ago mechanics and physics have 


been reintroduced as compulsory subjects. 
he number of non-mathematical options has increased. Again 


t means courses in economics, computing, general science, etc. 


In other cases it is broader, including subjects like geography or geology. 

But often, e.g. United States, United Kingdom, practically anything seems to be a possible 
Subject. In tese countries, together with a larger variety of options, there is a decrease in the 
number of compulsory courses. 


A second general trend is that t 
this varies quite a lot. Sometimes 1 


a bachelor’s degree is only a preparation for graduate study 
terminate the study, there is a definite trend to have less 
f the curriculum. Partly, these have had to make way 
ts of mathematics itself have had to be dropped. 


If we look at the countries where 
and not a degree with which one can 
time available for non-mathematical parts o 
for statistics and computing, just as some par 


1.1.5 Mathematical models 


Our next subject is connected to 
slowly in a number of countries 
Scandinavian countries), courses 
introduced. (We refer to Chapter 


s one. It is not a widespread trend yet, but starting 
tes, United Kingdom, France, Netherlands, the 
truction of mathematical models are being 
ki and Thompson, 1973.) Usually there are 
Several aH is such n physics courses, the increasing number of 
en ciae ca mathematical problems arise, the fact that only a few of the 
Students will become academic mathematicians, etc. Generally the courses emphasize the 
Principles behind the construction of mathematical models, and how a model should contribute 
to the understanding of the real situation it is intended to describe. It is recommended that the 


the previou 
(e.g. United Sta 

in the cons 
XII, and to Ma 
as the decrease i 


7l 


Mathematics Teaching IV 


s jons 
future educational needs (London Math Soc., 1975), Also see the CUPM Recommendation 
(1973), Noble (1967) and Gross (1972). 


1.1.6 Mathematical engineering 


For more than ten years, there have been insti 
mathematical] en 


Vienna, Graz, some of the Ecoles d'Ingénieurs in F 


Kingdom and Sweden. Since the phrase “mathematical engineering" is probably unfanilian, wr 
shall define it in this section. First of all, we do not identify it with applied mathematics ees 
1973, and SIAM Review, 1975). Neither are We thinking of short programmes in indus 
(sandwich Courses), 


The main Principle behind the term mathematical engineer "e "x one must p n 
understand the Problems of non-professional mathematicians, fin al am and then expla : 
them to the customers (McLone 1973). A long and extremely usefu IScussion of what on 

à "Education in Applied Mathematics yid Review, 1967); here, 
however, the theme Was still applieg mathematics. A more Kur peel T Of what is meant, 
including a possible programme, can be found in “Mathematic: E ? © 1Ve-year program”, 
p. 649—683 in the CUPM Recommendations. 


An important problem to be discussed in connection with this different curriculum is how to 
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inform both those teaching mathematics and those giving advice on careers what the mathematical 
engineering programmes are. Even today it is not uncommon for a secondary school teacher in 
the Netherlands to advise a pupil interested in mathematics not to go to a technological 
university because no “real mathematics" is taught there; this seems to happen in other countries 


too. 


1.1.7 Students’ opportunities for choice E 
What are the trends regarding the amount of choice which students have when making up a 
Programme? In preparing for this survey, it was my opinion that this has been increasing. The 
basis of this opinion was knowledge of programmes of some years ago involving practically no 


Choice whatsoever, and information on recent local trends. 

arned that in the early years there generally still is very 
little choice. The institutes where the early years are preparatory usually offer ced erano 
Of choosing from a few, otherwise practically fixed, programmes. In many universities in the 


Uni i ited States (more generally in those countries where one can 
erbe ee m dem there is indeed more choice Taan over From some of the 
correspondents I received the impression that this had gone too E ing m uy um 
balanced programmes and superficial development. There is Pega = e ee ^s s aig o 
become a dilettante in three different subjects simultaneously. Generally, the system of degrees 


based on a number of credit points only did not meet with much approval. 


From most of the correspondents I le 


P i is increasing pressure from students for more choice 
B D its ap an p peat uF gait who wish to teach their own specialism. Concerning 
this E po are two recent trends. First of all it is clear that in the past years there has 
been an noii amount of thinking and talking about curricula meeting the needs of society 
and of the students. At the same time we observe the trend that more and more students (even 
Seon 2: stu a i not know any mathematics yet) seem to believe that they know better 
"o Dee onm Denm than do their educators. In my d d ada be irresponsible to give 
in, even though it would certainly be easier and save us a 1o s 


leading to something like a master’s degree 

t of the education of mathematicians after the bachelor’s degree has 

kes ma $ the master’s degree and one on the doctorate. In some cases, this does 
n split into a section on sometimes the Ph.D. follows after the bachelor’s degree. That this 

ELM the actual situation, ¢-8- the United States can be seen from a report in Notices of the 
ecoming less common e (1976). If the Ph.D. follows after the bachelor’s degree, I would 

American Mathematical ee a d for the Ph.D. as comparable with the master's education in 

iur d EE A the common terminating degree. In section 1.3.1 below on Ph.D. 


: is. 
programmes we shall be interested in the — . e 
consider three qestions: first, the degree of specialization and 
e 


A interaction of mathematics with other fields, — at this stage it is 
corresponding trends; next, ee doing mathematics but a question of true applications of 
no longer a question of motiva to other subjects; and finally, we raise the question whether 


I hi ene aa ae is actually preparing for some specific function as a mathe- 
matician in society. 


1.2 Later years — 
In this chapter, the treatmen 


In the masters phase W 


1.2.4 Specialization 


The question of specialization in the circulated questionnaire has not produced replies of very 
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With respect to this question, control theory was mentioned a few times. Probably oe 
considered too mathematical to fall under the present heading. The social sciences other Pu 
economics were not mentioned at all. Clearly, the mathematics used in this area is vea, 
sufficiently high level to be able to contribute to the mathematics curriculum at graduate le 

If we consider this part of the curriculum of importance (and the author certainly does), then 
there is a big problem to be solved. Small i i 
countries often do not have staff in the math 
such as biology or economics. (In large i 
succesful.) There is very little literatu 
these topics. How can one, 
reader that some of the large 
knew even any physics! 


University education 


a prolonged stay abroad get appointed to higher 


countrymen who finally return home after 
try to do a lot of very necessary work! 


positions than those who remained in the coun 


With the exception of eastern Europe, there seems to be very little attention paid to the future 
functions of the students in the design of the programme. An exception is of course made for the 
Vocational directions such as statistics and computer science. Clearly the mathematical 
engineering programme mentioned earlier is specifically designed to create mathematicians who 
Will work in industry. On the other hand, some countries have practically no preparation for 
mathematicians in industry. A common answer to my question was that there was such a 
diversity of careers that the only sensible thing to do was to teach mathematics in its own right. 
A good mathematician can learn the rest in a preliminary period of training in his chosen career. 
One trend mentioned was stressing the necessity of learning how to write about project work. 


This is useful in many future careers. 
Although the education of future mathematics teachers was originally excluded from this 
Chapter we cannot ignore it completely. It is my strong opinon that the preparation of teachers 


for the highest secondary level definitely belongs to this chapter, because I feel that they should 
Teceive a rather large part of their education together with future research mathematicians and 
industrial mathematicians. However, 4 student intending to become a teacher should also prepare 
for this function while he is at the university. Therefore the problem is related to the present 
Section and a question concerning the education of future teachers was included in the 
Questionnaire. In some countries, secondary school mathematics is not taught by university 
graduates (a deplorable situation) and hence the question was left unanswered. General agree- 
ment with my point of view (reflecting the situation in the Netherlands) came from the United 

ingdom. Here the attitude was also that intending teachers should study mathematics deeply 
ànd widely and should be familiar with its place in society as a whole. In some British universities 


Special programmes exist (Howson, 1975) 
r that futur 
hich should 


e teachers should have a course on the language and 

be taught by a first rate mathematician. Essential 
“What is an axiom?” should be treated in the course. 
reated in a special course. In any case, some 


It is the opinion of the autho 
the structure of mathematics W 
questions such as “What is a variable?’ and 
Also, the recent history of mathematics should be t 


experience with research (at any level) is necessary. 
A ing students for a specific function is the Doctor of Arts 
bruta fuh scele J pres ) This includes topics in the teaching of undergraduate 


mathematics. 


l3 (Post-) graduate — doctorates and later 


L3.1 The Ph.D. programmes TT — 
Re i à mmes, there is much to report, inc uding some quite interesting 
Pa trends A FD T s these, we discuss the situation where no Ph.D. programme 
Stale nM Before ue asons for this. In Norway and Denmark, there is a doctorate of higher 
level th De Ph.D work is done without supervision. In Sweden and 
e m we mean by the doc ys the Ph.D. level. The purpose is to facilitate the entry 
of rie obi ike cese nb In Italy, there is no Ph.D. programme. Many smaller universities 
an A “tine in developing count : à 
rine Present many mund to obtain a Ph.D. For other reasons it also happens (e.g. in 
uro ee dri T their degree in à foreign country. Besides the obvious language 
pe) that students acqu! tc. make this switching from one university 


Problems, different entrance standards, prerequisites, e 
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In many European countries it has always been difficult to get a Ph.D. in aaa 
certainly if one compares with other disciplines (e.g. in the Federal Republic of Germany » : 
than 3 per cent of the master’s degrees go on to the Ph.D.). In France the level is even goi 


up. In a number of countries the level is being reconsidered and requirements are being slightly 
lowered. 


A considerable Piece of original research remains the main requirement, but it has become 
possible (e.g. France, Netherlands) i 
in a period of less than five years to which an introduction has to be added. In other countries, 
similar systems are sometimes used (even without the time limit), 
compulsory course Work. 


certain kinds of employment (such as a teaching position in a 2-year college in the United See 
and certain positions in industry), if one has a Ph.D. degree than without it. It would be irs 
undesirable if it became a general attitude that a Ph.D. had no other purpose than to impro 


ts. It was intended as a difficult course of study = 
le for suitably qualified people; (this is not the cas 


The essential idea was for the new de 
he programme was designed to provide exceptionally strong 


programme can succeed j .D. i 
people of real mathematical talent to fill the ayaj 
who can take on the difficult task of Supervising D.A 
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1.3.2 Continuing education 


Is there a visible increasing task for university departments of mathematics related to continuing 
education? (See Chapter V.) The need is felt and has been officially acknowledged by a number 
of governments (which generall do not subsequently provide the necessary funds). In 
Czechoslovakia, legal measures in this direction are expected. In Sweden, more continuing 
education at the universities is expected. There are several countries in which universities have 
offered refresher courses for teachers and often there are institutes (like IREM in France, IOWO 
in the Netherlands, the Open University in the United Kingdom) which organize this on a 
national scale. It is said that the effect has often been disastrous because the university lecturers 
had no conception of how much the teachers had forgotten, how quickly they could assimilate 
new work, what they really needed, and how it should be taught. In France this is no longer true, 
showing that it is possible to learn how to do the job in the right way. 

lot of thinking still has to be done. The introduction of 
hools is a separate problem (IFIP Report, 1972). Refresher 
are being discussed in many places, but university experience 
]l Laboratories) offer a continuing education programme for 
their own employees, often including courses in mathematics at all university levels. Several 
universities in the United States (e.g. University of California in Los Angeles — UCLA) have 


offered such courses for a number of years (see Chapter V). 


Clearly this is an area where a 
computing aspects in secondary sc 
Courses for scientists and engineers 
is limited. Some industries (e.g. Be 


2 STRUCTURE OF THE PROGRAMME (EDUCATIONAL METHODS) 


When considering objectives related to structure, the question is not what mathematics one is 
teaching or why, but what one is trying to achieve through the special form of the programme. 

Or instance, a series of lectures can have as objective the complete teaching of a subject or only 
the preparation of the students for reading the literature (thus learning the subject on theirown), 
or anything in between. Objectives related to the educational methods of the programme are 
motivation, enthusiasm, developing technique versus understanding, coping with different intake 
levels, etc. We have tried to discover the trends in this area. 


2.1 The courses — form and style 


One cannot say that there are many changes in courses. Complete explanation is more common 


than ly problem sessions are connected to the courses. Books are used 
as e cip kr ne z 4 Mai ea duplicated lecture notes more than before, with the effect 
that students do even less reading around the course on their own than before. Some of the 
Courses are including more material to motivate students than a few years ago. Representing 
Opposing trends are the integrated courses given in some universities to show connections 


bet : : ts by others to make it easier for students by breaking up the 
ee apa n, this last mentioned strategy has a bad effect on 


Subjects i its. In my opinion, i ; cis 
students — moa s à tendency to make such breaking up on their own initiative and to 


regard the bits as independent and unrelated. 


has been going on 
f diversity of backgro 


with “self-paced courses”. One of the purposes is to 
und of freshmen. The method is said to be suitable 
ulative content. There were also some reports of successful use of 
s such as elementary linear algebra, in this case alongside 
ve seen Very little of the method and I must admit that I have 


Some experimentation 
Cope with the problem o 
for courses with a high manip 
the method to introduce topic 
traditional lecturing methods. I ha 
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strong doubts about its value. An explanation of the nature of these doubts and support for them 
can be found in Moise (1973). Some information on an experiment in Southampton can be 
found in 82.3 of the Proceedings of the Nottingham Conference (London Math. Soc., 1975). 


An idea which has been used in a number of places, not always successfully, is the "problem 


clinic", manned by staff and senior students for several hours a day, where students can drop in 
with their problems. 


for a second time and which also offer the possibility of having lectures, held by a visiting expert, 
repeated annually. 


22 Apprentice-type education 


A new trend, not widespread yet, is the method of apprentice-type education. There are several 
variants. One is to have the student work for a short period of time in one of the research groups 
of an institute and, depending on what is going on at that time, acquiring the background 
knowledge which the researchers already have, by experiencing the need for this knowledge and 
finding it in the literature. Active Participation in the work of course also helps. 


A second new idea is the project group in which the whole group starts more or less from 
Scratch with the Purpose of solving some Open problem. The idea is that the members of the 


cite n Vds an "Undergraduate Research Opportunity Program", where 
alongside some facult e ; Deer qu i h. 
(Massachusetts Institute of Technology y member or outside scientist in their researc 


— M.LT. — reports t i tment 
does not have much experience with the Programme ec hat the mathematics depar 
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2.3 The role of problem solving 


Problem solving is one of the essential activities in mathematics. However, the period of 
abstraction seems to me to have de-emphasized this fundamental fact. In the questionnaire a 
question was included whether problem solving is ever a recognized part of the curriculum. Here 
I do not refer to the problem sessions corresponding to certain lectures but e.g. to special 
problem solving seminars (we have a Polya-Szegó seminar for students) or groups (including 
students) which regularly meet to solve all kinds of problems (e.g. from the problem sections of 
journals). To me there is little doubt that this could be an important contribution to the 
education of most students. Many of the replies received came down to “A very nice idea; too 
bad that we do not do it at our university". A positive response was received from 
Czechoslovakia. Problem solving seems to be in bad shape in many countries, and a trend which 
was pointed out is that students find problem solving too hard and prefer proving various trivial 
consequences of axioms and definitions. A number of American universities have a tradition of 
intensively coaching the best students for the Putnam competition, but this is an extra-curricular 
activity. From the correspondents I believe that a large number of universities feel that a revival 


of problem solving should be encouraged; a weak but promising trend. 


2.4 The role of research 

nto is whether some form of research plays a role in the educational 
gree (for the Ph.D. it obviously does). For the master's degree it is 
les are Australia, the Federal Republic of Germany, the 
lovakia) to require a thesis or an essay or a report. 


The next question we look i 
Programme up to master’s de 
customary in some countries (examp 
United Kingdom, Netherlands, Czechos 

This thesis takes from one half to one year of research, often guided. New results are generally 
not demanded, but the work must be done by the student. Sometimes a survey of some area is 


i Ripe A i iti i tem is used it is 
also i ant that in those universities where this system. 
satisfactory. It is signific of the course. The idea of research projects at under- 


conside st essential parts earci a 
ae wm ae less new to most correspondents. I have used it with very satisfactory 
Tesults for discrete mathematics courses in Eindhoven. This is an area where individual enterprise 
is possibl d indeed some of the students have produced results which were subsequently 

M MR A d, it is a rewarding experience for the 


published in j if the results are not that g00 
oleae si of just learning known results. The same method has been used at 
Southampton i ic Ps 3 in Howson, 1975, and Hirst and Biggs, 1969). Here too, the results 


Were very good. It seems worthwhile to suggest that others experiment with these ideas (also see 
P. 95 and p. 1 17 of The Statistician, 1976, and Bajpai et al., 1976). 
: i hampton and by myself) is that many 
i i ects (observed both in Sout my 

iene m He e ortitilibed, to the detriment of other work. It is important that the 
supervi doen ps ers icm scope and demands of the project and that appropriate credit is given. 
Since M a po projedts misfire, there should also be a possibility for ie supervisor to 
terminate the project (again awarding appropriate credit for the work which was done). 

inars" duates. This does not seem to be 
S iversiti «elementary seminars" for undergra : r 
titel we waa pu at preparing for their talk learn something and possibly the presen- 
tation its Pea ful experience but the effect of having to listen to these presentations is more 
Or less dis n s dt sera this could be a good idea for intending teachers. A much better idea 
Came fro a tune onis Here students’ research groups present their results at l annual 
meetings e lisdem branch of the Socialist Youth Association. The fact that the best papers 


are awarded prizes stimulates the students. 
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2.5 Examination methods 


We have tried to identify trends in examination methods (see also Chapter VIII). There seem to 
be few. One of them is the introduction of frequent smaller tests during courses, the results of 
which are used as part of the final assessment. More generally, one can say that the idea of 
continuous assessment is becoming more popular. In fact, despite an increase in the number of 
students, there is more assessment by observation than in the past. A second trend, probably also 
related to large numbers of students and pressure to study quickly, is the tendency of students 
to take examinations in subjects much too soon after completion of the course. In this way there 
is no time for a deepening of understanding nor for practice in manipulation. 


of the available time. From an interesting paper by H. Halberstam (1972) I quote the following 
remark concerning the idea of just trusting the teachers: “... that would be reckoning without 
that grim, humourless rationalisation of the unwillingness to learn that is characteristic of so 
many students of our day, ... they all ask the same question, ‘What’s the use of mathematics 


- Since there is often very little time 
a y have, such a remark would be easy 
pointed out it is no longer easy to put into practice. For an 


TA ber of suggestions for improvement 
we refer to Bajpai et al. (1975), It seems that i in this section do 
not exist in the U.S S.R many of the problems discussed in this section 
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m in the amount of geometry taught; (c) an increase in the amount of probability and 
istics taught. Concerning courses for the social sciences we refer to CUPM Recommendations 


(1973), and Selby (1973). 


The courses for biologists seem to be rather successful and not unpopular. i 

"epe in such courses is clearly not to try to transform the students into crm leri. rum 
ut to show them which problems in biology can be attacked with mathematics and what kind of 
mathematics is used. It is sufficient if in their later careers they recognize such situations and 
then know who to consult with their problem. A typical course (Van der Blij, 1974) contains 
some elementary calculus and differential equations applied to growth processes, elementary 
probability theory, normal distribution, the concept of linearity (mappings, etc.), some linear 
cap ba approximations to functions, diffusion; the examples (and pictures!) are chosen 
rom biology. It would be a very good idea to collect the material from such courses (which have 
apparently been given at many universities in the last few years) in one place (where and how?) 
so that others can profit from the groundwork which has already been done. | 


We point out another trend. It hardly ever happens any more that topics suitable for physicists 
Or engineers and also for mathematics students are taught to these groups united in one class. 
Thus the technological university in Trondheim reports that a topic such as functional analysis 
is typically offered in separate versions. This seems unfortunate to me. A dangerous trend and 
one which should be discussed seriously by the mathematical community is the increasing 
number of mathematics courses (for non-mathematicians) being offered by other departments. 
A good example is the striking number of poor statistics courses being taught by engineers, social 

ld be a lot more hesitant about teaching 


Scientists, etc. Most professional mathematicians wou 
Such a special topic if they were not experts themselves! If the mathematicians believe that they 


should halt and reverse this trend (and I surely do), then they should first find out which 
mistakes have been made in the past. It is essential that the lecturer be sympathetic to the needs 
of the students and aware of their difficulties. A very good suggestion, put forward in connection 
With the questionnaire by E. M, Patterson (Aberdeen), is to have a member of the staff of the 
department (to which the students being taught belong) attending the lectures and commenting 


On the suitability and relevance of the material presented. 

That we are really facing a serious problem here was pointed out by a number of corres- 

Pondents, The stricter budgeting procedures which are an international trend, and the emphasis 
partments (and others) to teach 


On cost per student put pressures On science and engineering del e 
their own mathematics so as to reduce the “costs per student" in their departments. So, as well 
ics, there is concern for the employment situation for 


as concern for the level of mathemati 


mathematicians 
t of space devoted in this report to service courses 


the relative amount 0? - dev 
ussion which is necessary. 


Once again I stress that t 
the amount of disc 


1S inversely proportional to 


4 THE ROLE OF UNIVERSITY MATHEMATICS TEACHERS 


n some trends concerning the role o 
derably in recent years. 


In this final section we mentio f university mathematics 
teachers. This role has changed consi 
with students than there used to be and time is devoted not 
but also to their personal (and other) difficulties. Students 
pect to understand without doing much work themselves, 
in many universities the staff has grown more 


There is more personal contact 
Only to their academic problems 
expect more. Sometimes they even ex 
Without reading around, etc. Despite the fact that 
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i ime i t helping students, correcting papers, etc. 
dly than the number of students, more time is spen 
bis before, Where the number of Ph.D. students has gone up, or where projects are used, = 
amounts of time are often devoted to a single student. As a result, there is a practically universa 


ere is a shortage of teachers, the 
this is often compensated by regular 
of the staff does not decrease. A second 


teaching loads become extravagantly large, Luckily, 
(sabbatical) leaves which ensure that the scientific level 
method which is used in several countries is to have tw 
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Chapter V 


Adult and continuing education in mathematics 


R. M. Pengelly 


1 INTRODUCTION 


l.l The approach 

At the 1976 Karlsruhe Congress on Mathematics Education, the theme Adult and Continuing 

Education in Mathematics emerged for the first time as an independent topic for discussion at 

an international congress on mathematics education. This development has been brought about as 

a result of the greatly increased interest in adult and continuing education in most countries in 
his new topic presented a major challenge to the 


the world. The development of a discussion on t e i 0 
reporter, to the panel members and to all those who took part in the discussion. In a very real 


sense, those who involved themselves with this work were attempting to lay a foundation for the 


future discussion of this topic at subsequent conferences. 
This chapter takes the broadest possible view of the subject area and atempts to show the way 
in which mathematics education fits into the field of adult and continuing education because: 


— This is the first treatment of the topic, so it is impo 
context. 


rtant to set the work in its proper 


i inui i hich are currently going on must be 

— The developments in adult and continuing education wW j 

srdesetapd i one is to see where mathematics education fits into the picture. 

— The information available, on which to base the chapter, is inadequate to support a narrow 
ntated view of the subject area. 


mathematics education orie 
This last point is an important one. While the literature describing the development of adult and 
Continuing education is relatively poor, there are à number of reviews of the field to draw upon. 
On the other hand, the literature relating to the teaching of mathematics in adult and continuing 
education is almost totally non-existent. Hence, although this chapter provides information and 
Observation on a range of issues, it is in most cases not possible to offer a critical analysis of the 
Problems because of lack of adequate information. However, it is hoped that this chapter will 
serve as a challenge to all workers in the field to write up their experiences for the benefit of 


Others, 
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Section 1 sets the scene by describing the theme in terms of: the area covered; goals and 
legislation; social and cultural influences; teacher/student relationships; and mathematics 


way to meet it is formulated. 


1.2 Area covered 


The range of activities currently being undertaken in the field of adult and continuing education 
in mathematics is substantial — varying from a brief series of broadcast talks to a full length 
degree programme — so that a completely comprehensive treatment of this theme is not 
practicable. Consequently, it has been essential to seek à basis for reducing the area covered 
by the chapter without destroying its utility. The selection of material for inclusion was 
influenced by two main themes which are of major importance in adult and continuing education, 
namely: Mass Education for Mature Students and Distance Teaching. 


For a large number of areas it has only been possible to mention either significant or novel 
and interesting developments. The areas treated in this way are as follows: 


— Education provided by commercial organizations for profit. 
— Postgraduate or specialist courses. 


— Courses with no formal class registration requirements and no formal assessment (especially 
broadcast courses). 


— Pre-service teacher training courses (whether full-time or part-time) unless taught using 
distance teaching methods. 


— Courses for training in vocational skills which have a mathematics component. 
— Full-time or part-time courses which form part of a nationally recognized qualification, if 
they are taught in the classroom. 


— Inservice training courses for teachers, if they are taught in the classroom. 


The existence of a largly free market 
creation of a variety of educational organizations serving the needs of adult students, ranging all 


Ways had an important role to play in adult education; the 

oldest Correspondence Colleges have been established for almost a hundred years. While corres- 
ntries has developed as a result of commercial enterprise, it has 

also been used very successfully as a component in the public Service provision of education. For 
example, Pentz (1975) reports that in the U.S.S.R. one third of all the students currently under- 
going higher education are taking correspondence courses (a total of 1.6 million students in 
1974). Also in developing countries, correspondence education has had a substantial impact. For 


example, a workshop on Correspondence Education in Africa held in Kenya in 1973, was 
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attended by 43 participants from 16 different nations. 


The last 10 years have seen a revolution in home study courses, in that traditional corres- 
pondence courses have been enhanced by the introduction of a variety of audio-visual teaching 
aids and the introduction of new forms of contact between teacher and student. This new form 
of home study course has been given the label “Distance Education". A report on Distance 
Education by the European Parliament's Committee on Cultural Affairs and Youth, the BACIE 
Report (August 1975), defines this type of education as having three characteristics: (1) spatial 
separation of student and teacher for all or almost all of the courses; (2) the use of teaching 
material in permanently recorded form, such as printed notes, films, cassettes, radio and 
television; (3) teacher control and goal directedness. 

t an analysis in member countries reveals a fairly uniform 
ducation has arisen because conventional channels 
d of the adult population for increased knowledge 
and instruction. A Council of Europe Report (1975) gives a review of the use of multi-media 
distance study systems at post-secondary level (in Europe, with a few examples drawn from the 


remainder of the world for comparison purposes). This report provides a clear description of the 
main characteristics of this new ional system and indicates how this approach has 


form of educati 
been put to use in a dozen differen 


The same report concludes tha 
pattern, namely that the need for distance e 
of education cannot satisfy the growing deman 


t situations. 

In almost all distance teaching projects mathematics is taught to a greater or lesser extent. 
Focusing on the distance teaching theme must not be allowed to distract us from the fact that 
a considerable amount of adult education (particularly vocational training) is still carried out in 
the classroom (often on a part-time basis). For example, in the United Kingdom, there were in 
1972 about one million students undertaking vocational training courses on either a full or part- 
time basis in further education colleges. About ] per cent of these students was undergoing some 
form of specialist training in mathematics (often at a relatively low level). Any report on adult 
education in mathematics must consider mathematics education in this sort of context. Since 
Work of this sort lacks the “glamour” of distance teaching, information on the extent of activity 
in this area (even by number of students) is hard to come by. Every effort should be made to 
rectify this situation. In particular, effort should be made to compare and contrast success and 
failure at teaching mathematics — to groups of adults in the classroom and by distance study 
techniques to individual students — with a view to identifying the strengths and weaknesses of 
the two approaches (and perhaps comparing the cost). 


1.3 Goals and legislation 


In order to understand à numb 
necessary to consider the goals fo 
Which government legislation can influenc 
itself form the subject of Chapter IX. 
It is possible to identify four primary goals for adult education which appear to apply both in 
developed and in developing nations. These are (Farnes, 1976): 
Work-orientated education — the goal being to help the individual to work 


aunity education — the goa 
profi essional training — the goal being to increase the specialist skills 


er of the developments discussed elsewhere in this chapter, it is 
r adult and continuing education programmes and the way in 
e such programmes. The goals of mathematics education 


more effectively. 
" being to create a happier and healthier society. 
Family and comn | Deng pp » 


Professional and para 
available in society. 
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General or basic education — the goal being to raise the level of literacy, numeracy and so on 
in society, thus enabling individuals to participate more fully in the development of society. 


Hlavaty (1976) points out that there ought to be added to this list a fifth general goal which 
stresses the needs of the individual as an individual — requesting an education to develop the 


fullest potentialities of each individual student and to give him a sense of fulfilment. (See also 
Melo, 1976.) 


These general goals are complemented by more specific goals related closely. either to the 
student's or society's needs. For example, the BACIE Report (August 1975) identifies the desire 
to "get on in life" as a powerful motivation for students seeking adult education. In addition, 
adult education can become an integral part of government policy. For example, in a report on 
vocational training in the European Economic Community (BACIE, June 1975) it is stated 
that: "The maintenance of full employment is a cornerstone of the community's economic as 
well as social policy. Attention Should therefore be paid to education to ensure that the adaption 
of the labour force keeps pace with the changing demands of the E.E.C's economy." And tarina 
“The concept of training as a continuous process of education at all stages of a worker’s life, an 


at all occupational levels, is accepted as a key factor in safeguarding the essential mobility of the 
labour force.” 


A report published in the United States by the National Advisory Council on Adult rione. 
(1974) gives an even broader statement of policy: "Adult education should as a matter s 
deliberate design seek out the needs for its services generated by the growing number O 
transitions that are being made among schooling, work and retirement, and mount programs 
which will help those making these changes continue to be as active economically, vocationally or 
in leisure pursuits as they need in the changing patterns of their lives." 


Because of this close relat 
policy, it is natural that nati 
the development of adult e 
adult education in France. 


ionship between adult and continuing education and goverment 
ons have introduced legislation which seeks to control and influence 
ducation: for example, Bouvier (1976) describes the law regarding 


Another goal of adult education is the creation of greater level of “social equality” (CERI / 
OECD Report, 1975). The Council 


- of Europe Report (1975) ascribes much of the impetus 
behind the massive expansion of adult educa 


exclusiveness" in the restri 
A rather different 
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developed and developing nations. It would also be interesting to know to what extent the goals 
in adult education are leading to a demand for general cultural courses about mathematics rather 
than courses that aim to teach specific mathematical skills and concepts. 


1.4 Social and cultural influences 


A good example of how social pressures can influence adult education is given in Bouvier (1976) 
where the influence of a professional agreement between unions and employees in France is 
described. This agreement led to à change in attitude towards adult education so that in the 
period 1972 to 1974 there was a 60 per cent growth in the number of students taking an adult 
education course (in fact, about one employee in three now takes some form of adult education 
course). Bouvier also explains how education programmes are influenced by social and cultural 
attitudes. For example, if an adult's commitment to education is seen as an investment of time 
and money towards meeting à particular need, then the student expects that the objectives of the 
education will take into account his educational needs. Thus the richness of the field of 
continuing education stems from the variety of human situations with which it is intended to 
cope. 

Another major influence to be taken into account is the impact of admissions policies and 
certification. A viable continuing education programme, especially if viewed as providing 
"recurrent education", requires a radical review of the criteria for admission to post-secondary 
School education (CERI/OECD Report, 1975). In most developed nations, à gradual acceptance 
is emerging that “experience” is likely to be the thing that most helps people to take advantage 
of education and in this context work experience may be seen as a valuable admissions 

h lead to the adoption of such radically different 


qualification. Cultural and social changes — whic ; h 
admissions policies for post-secondary education — must in turn have an impact on the courses 


themselyes. This will be particularly true in the case of a subject like mathematics, where it is not 
possible to replace basic mathematical skills with some general work experience and continue 
to teach the course in the same way. At present, there appears to be no information on which to 
assess the impact of this change on the teaching of mathematics. However, the Open University 
(Mathematics: A Foundation Course) which operates an open admissions policy, has shown that 
courses can be designed to successfully teach post-secondary school mathematics to students with 


a limited previous experience of mathematics. 
es are concerned, the social and cultural influences on the deter- 


A: i atri : z ENA 
a u eio offer" are described by Perraton (1976) in relation to the situation 
ue = a the material given in that paper it is clear that the social and cultural pressures 
in devel dea inier will lead to most of the mathematics education being carried out as part 
of a formal education programme. 


1.5 Student and tutor roles and relationships 
d relationships in adult education are different from those found in 


tion of distance teaching techniques is the factor which 
the teacher and student roles and relationships. Perraton 
d students and their relationship in distance learning 


Student and tutor roles anc ™ 
normal initial education. The introduc 
appears to have had the most impact on 
(1976) explores the role of teachers an 


situations. Two main points emerge. A 
ning is an unusual human activity, and for that reason it is 


NUS i e lear! pne A 
oe point is my T ort of this point is basically that learning 1S normally a social 
nr, POL E oie ed, then distance students are in an unusual learning situation. This 
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means that there are no precedents for developing the roles and relationships of teachers and 
students in distance learning. 


A development in students? relationships with a tutor which has been applied in teaching 
mathematics is described by Daniel et al. (1975) and involves the tutor organizing group work. 
The author reports that those tutors who put themselves in the role of instructors fail to create 
an adequate working relationship with their group. The best tutors are those who become 
proficient at using the resources of the group itself to Solve problems. 


The real impact of multi-media distance teaching systems on Student and tutor relationships 
is emphasized by Adler (1975) (which describes the experiences of Turret Correspondence 
College, South Africa) and in which the author points out that in multi-media education the 
teacher is no longer the main resource of the student, but simply one amongst many resources. 
In this situation, "teaching students” is only one of his duties; he has also to cope with ae 
group work and discussion, helping students individually and in groups to use educationa 
resources at their disposal, and perhaps most important of all (especially in mathematics) 
students individually with their difficulties and counselling them on their path through the 
course. The author points out that while this enlarged role for the tutor has been recognized by 
the creators of the educational system, it is not always recognized by the students themselves, 


E ^ 5 : m t 
Who, because of previous experience (especially experience arising from other forms of adul 
education), often expect and even demand "normal lessons", 


Technology (1976). 


, 


Courses presented to them They are quite 
icult or artificia] and unrelated to their 


1 : can lead to particular difficulties when 
mathematics is taught as a Specialist subject). Bouvier (1975) concludes that despite the fact that 
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changes in the tutor's role put greater burden on the teacher, it also gives them much greater 
satisfaction and, more important, greater opportunity of being educated themselves during their 


teaching process. 


1.6 Mathematics education within adult education 

scope and content of mathematics programmes in adult 
general factors influencing adult education described 
ds; (ii) meeting society's needs; (iii) curricula and certi- 
fication. It is interesting to consider these factors by examining how mathematics education 
fits into an adult education programme. In this connection, Sida (1976) points out that the least 
one can do in adult education is to show the connection between mathematics and the real world 
in which we live. This requires that particular attention is paid to the clientele and their special 


needs. 


The factors which influence the 
education are directly related to the 
previously; (i) meeting the students' nee 


red by universities in the U.S.S.R (Pentz, 1975), the mathe- 
des a service function so that mathematical knowledge and 
dent to study the other components of his course. It 
is the course as a whole that has been designed to meet society's needs and it is the demands of 
the course as a whole that have been used to determine the content of the mathematical 
components in the courses. This approach, which must be common to many other situations, can 
lead to the courses containing à substantial amount of mathematics. For example, a table given 
by Pentz (1975) shows that in a degree programme in machine technology, the student spends 
about a quarter of his time studying mathematics, while in a degree programme in chemical 
technology he spends about a fifth of his time studying mathematics. 

Bouvier (1976) points out that much of the mathematics that is taught is closely integrated 
into the teaching of other subject material. A common approach is to involve the student with 


io ‘ his own environment. By showing the student how to solve several 
ES Met which telaio Bt tanding that methods and procedures are more important 


proble build up an unders s 
than vex deus This leads naturally to the concept of a mathematical model and also to 
t tical ideas, common to a variety of problems, are worthy of 


the di ain mathema nic e 
Ver pi E In this approach mathematics 1s taught as a tool for helping to solve 
Problems, the subject and content of the mathematics elements in the course being determined 


by. ss "a i it of the student's attempt to tackle a range of problems. Sida 
(1936) notus Bed audite traslitig of mathematics is becoming increasingly important and 
that this brings with it the challenge to make relatively sophisticated ideas palatable to a broad 
Cross section of society. This view is reinforced by the adult higher education dme offered 
by the Conservatoire National des Arts et Métiers in France in which many o the We ematics 
Programmes are explicitly linked with the needs of other sciences and technologies (Enseigne- 


ments 1976/77). "Nr cor 
The most natural way in which mathematics appears as a discipline in its own rae ae 
education is in those situations in which a mathematics course (of some appropria d is 
taken in order to achieve a recognizable qualification (usually based on some nationa pees 
of certification). For example, Heidt (1975) describes a situation in which remna i certifi- 
cates issued by a “Radio College” were accepted either as part of the qualification for university 
admission or as an additional component in a teaching certificate. 
courses also appear in the degree and certificate programmes 
teaching institutions. For example, the German Institute for 
(1975) offers courses in mathematics for secondary school 


In correspondence education offers 
matics contained in the courses provi 
skills are taught in order to enable the stu 


Specially prepared mathematics 
offered by a number of distance 
Distance Studies described by Heidt 
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One development in adult education in mathematics which does not appear to have been 
pioneered yet, is the use of distance teaching techniques (particularly the mass media dave 
and television) to teach numeracy on a large scale. Radcliffe (1976) describes how a series o 


radio and television broadcasts have been used to mouní a successful attack on the literacy 
problem — can the same approach be applied to numeracy? 


Another interesting question arises from considering adult education in developing countries. 
Small (1976) describes the current continuing education programmes in Zambia and stresses E 
importance of non-formal, non-credit education in bringing swift results for those in employmen 


(what they learn to-day they can apply tomorrow). Where, if anywhere, does mathematics 
education fit into this situation? 


2 WHAT IS HAPPENING? 


: ourse and probably tends to regard that as a failure, The challenge then 
is to find new Ways of presentin 
was obscure clear, what was poi 


nations. 


The simplest mathematics courses are those which are taught as an integral part of some other 
adult education programme 


- Houlton (1973) describes a course in “relevant mathematics” which 
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formed part of an industrial studies course for trade unionists presented by the Extension Studies 
Department of the University of Liverpool. The mathematics presented in the course comprises 
an exploration of certain basic ideas set into a relevant industrial context. For example, the idea 
of an arithmetic mean is explored by investigating the meaning of the phrase “average wage". 
The material not only describes how to calculate an average, it also explains how averages are 
used and interpreted in practical situations (for example, wage bargaining). The emphasis is very 
much on teaching mathematical ideas and techniques which the student can put immediately to 
Work in his other studies and in his working life. 


The National Extension College (Guide to Courses 1975/76), which is a non-profit making 
Correspondence college run by an Educational Trust, offers students a whole range of mathe- 
matics courses (sixteen in all) ranging from a simple first course in mathematics (which assumes 
only the ability to do arithmetic with whole numbers) to courses which are prerequisite to 
normal university entrance. Such a programme provides students with an opportunity to acquire 
credit certificates for those parts of a formal mathematics education which they failed to gain 
during their time at school. The College also offers one or two special refresher courses; in 
Particular, a preparatory course for admission to the Open University Mathematics Foundation 


Course. 

local technical colleges and evening institutes throughout the 
of courses, only in these cases the medium is 

basis. These colleges also offer a range of other 

qualifications (for example, National Certificate 
f many vocational training programmes. 


Further education colleges, 
United Kingdom offer students a similar range 
classroom teaching on either a full or part-time 
mathematical courses for nationally recognized 
and National Diploma courses) which form part o 
of courses in mathematics being taught on a non-formal, 


There is also a considerable number S 
designed to serve a variety of needs and are taught by 


non-examination basis. These courses are y of n f 
several different agencies (almost exclusively by classroom teaching either on a part-time or 
full-time intensive basis). A typical example of this sort of course is “An Introduction to Modern 
Mathematics” aimed at parents of children in primary and secondary schools who are interested 
in following the progress of their children’s education and who want to know what is happening 
in mathematics education. There are other courses, of a more general cultural nature, which are 
simply “about mathematics” and there are yet other courses which teach the application of 

trication and value added tax). All these 


mathematics to current social problems (for example, metric a value i 
courses are aimed at adults who are interested in acquiring information, insight and some under- 


Standi ics in some particular situation. No information is available to 
rms m sole dran dapib of courses which are offered, or the characteristic and 
Number of students involved. Unfortunately, there appears to exist no pea amano 
about the factors which influence mathematics education programmes at this ee ; 5 examp e 
no information seems to be available on: teaching styles; use of n teacher -e ent 
relationships; interaction between mathematics and other subjects et e eim erefore, 
Ho comparison can be made directly with the situation as reported in Chapters I and H. 


2.2 Programmes at advanced level 
nvolving the teaching of mathematics at post-secondary level (college 


alist or postgraduate courses). As with the programmes at 
] which gives a reasonable picture of the 


This section covers projects i : 
and first degree level but not spec! à 
elementary level it has proved difficult to find materia 


extent of activities in this area. 


In the United Kingdom, th 
Open University (Courses Hand: 


e situation is reasonably straightforward. On the one hand, the 
book 1976) offers post-secondary adult education at degree level 
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à tutor and some courses include a one Week residential summer school. 


The only other provision at Post-secondary leve] in the United Kingdom is the provision at 


some universities, polytechnics and further education colleges of part-time degree programmes. 
These degree courses are normally taught b 


students follow similar, if not identical, Programmes of study to those taken by the full time 


programme (Guide de l'éléve 19 76/77) and so doe 
in the United States (L.C. S. Catalog 1976/77). 


A glimpse of the situation in developing countries can be found in the information given by 
Mackenzie et al. (1976) in a Teport which describes 17 case studies in distance teaching at post- 


nfortunately, this report does not devote 


"Secondary leve] is the use by one institution of mathe- 
» Courses produced by another ind 


À Mapas A ould not only Save manpower, but would serve as a basis for 
transferring pedagogical Innovation fr 
to another). 
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University of California in Los Angeles (UCLA Extension, Continuing Education in Engineering 
and Mathematics, 1975). These courses are of degree standard or beyond and are usually 
Offered on a full-time intensive basis over a period of between three days and four weeks. The 
Courses are classroom taught although many involve the use of additional audio-visual aids to 
support the lecturer. Many of the universities involved will contract to provide the same or 
Similar short courses for a particular company or government organization on the organization's 
own premises and specifically modified for that organization. According to the published 
literature, the short course programme is designed to provide participants with the latest both in 
theory and application by creating a close tie between university teachers and professionals in 
industry and government. The mathematics covered by such programmes is largely concerned 


with modern mathematical techniques used in management and research. 


3 NOVEL FEATURES AND TRENDS 

The aim of this section is to review some of the novel features of existing projects and to give an 
indication of current trends which are likely to influence developments in the areas covered by 
this report. Most of the information currently available is of a general nature; little has been 
Written which is specific to the teaching and learning of mathematics. 

more special tendencies, it is worth identifying three general trends 
Which seem to apply to the development of adult and continuing education throughout the 


world. First, there is the trend towards expanding the range and scope of the programmes 
Provided to meet the needs of all interested adults. This trend is clearly illustrated, for example, 
deral Republic of Germany (Heidt, 1975). 


Before looking at some 


by the current developments in the Fe 
duction of courses more directly related to specific 


The second trend is towards the prod we 
Occupational needs which guarantee a specific level of education and the provision of a nationally 
Tecognized qualification. This trend towards courses directed at a particular clientele is illus- 
trated by the developments both in Canada and the Federal Republic of Germany (Daniel et 
al. 1975, and Heidt, 1975). 


The third trend, and perhaps the most 
number of students taking part in some sc 
illustrated by the experience in France (Bouvier, 1976). 


i ion i i Germany shows that the second of these 
The da and the Federal Republic of 3 à 
situation in Cana to mathematics education. Currently, there is no definitive 


Ben i uall 
eral trends applies equally ther two trends also apply to the development of the teaching of 


evidence to show whether the o € 
ontinuing education. 


important of all, is one of very rapid growth in the 
ort of continuing education activity. This trend is 


mathematics in adult and c 


3.1. Use of educational media and resources E 
of educational media and resources in adult and continuing 


; ; ; ë It an 
SUE SR ihilioats how these developments have influenced (or might influence) the 
teaching of mathematics. Unfortunately, little has so far been written about how the use of 
educational media and resources in adult education has influenced the teaching of mathematics, 
So the position has to be reviewed on a rather general level. Further, there appears to be little 


i i R i i i » development of class- 
info a on how new educational media have influenced the T 
manan WHEEL Consequently in this and the subsequent section, the 


room ing in adult education. 1 s n, th 
a e entirely concerned with distance teaching systems. For the reasons given in 
Ere tural to expect that many of these developments will 


sections 1.5 and 1.6 above, it is nat that 
eventually influence classroom teaching in adult and continuing education. 
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The most important trend in the use of educational media and resources has been the moe 
ment of multi-media distance teaching systems in which the use of traditional correspon 


the best of both worlds” 
to do with the face-to- 


materials shows what can be achieved in this a 


Tea. As far as 
concerned, experience at the Open University su 


Seests that the effective use of broadcast media 
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requires the investment of a great deal of time, care and attention. Given sufficient effort on the 
production of teaching materials, the broadcast media appear to form a valuable component in 


teaching mathematics at a distance. 


The scale of the resources and the extent of the academic knowledge and experience needed 
to produce successful distance study courses in higher education call for and stimulate many 
forms of co-operation between conventional institutions of higher education. For example, it is 
reported (Council of Europe Report, 1975) that in France the universities are combining their 
endeavours, through inter-university centres for distance study, and there are moves towards the 
establishment of Regional Federations of Universities. Similar developments are taking place in 
the Federal Republic of Germany (Heidt, 1975). The nature of co-operation between institutes 
can vary. For example, in the U.S.S.R. (Pentz, 1975) the conventional colleges co-operate with 
the correspondence colleges by creating and manning the local study centres. A similar thing 
happens in the United Kingdom in relation to the Open University only on a less formal basis. 
In Canada (Daniel et al., 1975), the universities have actually co-operated in the production of 
course materials. Experience at the Open University suggests that all these forms of co-operation 
are of mutual benefit to all concerned when it comes to the teaching of mathematics. 


One medium which is coming into increasing use over the last few years is “teaching by tele- 
phone" (see, for example, Short, 1974). A number of correspondence colleges (for example, the 
National Extension College in the United Kingdom) provide for telephone contact either between 
the student and his tutor or between the student and the central system producing and 
distributing the teaching materials. The telephone is used primarily to allow the student to ask 
questions and for a tutor Or counsellor to respond. At the Open University and elsewhere, 
experiments have been going on with more ambitious forms of telephone tuition, which involve 
an attempt to provide “telephone tutorials" as a substitute for face-to-face tutorials. The 
experience gained so far is very limited. In particular, it is not yet clear how well one can use a 
medium that has no visual channel in the teaching of mathematics. 

ida ; a peculiarity of learning mathematics is the fact that a student can 
mae d poma e te small point, unable to progress until helped out. Since it is 
Probably impossible to avoid such obstacles, the challenge is to find a solution — travelling toa 
three-hour tutorial is hardly the appropriate solution to a problem which one minute's 
conversation would solve. 
impact on the teaching of mathematics is the hand- 
f a calculator has two advantages (Bouvier, 1976). First, it enables 
les (often examples associated with their own work) and second, 
and possibly even to discover — important mathematical ideas 
aple). Experience at the Open University suggests that there is a 
his new media effectively. However, there seems no doubt 


i i the teaching of mathematics than any of the 
th i i have a bigger impact on 
lene ses 0 n come into use over the last few years. (See Chapter XIII.) 


" ia in teaching, especially in the teaching of mathematics, will be 
Ne setter ut tpe o d tree In the teaching of mathematics generally, the 
computer possesses many of the same advantages 2$ the pocket calculator (while it is more 
difficult to use, it provides à great deal more scope). However, in distance teaching systems it is 
currently difficult to take advantage of this inherent power epos io is Meses no 
convenient and cost-effective Way of making computing facilities available to Fe ents in their 
own homes. However. the computer remains an important component in many pne pep. 
Systems because it can be used both to “manage the system" and to monitor anc Tecor the 


One new medium which certainly has an 


held calculator. The provision © 
students to tackle realistic examp 
it allows students to explore — 
(the concept of a limit, for exan 
long way to go to discover how to use t 
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student's progress. Knowledge testing through the use of computer-based questionnaires, if 
sensibly applied in conjunction with other evaluation methods, can make a teacher's job easier 
by giving him a clearer picture of the student's knowledge throughout the course. This 


computer-marked tests presents many difficulties (see, for example, Pengelly, 1973). However, 
it seems likely that it is only by the development of more Sophisticated computer-based 
knowledge testing systems that we will ever find a cost-effective way of improving the feedback 
element in distance teaching systems which is so important in the teaching of mathematics. 


A distance teaching system requires a great deal of time and effort invested in the design of 
€ learning system itself if the system is to meet the needs of the independent learner. For 
example, great care is needed in matching the educational media used to the student’s environ- 
ment, Unfortunately, as Mackenzie et al. (1976) point out in their review of open learning 
systems, designers are involved with devising systems based upon technologies which they are still 
learning how to use. In the case of the planning of the Free University of Iran, an attempt Was 
made to find a set of practical procedures, based upon sound psychological and pedagogical 
foundations, which would allow planners to define overall objectives for the different media 
Which would serve as guidelines for the selection of media between and within individual courses. 
It was found, however, after considerable discussion, that no significant criteria could be 
elucidated, and a series of difficult analyses were often found to end in “common-sense decisions”. 
The aspect of the design of a continuing educa 


from the designers is that of “coping with divers 
now be described. 


tion programme which requires most Ju gea 
ity". Diversity arises in two ways, which sha 


First, the course which is being designed may be intended to serve a variety of different, often 
quite distinct, purposes, For example, in the Open University, the introductory mathematics 


course is Supposed (at one and the same time) to meet the needs of both students who simply 
want an introduction to what mathe 


two problems. First, it means that the 
nce, so that, for example, the Open 
ics course to students with a range O 
e more than primary school mathematics 
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all the way to formal university entrance requirements and beyond. An institution can of course 
remove this difficulty by adopting some form of entry qualification for the courses. However, 
this tends to simply move the problem from one place to another, because it will lead to demand 
for adult education programmes designed to enable students to attain the entry qualifications 
Next, the heterogeneity of the student body presents the designer with a problem which stems 
from the students’ different interests and motivations. This means, for example, that when 
teaching a subject like mathematics, it is hard to know how to select examples to illustrate the 
ideas in the course, because an example drawn from one area and acceptable to one group of 
the student population may be much less acceptable to another group and may therefore reduce 
the latter group's motivation. This makes the teaching of "applied mathematics" in adult 
education a challenging task. The real challenge is to find a way of putting across valuable and 
interesting examples without too much technical detail. This task is made even more challenging 
if, as is suggested by Bouvier (1976), the aim is to match the course to the student's real needs 
and choose mathematical examples and problems of direct concern to him. One approach is to 
supplement a core of common content with a range of examples adjusted to the particular needs 


and requirements of a certain group of students. 
designer of distance study systems is coping with a relatively small 
number of students spread over à geographically large area. Experience in the Open University 
suggests that designing a distance study system which can actually help students become effec- 
tive independent learners is 4 difficult task. This task is particularly difficult in mathematics 
where even the smallest of difficulty (for example, failing to grasp the meaning of a single 
symbol) can lead to the student being unable to complete the study of an item of work. In order 
te students, there is need to do much more research into the way 


to cope with the needs of remo 6 1 n : 
in which mathematics is learned and in particular into the way in which the students use the 


teaching materials provided. 


A third important proble 
the students’ attainment an 
attainments are assessed and 
both the teachers and the stu 
the methods used for assessmen 


A second problem for the 


m facing the designer of a learning system is the method of assessing 
d of awarding course certificates. The method by which students’ 
course certificates issued can often colour the whole attitude of 
dents. Since (as pointed out in the Council of Europe Report, 1975) 
t are often the same as those used in traditional education 


systems, it is hardly surprising that many of the student and teacher attitudes that grow up are 
those which are found in normal education. Many institutions (see for example the Council of 
Europe Report, 1975) insist that the examinations taken by the students in adult and continuing 
education should be the same as those taken by students regularly attending courses in other 
educational institutes. This approach is defended on the grounds that it is necessary in order to 
achieve “credibility”. However, there are equally strong arguments to suggest that a new kind of 
teaching calls at least for some new type of examination (if not the abolition of the examination 
itself). This problem affects those designing mathematics courses because the design of a success- 
hing the examination to the students’ 


ful mathematics examination depends critically on mate K ; c 
knowledge, experience and attitudes and this is very difficult to do in a distance study environ- 


ment. 
very careful attention from the designer is the 
nent of the course. Providing some form of continuous assessment 
e teaching system because both teacher and student need some 
f course be provided with “various forms of self- 
to be very satisfactory used as a component in 
solation has no way of judging the 
his performance with that of fellow 


Another aspect of assessment which requires 


continuous assessment compo 
is absolutely essential in a distanc 
way of monitoring performance. Students can o 
marked tests". However, such tests do not seem be very 
a distance teaching system because à student working in 1 
meaning of the result of his test, he cannot even compare 
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students. Some of the difficulties involved in creating the continuous assessment component 
for Open University mathematics courses are described by Pengelly (1 973). 


Experience at the Open University suggests that the use of team teaching techniques is one 
way to tackle the design problems mentioned in this section. To be successful, the course team 
should be created in such a way that it can draw upon the experience of those who have tackled 
and successfully solved some of the design problems as part of their previous work. 


4 PROBLEMS AND THE SEARCH FOR SOLUTIONS 


In what follows, I have concentrated on distance study systems as this, in my view, is the area 
where it is possible to make a reasonable estimate of the main problems in teaching mathematics 
to adults. More important, in this environment it is possible to systematically devise and test 
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explain the cause of their difficulties. For this reason, any systematic feed-back system must also 
seek feed-back from the teacher (course tutors in the Open University case) since the teacher is 
capable of distinguishing between weaknesses due to the course material and weaknesses due to 
students’ shortcoming. The tutor is also capable of bringing forward suggestions about how 
improvements might be made. Certainly in the case of mathematics teaching it is very important 
to obtain feed-back from tutors because students are often unable to explain the difficulties they 
Open University experience suggests that many of 
the difficulties students experience in learning mathematics are due not to the inherent difficulty 
of the subject material or even to an inappropriate teaching style or approach but to simply an 
unfortunate choice of phrase or a failure to adequately explain some relatively minor step in an 


argument. 

Another valuable source of feed-back in a distance learning system is the assessment 
mechanism. The Canadian experience (Daniel et al., 1975) suggests that there is a need to develop 
assessment systems which are properly adapted to teaching at a distance. They argue that this is 


important not only in order to provide adequate feed-back for course designers and implementors 


but also in order to "be helpful" to the student. It is important that the assessment system 
encourages two-way communication and involves not only those centrally responsible for the 


TO i but also those teachers (usually part-time) who are responsible for 
aaa ene in the materials provided. Certainly the continuous assessment and 


helping the students learn from t 2M : : 
the earners have to serve a broader purpose than simply providing a basis for grading 


students. 


The authors of the Council o 


encounter in learning mathematics. In fact, 


f Europe Report (1975) bring out another very important point 

zat - tially student performance data) to 

about th f examination and assessment feed-back (essen 

estimate ‘the effectiveness of a teaching system. They argue that student grades should not be 

used on their own as a measure of the effectiveness of a teaching system, and point out that it is 
lation statistics (on level of education, aspirations and so on) and 


ne iate popu 3 
mau to have aded a dent achievement of his own goals (how well his needs are met by the 
ann s. srisldng) before one can make a proper assessment of the effectiveness of a distance 


; i i of assessing the effectiveness of the system is particularly 
cde peces Ts p ds teaching of mathematics, because it is inevitable when 
mathematics is taught to adults with limited previous experience of mathematics that the results 
achieved when measured directly by student performance data are significantly worse than results 
achieved by students following courses in the humanities and the social sciences. i eiie this 
Observation does not excuse mathematics education from collecting and systematical y anal pug 
student performance data. Burt (1976) describes work done at the Open e tpe " eem x: 
with Pho evaluation of mathematics courses and the attempts which have been made to use the 
results of systematic evaluation nae U A ints out clearly one of the major 

i erience at the Open niversity, points out clear 
ate (OT eg in establishing an adequate evaluation system, namely Me Tt ave been 
creation of such a system means finding substantial resources which may not origina i Ea ; 
budgeted for Understandably, the main aim of any organization creating a new educati na 
Sc ERIT E ff the ground" and naturally, if there are financial pressures on the 
system is “to get the system o tuition, counselling and so on, possibly 


ud T ORE “11 go to course production, d 1 so ) 
mars wit era n which to establish an evaluation system which is ultimately 


necessary if course teams are to improve their methods and materials. 
i i ing distance 
i i of the Federal Republic of Germany with developing j 
The review of [en pope out the point that some of the problems facing the designers 
of ed sim nr di from those who exercise political control over the system. The author 
education sy; 
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i jecti ject is a 
kes the point that it is still not generally accepted that eg o eie = = poma 
pol i i - isite for the planning of a means 
ane d is an essential pre-requisite or : jeans. i Il 
md argues that the avoidance of taking the appropriate decision inevitably lea 
obje ý 


An aspect of problem identification which 


; t 
does not, so far, appear to have been written abou 
anywhere, is the use of "learning models? 


i i d 
as a means of understanding student behaviour an 


4.2 Improving a system 


à d. 
Once a problem has been identified, it must be removed if an improved system is to be te 
This is a difficult task; the best that can be achieved at present is the introduction of sys Any 
methods of searching for improvements within the constraints imposed on the wp em 
Systematic search for an improved system will depend on feed-back being collected ina E duds 
and systematic manner as described in the previous section, At the present time, all one a pae 
Speculate on how successful any search for improvement will be, for no one appears versit; 
written up the results achieved as a result of systematic improvements. At the Open : si 
we are just starting the process of producing “second editions” of our oldest courses and, ome 
quently, are just coming to grips with the many problems involved in designing an imp 
system. Our experience Suggests that the following factors need to be taken into account. 


ginal systems may not 


; to 
may make it appropriate to revise objectives before attempting 
produce an improved system. 


(b) Jn fluence of organizational and Operational constrain ts 


It is important to decide whether the ne 
Operational constraint, 


i é 1 o 
It is important to ask if sufficient has been learnt about the production of teaching materials t 
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be able to go ahead with any confidence on the production of improved teaching materials. 


(e) Problems of integration 


The multi-media systems like those being produced by the Open University and others are highly 
integrated, in that each component of the course depends intimately on the properties and 
characteristics of all other components. This makes it very difficult, for example, to improve one 
component, say the broadcast element, without making large numbers of changes to all other 
components. This problem presents real difficulties in the case of mathematics teaching where, 
for example, notation and terminology must be consistent throughout the course, so that it is 
not possible to improve the notation used in a television broadcast without making this notation 
consistent with that used in all other components of the course. 


(f) Gradual evolution versus total replacement 

One of the most difficult choices facing those who want to produce an improved system is to 
decide whether to attempt to evolve the present course into a more satisfactory one or whether 
to start again and provide an alternative course designed to meet the same goals and objectives. 


ts learn mathematics is so poor, it may be safer to adopt 
AT pests our ener - mr aita feed-back obtained on the original course is adequate 


the evolutionary approach, provi à 
to allow the course team to judge where to make improvements: 


5 THE CHALLENGE AND A PROPOSAL 


; Report (1975) assert: “it can be fairly said that distance 
pri apn a e SENS rosis The best proof of this is ee pe - ps began as 
short tarm ventures and have since been deemed worthy of being T - Ls is mp ise : 
They also point out that there isa substantial degree of uncertainty a e e vit orm or such 
teachin e ms, adding that this is not surprising in view o e à 5 mE E, me ia and 
methods ricus many of which are original so that course produce 


previous experience. €— TC 
P introducing discussion on a novel topic like adult and continuing 
1 


Clearly, the purpose of . thematics education and includin 
A A i tional congress on mathe: luding 
education in mathematics vo indien is to allow the producers of adult education in 
a r on that Lain ‘heal hat they can learn from each other. In these 
mathematics to exchange 


S 
ieee this chapte T gioi rhy the report. Unfortunately, as pointed out in 
m hr dee uim current state of the literature in the field is unsatisfactory. 
Various places in the pA on adult and continuing education and particularly on the design 
s P peen ins (for example the Council of Europe Report (1975) contains a 
istance learning SY 


i ublished in the last five years) little appears to 
bibliography of 187 items, most a; caries l jec in adult and continuing education. For 
have been written on the t d only 10 appear to have an explicit subject content 
example, of the 187 items ing al mathematics. Thus the challenge to be faced by all those 
and none addresses the hiec: by this chapter is that of documenting their experiences and of 
min D a d making these experiences known to others. Below is à proposal 


designed to meet this challenge. 


In order to develop the materi 
the aspects mentioned below. 


al on this theme further, it is necessary to obtain information on 
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— Adult and continuing education programmes in mathematics which are being oo 
various countries and any major factors influencing the development of these pr M ie 
— Approaches to the teaching of mathematics in adult education and in particular ie an ji 
of approach depending on whether mathematics is taught as a subject in its own i 
topic integrated into broader programmes. — 
— Examples which illustrate approaches to teaching mathematics in adult education an 
serve to show which approaches have been successful and which have not. 


The more detailed and specific the information that 


F : Pan icularly 
in extending and improving our knowledge of the subject. In this context, it is particu 
important to know whether a project has been 
evaluation was made and the results obtained. 


: uld 
Sensibly, an international body concerned with Mathematics Education, such as ICMI, sho 
blish an int 


s à ation 
seek to esta ernational centre to collect and analyse information on adult educ 
in mathematics. The function of such a centre would be to: 


s C , . - : tional 

— gather, organize and disseminate information on existing projects and on educa 
Tesources created by these projects; 

— encourage the exchange of informatio 
appropriate to the teaching of mathematics in adult education; 


; ; athe- 
~ Promote co-operation in the Production and exchange of educational materials for m 
matics teaching in adult education. 


‘ques 
n on educational technology and research techniq 


> no 
es not need to have any formal “legal status? , although there m o 
ive and Supervisory arrangements which would have to be taken c : 


B H 1 m 
While this Proposal is an ambitious one and will certainly involve a great deal of work 
Whoever takes it on 


d 3 inuing 
» Without an initiative of this sort the discussion on adult and contin 
education in mathematics at the next 
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universal and automatic solutions to the large spectrum of international problems in question. 
On the contrary, anyone confronted with such problems has to seek specific solutions tailored to 
his own situation. The purpose of such a report can only be to provide cues for orientation at a 
general level by furnishing a conceptual framework for the contextual analysis of problems. 


An analysis of one's own situation considered within the suggested framework and along the 
lines of the issues raised in this chapter might be of help for structuring, ordering and clarifying 
one's own views. In order to get a clearer picture it is often useful to take a step backwards. 


This report will assist those working in the field to do so. This a 
cannot provide immediate recipes. It has been our major aim to cate 
respect to the problems of mathematics teachers and to further the ne 
efforts made in this domain. 


lso means that this report 
t for communication with 
cessary co-ordination of all 


Communication also requires the observer to adopt a detached attitude, an 
generalize to some extent from his own concrete situation. We think that 
harmony with the recommendation adopted unanimously at the final session 
our theme at the Third International Congress on Mathematical Education an 
Executive Committee of ICMI, according to which “the education and th 
mathematics teachers" should be accepted as a permanent theme for future 


d to be willing to 
these goals are in 
of the section for 
d addressed to the 
€ professional life of 
congresses, 


2 THE EDUCATION AND THE PROFESSIONAL LIFE OF MATHEMATICS TEACHERS 


2.1 Teacher education and school reform 


Though very little attention has been paid to the education of teachers j 

educational reforms, the former has been decisively influenced by the litter D. meal of 
first, the growth of educational opportunities necessitated a great expansion of t Mbaradr ct S: 
institutions; second, the introduction of new curricula, new classroom technolog ex ion 
forms of organization in everyday school life forced changes in the content and or Y, and na 
teacher training. ganization of 


The education of teachers today is, like other parts of the educational s 
limitations in financial resources. These limitations are concomitant with increased fec]; 
resignation concerning educational reform. “There is the conviction that complex soci in died 
are not as tractable as government planners thought in the 1960s. For whatever al problems 
shiny plans do not result in many heartening practices; the dreams turn soy Teasons, the 


ystem, affected by 


i i Ty, since the ducato o > (OECD, 19748 
p. 4). This does not apply to all countries equally, since he educational systems and , 
sequently, teacher training in many countries are less subject to economic nd, con- 


nwide planning "d^ ^lotical 
But criticisms have also been voiced, in connection with a widespread dise. 
educational policies, which attribute the deficiencies of past reform efforts 
role teachers were allowed to play in them. The statement applies also to teachers s 
readiness of the users to implement new structures, products and practices is mote x ... the 
than the development of a particular product itself” (Dalin, 1973, p. 260). Th à problem 
of teachers in educational reforms, their ability and willingness to innovate the importance 
information available to them, their participation in decision-making processes Ed amount of 
goals of innovation, as well as the organizational setting of their activity, are Sirene oming the 
of innovation. However, this has not been taken into account in educational Teforms 
shown for instance by the secondary role of teacher education: “It could S : as as can be 
teacher education should take the lead in the development of an educational system due 


fluctuations as a result of the longer range and greater stability of natio 


nchantment with 
to the Insignificant 
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should be given priority in the social and educational measures to be taken by States. However, 
the history of education shows that in practice teacher education has hitherto been dealt with 
only in an ex post facto manner." (Kotasek, 1972). This assertion is especially true for mathe- 
matics education. The Unesco report published in 1972, New Trends in Mathematics Teaching, 
vol. III, for instance, contains only scattered references to the role of teachers and of teacher 
education and no chapter specifically dedicated to the topic. A change in orientation has 
Occurred in recent years concerning the significance and structure of the teacher's role. The 
importance and relative autonomy of teacher education, therefore, is increasingly recognized, and 
the possibility of introducing innovations into the school system through the channel of teacher 
education has been considered: “The reform and continuous development of teacher education 
is directly dependent on reform and developments in the school system and education as a whole. 
Teacher education can never be autonomous or independent. On the other hand, changes in 
teacher education are not to be viewed merely as necessary consequence of changes in the school 
system and the field of education. Teacher education is also a developing motive force which can 
lead to changes and improvements in the educational system." (OECD, 19742). 


Not the least influences favouring such an approach are the aforementioned tendencies to 
reduce financial expenditures for education and its reforms. Since 70 to 80 per cent of all 
educational expenditures are spent on teaching personnel, whereas only d per cent are spent on 
books and other teaching and learning aids, efforts to increase the effectiveness of the teaching 
force are obviously of great economic significance. As the scarcity of resources is unlikely to 
promote the establishment of new institutions in the foreseeable future, we will depend heavily 
on the existing network of pre-service and in-service institutions in our attempts to optimize the 
performance of teachers. Even the trend which, according to the NACOME report (1), is likely 
to have some impact on U.S. teacher education in the near future, i.e. the introduction of 
Competency-Based Teacher Education (CBTE), owes its dynamics and influence to cost consider- 
ations and the resulting pressure on the educational system. 

-service education currently play no active part in educational reform, but it 
is often unable either to respond to changes in actual school practice or to prepare teachers for 
the present requirements of the profession. In many countries, the heterogeneous character of 
the school system still constitutes the major obstacle to the design of a practice-oriented mathe- 
matics teacher education. The last few years have witnessed changes in most countries that have 
decisively influenced the professional life of mathematics teachers, inside and outside the class- 
room. As far as the curriculum is concerned, these changes tend not to be centred on the subject- 
matter quality of the programmes. "Responding to the concerns of classroom teachers, as well as 
educators and laymen interested in the basic goals of general education, attention has now 
shifted to programs for less able students, to minimal mathematical competence for effective 
citizenship, to the interaction of mathematics and its field of application, and to the impact of 
new computing technology on traditional priorities and methods in mathematics. Furthermore, 
the dominant role of mathematical structure in organizing curricula has been challenged by many 
who advocate pedagogical or psychological priority in determining scope and sequence.” 


(NACOME report, 1975, p. 23). 


Changes are especially noticea 
interaction in schools, and the orga 

In most countries, changes in the attitudes and behaviour of pupils have made teaching more 
difficult. Reports from the U.S.S.R. say that children today are more eager to learn, more critical 
of authority, and make greater demands on the teacher's subject-matter knowledge. In many 
countries, discipline problems have become more acute, especially in schools whose pupils come 
from underprivileged sections of society. In some countries, the introduction of comprehensive 


Not only does pre 


ble in the composition of the student population, the climate of 
nization of classrooms. 
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schools, accompanied by a greater diversity of achievement, has confronted secondary teachers 
with new problems, to which pre-service education is gradually trying to adapt. 


Teachers are increasingly forced by pupils and parents to justify their teaching also with 
respect to the selection of content and the relevance of mathematics for the pupils’ future life. 
The patterns of rapid change in school norms are at best noted in the pedagogical components 
of teacher education, whereas content-oriented instruction usually pays insufficient attention 
to this problem. The influence of hand calculators, now cheap enough for some pupils to buy 
the availability of computers, and the switch to the metric System in the United States have 
raised classroom problems for which teachers are insufficiently prepared by their pre-service 
education. As a consequence of such developments, the social problems of mathematics teachers, 


who teach a subject which is rather unpopular but considered very important, have become more 
acute in and outside the schools. : 


Not only do these problems show the special im 
but they also shed light on the increasing importance of social and economic factors in education 
In the near future, more comprehensive educational analyses and evaluations, which will include 
these factors, will undoubtedly prevail over spectacular reform efforts directed towards single 
aspects of the educational system. More attention than before will also be paid to these fact "s 
work concerned with school mathematics and the pedagogy of mathematics, — 


portance of teachers in educational reforms, 


2.2 Environmental conditions of teaching 


The changed emphasis in recent years concerning problems of teache: " . 
activities has occasionally caused an exaggerated consideration of the pec prre en 
factor. A conference report published by the OECD in 1975 states that « the as the critical 
that distinguishes successful from unsuccessful schooling is not so much whe fen Critical variable 
are comprehensive, unstreamed or have integrated curricula or are indeed cha a 9r not schools 
other administrative variable, but rather the capacity of teachers within the Tacterized by any 


p. 107 et seq.). m" (OECD, 1976b, 


In contrast, there is a series of scientific analyses and Teports of pract 
stress more clearly the dependence of teachers' behaviour on the Opport: 
inherent in the context of their work (2). Elements of these environmental cóndsis 
factors are, among others, the decision-making and organizational Structures etn. cons or frame 
the style of the school, the standards of colleagues, working conditions, Workin e school system, 
the curriculum, and teaching aids. These elements need to be clarified so ini regulations, 
consciously consider them and improve the quality of his decision making i the teacher can 
practice. Just as teacher education prepares teachers in the subject matter wa his professional 
it ought to prepare them to cope with these demands. methodology, so 


ical experience which 
Unities and limitations 


We shall discuss some of these environmental conditions from two points ; 

x A "e mn : E of View: fj 
freedom enjoyed by the individual teacher to make decisions in his Professional l W: first, the 
an adequate organization of the teacher's professional activities. The ways in es and second, 
reached concerning the curriculum and the forms for supervising classroo ich decisions are 
considerably from one country to another (3). The consequences of these diff Practice vary 
nonetheless not be overestimated, because even in centralized systems the erences should 
relatively great freedom in the interpretation and implementation of curricula eacher enjoys 
classroom decisions are sometimes seriously hampered by centralized examinatig though his 
and standardized tests. A strong and uncontrolled influence is furthermore exerted pe eulations 
aids. There is a lack of criteria for evaluating and choosing materials, and, accordin M log 
fail to use them effectively. Support is also lacking for purposive Problem-orienteq rhea 
iments 
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with new material, and the teacher himself may lack the necessary ability to do the experiments. 
Commercial textbook production in western countries is characterized by a continuous 
production of new material which shows little continuity, although it rarely varies in methodo- 
logical and pedagogical approach. Apart from the teacher's manual, there is insufficient practical 
material for teachers that could help fill the gap. 


The work load of teachers is heavy and has been increased in most countries. Quantitative 
data are hard to obtain, as the job-related activities of teachers cannot be easily separated from 
the activities they undertake out of “personal” intellectual interest. Generally, teaching activities 
in the strictest sense have tended to diminish, whereas because of the low level of organization 
and the increasing complexity of the teaching profession, the expenditure of time on 
administrative tasks, for instance, has grown. Since criteria for planning and evaluation for 
schools are generally lacking, and since the structure of decision making and organization leaves 
little room for planning measures in schools aimed at solving specific problems, the allocation of, 
and cuts in, funds are handled in a relatively formal way. For the same reason, it is difficult to 
develop and enforce principles of a task-oriented work organization. In the U.S.S.R., where 
efficiency criteria are more often applied to the school staff and the school system as a whole 
than to the individual teacher, efforts have been made to improve the efficiency of teacher 
activities by developing a theory of the scientific organization of pedagogical work, whose 
findings will also become part of teacher education. Such a theory, of course, which must 
integrate knowledge from pedagogy, psychology, the psycho-physiology of work, space planning, 
and economics, has as yet only been sketched in broad outline. “In spite of the great number of 
methodologies in the different subject matters there is not even a scientific basis for the 
organization of teachers’ work in any concrete subject.” (Borisova and Turcenko, 1975, p. 46). 
Important aspects in this connection are a functional specialization and a correspondingly 
intensive co-operation among the school personnel. Ideally the organization of teams of 
specialists within schools and their co-operation with others concerned with the socialization of 
the young in the community will come to be seen as a reinforcement of the teacher as expert 
educator and consultant, advising others on the basis of his specialist knowledge and 
co-ordinating their efforts." (OECD, 1974b, p. 25). The proposal for a "supplemented teaching 
force" (Renshaw, in Lomax (ed), 1973) is making slow headway in the daily life of mathematics 
teachers, but it is unavoidable in the long run, for economic reasons among others (cf. OECD, 


1976, especially p. 57—58). 


2.3 Professional orientation in mathematics teacher education 


reform of mathematics teacher education have increasingly considered 


Recent discussions of the MT MURS 
al practice. The difficulties met by teachers in their daily professional 


items related to profession 
life loom much larger. 

ven by numerous reports on the experience of teachers starting their 
e-service education is, for the most part, not responsible for these 
t solve either, many prospective teachers have been seized with feelings 
their approaching professional practice, which makes corresponding 
“Practice orientation" has become a catch phrase covering a whole 
range of positions from the students' need for an immediate preparation for practice to the 
interest of the educational administration in a money-saving reduction of education components 


that are not of immediate professional relevance. 


Evidence of this is gi 
career (4). Although pr 
problems, which it canno 
of uncertainty concerning 
demands on their education. 


What professional relevance means for mathematics teacher education specifically is unclear. 
The contribution that the individual disciplines (mathematics, pedagogy, psychology, sociology, 
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philosophy, etc.) should make to the professional knowledge of teachers is as uncertain as the 
appropriate relationship between the skills needed for dealing with current practical situations 
and the knowledge and orientation needed for a long professional life in a rapidly changing 
School. A few new universities in western Europe have made practice orientation — in 
conjunction with such principles as interdisciplinarity and “project studies” — the cornerstone of 
university education, thereby gaining experience that sheds light on the complexity of the 
problems. 


The non-mathematical education of mathematics teachers is characterized by a great variety of 
designs. Whereas there is a tendency in secondary school teacher education to put more weight 
on non-mathematical components, efforts to bring training institutions for primary school 
teachers up to university standards have made it difficult to find an adequate mixture between 
scientific education and practice orientation. The “Field Based Teacher Education” movement 
which tries to intensify “student teaching” and co-operation among schools and universities js 
gaining ground in the United States and is important for mathematics teacher education. In 
other countries, however, the practical parts of teacher education have been reduced in favour 
of theoretical courses in educational sciences. 


A description of quantitative trends in mathematics teacher education relat 
practice does not, of course, portray the content problems raised by such a development: i.e 
the determination of an adequate concept of practice for the teaching Profession, the establish- 
ment of qualifications a teacher should have, and the construction of models for acquaintin the 
prospective teacher with the problems of his/her professional activities, The relation to the 
content taught presents a special difficulty when dealing with these problems. 


ive to professional 


There is a widespread tendency, especially in secondary schools, to identify ; 
life of teachers with immediate classroom activities, and to underestimate aa anian 
organizational questions and contacts with the environment. In some countries, howe ated to 
expression and consequence of a higher awareness of the importance of education m as an 
development, efforts can be noticed that are “aimed at removing the cultura] Myopia of = — 
which is often the result of their narrow schooling... As far as the content of Gainey: eachers, 
education is concerned, the need is to accelerate the introduction of evidence fro sin teacher 
sciences and the social context outside of schools” (OECD, 1974a, p. 21), Such ite: the social 
been pursued, for instance, in large-scale school-oriented experimental reform d €ntions have 
in general, there has only been a gradual increase in the share of social Sciences in N e but, 
training in western countries. In communist countries, all teachers take comprehen. da8O&ical 
in social science during their education and once in service participate in Uns 2 Courses 
activities outside the classroom. The difference in scientific methods and interpretati and social 
natural sciences and social sciences in western countries presents additional] Proble lons between 
matics teachers. The problem of the cultural isolation of mathematics teachers do o for mathe- 
large in communist countries. S not seem so 


The broader concept of practice has certainly added substantially to discussions k 
ponents of mathematics teachers' activities; however, no substantiated analysis of e the com- 
and of its environmental conditions, no analysis of the daily activities of teachers 9. aching 
nd of the 


freedom of action they enjoy in their everyday work, have been produced SO far, 


For teachers, there are no internal standards of professional competency b 
professions, since the question of _the aims of teaching cannot be answered by u in other 
profession alone. Thus, the insufficiencies of the empirical data on, and of the conce 4 teaching 
of, school practice is a major obstacle to the development of precise and Unified idea, a ualization 
relevant qualifications are desirable for a mathematics teacher. As far as teacher edu eut What 
concerned, the perspective of teaching and the development of a theory of teaching on is 


e more 
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important than the perspective based on the hitherto more sophisticated theories of learning. 
Besides the problem of providing empirical data on teaching, there are other more important 
prérequisites for a conceptualization of a teacher education that would be more relevant to 
professional practice. There is a lack of coherently formulated ideas about the relationships 
between cognitive knowledge, emotional dispositions and teacher behaviour from which criteria 
for theoretical and practical qualifications and their inter-relationships could be derived. Properly 
worked-out ideas about the relationships between the different components of the teacher's 
theoretical knowledge that are relevant to practice, as well as theoretical concepts and empirical 
knowledge about the process of acquiring professional competency and its optimal design, are 
also missing. These shortcomings are reflected, among other things, in the prevailing unstructured 
multiplicity of offerings and in the lack of co-ordination of the courses offered. As a result of this, 
students are confronted, even within the different disciplines, with the great number of highly 
different and partly incompatible conceptions the various educators have of the educational 
context, and the elaboration of a meaningful whole is left to the individual student (Becker, 
1975). Whilst the problem of relating theory and practice in mathematics teacher education 
is essentially a problem of the global structure of the education programmes, recently efforts to 
enhance the links with practice have been predominant in teacher education. 


In the field of educational methods, for instance, new models have been constructed to 
acquaint the student with the professional activities of teachers. Attempts are being made to 
develop, gradually and systematically, conceptual and diagnostic skills as well as behavioural 
strategies for handling real situations. This is achieved by different ways of simulating real 
situations, working with reduced complexity. Micro-teaching, special forms of training in class- 
room observation, group dynamics, protocol materials, and other training methods are 
increasingly used and are being developed further (5). Since the large majority of these techniques 
are based on principles that are independent of subject matter, they play at present a minor role 
in the professional education of mathematics teachers. Moreover, it remains true that “the 
missing factor is valid content . . - Knowledge of how to train teachers has outstripped knowledge 


of what to teach them” (Smith, 1975). 

mentioned deficits of the theoretical prerequisites for the development 
of practice-oriented teacher education programmes interrelating systematically the different 
components of teacher education, various efforts have been made to provide a basis for the 
internal co-ordination of education programmes. So, one of the most prominent, and also one of 
the most controversial, reform movements in the field of practice-oriented teacher education 
considers the gearing of education programmes to a unified set of goals as an example of such an 
organizing basis. Competency-Based Teacher Education (CBTE) is an attempt to develop cata- 
logues of teacher competencies through institutionally controlled planning and goal setting 
processes. These specified competencies provide a basis for teacher education. CBTE is based on 
* the desire to make schooling more efficient and to hold teacher educators and teachers 
accountable for the effects of their efforts" (Joyce, 1975). For all the efforts involved, research 
on the characteristic features of effective teaching have so far produced few results that are of 
practical value for CBTE and that could justify its claim. However, the CBTE movement has 
achieved some success in the organizational and content co-ordination of teacher education; 
nevertheless, a final assessment cannot be made before a systematic analysis of the innovation 


processes involved is available. 

That the scientific determination of a teacher's necessary professional qualifications will 
probably remain an unsolved problem for some time has given new impetus to another current 
of teacher education, which considers the individuality of the teacher as the starting point for 
designing programmes. “The teacher educator who emphasizes the uniqueness of the child and 


In view of the above 
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the importance of his emotionality must do the same for the teacher ... The effort of the 
teacher educator has to focus on the development of a rich, many-sided, actualizing self rather 
than on training the prospective teacher in specific skills which will be Shared with other 
teachers." (Joyce, 1975). This “humanistic” approach to teacher education can be found in one 
form or another as a counterweight to behaviouristic conceptions in most western countries 
especially in Scandinavia and the United Kingdom. Practical ideas about possible forms of 
mediation between the preparation of teachers to help them meet the Objective demands of 
teaching and the necessary development of the "subjective factor” are still missing. The different 
forms of a more practice-oriented education that we have sketched are aimed at ai roving the 
individual qualifications a teacher brings to his activities. But it should not be deines d that 
"5... excellent achievements in pedagogy are not made possible by personal abilities and Š ti 

independence only: but also because of a high level of organization in everydáy p arbe 
and Turcenko, 1975, p. 45). vone (Borisava 


2.4 Problems of professionalization 


“The improvement of mathematics teaching is a matter of im rovi 3 e 

the mathematics teacher” (Fletcher, 1975). A profession is isiatiy da qey ar 
features: first, the members of a profession have highly specialized knowledge ied e ollowing 
specialized education; second, the members of a profession are held together by st ave received a 
bonds, which facilitate the development of a "collective wisdom", namely MA Tong corporate 
knowledge gained from experience; third, a profession enjoys a certain ditties sn stock of 
its field. In each of these three characteristics, the teaching profession has specifi Sovereignty in 
distinguish it from other professions. pecific difficulties that 


Since the activities of teachers are close to the educational tasks performed b 
(parents, mass media, etc.) and since society has a special interest in Sociali 
generation, the autonomy of the teaching profession must be determined ig 
between control by society and control by the profession itself. The influence t 
on their profession and on the conditions of their education is highly d > 


Y other groups 
Zing the young 
the relationship 
Pine achers can exert 
teaching profession develops its own self-understanding. The two other “ies On whether the 
profession play a decisive role here. Characteristics of a 


The corporate character of the teaching profession is most clearly expressed j 
of teachers in unions and professional organizations as well as in the iine, the Organization 
operation between the teachers of the same school or of the same schoo] dist .9f the daily co- 
organization of mathematics teachers in unions is a great deal higher te: The degree of 
organizations and varies between 50 and 100 per cent in most countries 1 in professional 
countries, teachers unions have become more active in recent years and have der. Some western 
themselves increasingly to issues that go beyond the traditional union concern nded to dedicate 
and admittance conditions; educational policy; teaching problems): v (e.g., education 
professional associations have had to concern themselves increasingly with trade ersely, many 
But building a common body of professional experience is more a Problem art Problems. 
the-job-co-operation between teachers, and this is a point where the diy mediate on- 


A à ersit 
raises a big problem in many countries. Y of Schoo] types 


The central point in the development of the teaching profession is the nature 
knowledge it commands. On the one hand, some scientific disciplines are COhoSrned | the special 
aspects of teaching and of teachers’ qualifications; but on the other, their s ecific Various 
to research, development, and teacher education in the field of mathematics ia Contribution. 
precisely enough determined. Compared with other professions, the specia] structuri ~ mot 
Problem 
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of the teaching profession is that it does not have a “basic science" such as law for the lawyer, 
medicine for the physician. It should nat be overlooked that scientific theory is related in two 
utterly different ways to the practical work of mathematics teachers: first, scientific knowledge 
and methods are the subject matter of teaching; second, the conditions and forms of its trans- 
mission must be scientifically founded (cf. Mies et al., 1975, p. 71). Thus, teaching is under a 
far more complex pressure than other professions to justify itself against competing conceptions 
of scientific theories, and has to cope with far greater demands with respect to the integration of 
diverse dimensions in the unity of action. 


The increasing demand made upon the scientific foundation of the content and form of 
teaching has led in all countries to attempts to raise the scientific qualifications of the teaching 
profession. In the U.S.S.R., for instance, the proportion of university trained teachers rose from 
14 to 60 per cent between 1960 and 1973. The “‘scientifization” of education has been achieved, 
among other ways, by integrating institutions exclusively devoted to the education of primary 
school teachers into universities, polytechnic colleges, and similar institutions. True, this 
contributes to reducing the social isolation of the teacher; but, on the other hand, it renders the 
development of a specific professional profile more difficult although the content and formal 
aspects of the education given to the different types of teachers tend to become more similar. 
These tendencies have not emerged in all countries and are partially obstructed by efforts of 
administrative agencies to avoid lengthening the teacher education course, which is short 
compared with other professional training. We may say, however, that the teaching profession is 
gradually becoming a unified "all-graduate profession". 

Although the "scientifization" of teacher education may diminish status problems, it may 
increase institutional and communication barriers between science and school practice. “In fact, 
the teacher education function has been deemphasized as these colleges and universities have 
attempted to emulate the broad-based institutions of higher learning. Arts and sciences have been 
stressed, rather than the profession.” (OECD, 1974g, p. 7). The controversy concerning this 
general trend toward a more scientific teacher education stems from increased demands made 
on the integration of the various forms of theoretical and practical experiences. “In contrast with 
certain other professions, that of engineering to take but one example, it is striking to observe 
that the preparation for the job of being a teacher is not organized on a basis of the inter- 
relations between research, training and educational practice, nor is it oriented in that direction. 
A major reason for this State of affans Js that it de very GELMOUIE to imtegrate these three 
components; in fact the serious education of teachers is a problem whose nature is highly 
complex: it is essential to create permanent links, on the one hand between scientific research 
and teachers, and on the other between different disciplines.” (Glaymann, 1976) (Trans.). 


i rtant factors influencing the development of the teaching profession lies 
in p Sten opportunities for teacher educators, the “teachers of teachers". This applies 
to the teaching staff in the related disciplines, such as psychology, sociology, etc., which are not 
primarily concerned with teacher education, as well as to the educators in general pedagogy and 
to specialists in mathematics education. The necessary integration of qualifications in various 
scientific and practical areas is still contingent on the individual efforts of teacher educators. In 
fact. there is often a kind of Baron-von-Münchausen phenomenon: professional education must 
be conducted without a sufficiently differentiated infrastructure and without a common frame 
of reference for organizational and content issues, so that educators must acquire the necessary 
qualifications themselves through self-study; there are almost no in-service training institutions 
for educators. The excessive teaching load in most teacher education institutions scarcely allows 
for personal research on specific professional questions; what is available is scattered and does not 
readily merge into a common stock of theoretical insights. “It does not add up. We need more 


concerted, co-operative and collaborative efforts.” (Osborne, 1976). 
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The relationship between teachers and research is fundamental for the development of a 
common professional self-understanding and for the internal coherence of the profession. 
Evaluations in a great number of countries show that educational research and research in the 
field of pedagogy of mathematics have virtually no influence on school practice and that 
teachers’ attitudes toward research results are sceptical (Cane and Schróder, 1970). The gap 
between fundamental pedagogical reflections and practical teaching can be bridged by individual 
persons or institutions in exceptional cases only. The development of the profession is in a large 
measure dependent on what instruments of mediation can be devised at the levels of organization 
and content to secure gradual transitions and feed-back processes between theory and practice. 
Few of the existing institutions can perform such a function, and in most cases, they are 
insufficiently integrated into the system of research, development, counselling, and education 
Such mediating agencies should not be designed as superstructures taking the whole problem of 
the development of the profession under their own guidance; they could function as a kind of 
catalyst for the necessary changes in the domains to be mediated. At all levels the main short- 
comings are in content. Even where there exists a developed network of informal contacts 
between teachers and educators, as in the United Kingdom, “it is More necessary to do 
fundamental work than to convey the obtained knowledge to colleagues" (Kempa, 1976). 


2.5 Specific problems of in-service teacher education 


""There seems to be international unanimity on the crucial part that should 
tinuous in-service education for teachers, for teachers of teachers and for 
administration in the education system." (OECD, 1974a, p. 519). But this 
for greater efforts in in-service education is in sharp contrast with the fact that in most i 

opportunities to complete this task are badly wanting. Very few countries ha S countries 
education schemes with corresponding programmes that are compulsory for aj] oe in-service 
following, we shall have to bear in mind the extreme diversity of forms, goals chers. In the 
of in-service education (as compared with pre-service education), : and resources 


be played by con- 
others involved in 
massive demand (6) 


Some of the main arguments stressing the urgency of in-service training for teach 
the short duration and the shortcomings of pre-service education, the dynamic. ers 
practice in the course of a long professional life, the quick changes in, and ex ansi 
required qualifications — have been in existence for a long time. The present bea of, the 
not easily explained by them. Two reasons seem to be decisive at present. 1$ therefore 


— such as 
S of professional 


On the one hand, there are perceptible tensions between “theory and practice” 
institutions concerned with teacher education and the schools themselves. Give ce”, between 
influence of teachers on university education courses and a certain suspicio the lack of 
practitioners towards "theoretization", one expects relevant improvements from al d many 
education that is more under the control of the profession itself (Fantini, 1971 n in-service 
countries the school districts and teachers’ organizations rather than the universities :in many 
education institutions are responsible for in-service education. “In-service education d teacher 
quite rapidly to the control and design of local public schools." (DeVault, 1976 n is moving 


On the other hand, we have now reached an important juncture: the relatively large : 
reforms of recent years have shown the necessity for in-service education (7), Curriculum 


In most countries, this coincides with a rapid decrease in the average age of teach, 
sequence of the large-scale extension of the education system (8). As a great num Hia a con- 
teachers of the year 2000 are practicing now (assuming the demand for teach of the 
constant) and in view of the great mobility which is expected from teachers, as well a 
professions, there is going to be a greater need for in-service education in the future, 
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An outstanding characteristic of current in-service education is the disconnected variety of 
course offerings and the lack of continuity between courses. “In-service training for teachers 
must cease to have the haphazardness of a department store selection, and ought to be conceived 
of as an integral part of teacher education, whose conceptions will have to be developed in every 
subject." (Hahn, 1974, p. 79). 

The institutional system of in-service education is also uncoordinated and fragmented, with 
efforts that are often random and not in harmony with each other. “In sum, in-service education 
has been the weakest and most haphazard component of teacher education. Even the most 
charitable would have to admit that it has not been nearly as effective as it might have been, 
considering the expenditure of time, efforts and resources." (Edelfelt and Lawrence, 1975, 
p. 16; see also Meade, 1971, p. 211). In some countries (e.g. the United States, the Federal 
Republic of Germany), the lack of unity in in-service education is such that several organizational 
structures exist side by side, with institutionalized and centralized forms in some regions and 
only informal efforts by travelling agents of dissemination in others. The fragmentation of admini- 
strative and economic responsibilities is not good. In-service education activities are generally 
conventional (lectures, seminars, self-study, etc.); thus, their efficiency is highly dependent on 
the organizational infra-structure in the schools (e.g., on the degree of co-operative preparation 
Of courses and follow-up activities). International experiences seem to show that the higher 
demands made on in-service education require a greater willingness from the teacher and better 
opportunities for co-operation and communication among teachers. 

Beside the usual courses and seminars, opportunities for in-service education may occasionally 


be offered in different forms: 
— paid full-time study, with the possibility of obtaining a final degree (at the Cambridge 
Institute of Education, for instance, or similar institutions in the United Kingdom); 
— individual counselling of teachers at their request (e.g., in the U.S.S.R., or in the teachers’ 
United States or the United Kingdom); 
rs, who sometimes set themselves ambitious tasks: the develop- 
hing aids, the organization of scientific conferences, etc. (e.g. 


centre movement in the 


— permanent teams of pe 
ment of curricula and teac . 
Galion in Lyon; cf. Carrier and Gauthier, 1974). 

— systematic correspondence courses (e.g., in the U.S.S.R.). 

far as the in-service aer or of mathematics teachers is concerned. 

: T eH JREMs) have been founded since the end of 1968; these institutes, 

er nr E ignei concern themselves with research on and development of mathe- 

matics teaching, and especially with in-service teacher education. The experience of the IREMs, 
linked to universities, shows clearly that it is with the aid of the University that one can solve the 

problem of the education of teachers. (Glaymann, 1976) (Trans). The IREMs combine a 

unified organizational structure with a high degree of local autonomy. Although in France all 

the IREMs have the same structure, they have however a total autonomy in the organization of 
in-service education and research. It is just the great diversity which best allows them to cover the 
whole range of the realities of mathematics teaching.” (Glaymann, 1976) (Trans.). In France, the 

IREM system is considered to be very efficient and a great advance. This example shows, 

however, that substantial efforts must be made to achieve measurable success. One of the greatest 

problems seems to be the training of qualified educators. Other countries report similar 

experiences: “Great efforts were made to prepare and maintain the dissemination agents. For 14 

years we met nearly 5 hours a week to acquire additional knowledge in the mathematical subjects 

and to share experiences”, says à report from the Federal Republic of Germany (Kühl, 1975). 


France is an exception, as 
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All in-service teacher education programmes are torn between practical demands and the wider 
horizon of a theoretical perspective: “If priority in the selection of subjects is to be given to their 
reference to reality, we should simultaneously make sure that the shortcomings of the existing 
System are not consolidated by regression to a merely pragmatic practicalit 
system of supply and demand can become a criterion for the selection of subjects only if the 


A large-scale opinion poll (more than 2000 usable answers) conducted 
the National Council of Teachers of Mathematics (NCTM) shows that prim d 
school teachers unanimously give the highest priority to "problems of ps iria 
mathematics" (including "motivation problems") and to problems of s itudes i oward 
mathematics” in in-service education and, what seems to be more essential th SUE mep E 
fields the widest gaps are to be found between supply and demand in in-sery; arin these yor 
also the NACOME report, 1975, p. 91 et seq.). Service education (cf. 


British opinion polls (cf. Cane 1973) have produced som imi 
> ew 
secondary school teachers have given great priority to pedagogical ie ple ws ar Tesults (e.g. all 
information on the instructional subject). But a more significant point in aoe ^ fee "wg 
as in the United States poll, both teachers and teacher educators find dig nection is that, 


problems with sufficient precision and to design in-service education ieee to identify 
y. 


in the United States by 


If we had to give a short résumé of this cha ter, the i : 
particularly stressed. Pre-service education, school estes the mee Point would have to be 
service education and the development of the profession all denote Reef teachers, in- 
complex system which, among other things, has to be considered Sir ig dimensions of a 
deliberations about the improvement of teacher education. This does not j € background of all 
changes are not possible or that the corresponding plans for improvement eid that immediate 
means that the interrelationships within the whole system must be Ould be useless; but it 
consideration in such attempts. Neither can conceptualizations of parts of eu! taken into 
ingfully developed that do not take the achieved stage of development af " * System be mean- 
consideration, nor can significant changes be brought about without the e Whole System into 
changes being precisely identified in its connections to the whole eyes, Ming Point of the 
productive thought or action about the education and the professional 159 there can be no 
teachers, without the realization that these form an indivisible whole in Rs of mathematics 
simultaneously play an active and interdependent role. This implies that nej ich both of them 
nor the professional life of teachers can go very far in their respective acer the education 
making reference to the other component. evelopment without 


3 MATHEMATICS AND TEACHER EDUCATION 


3.1 Mathematics as a scientific discipline and as a school subject 


The share of mathematical instruction in the education programmes for p, 
mathematics teachers has tended to increase in the period under review Primary sch 

‘ - Some c ool 
previously reserved for the education of secondary school teachers at universities A ent areas 


algebra and transformation geometry, have partially found admittance jn pared uc 5 linear 
school teachers. Other components, such as the widespread foundation courses in Prima 
theory, formal logic, and combinatorics, have also been introduced in So-calleq set 
developments in mathematics education for primary schools. This evolution is inm With 
formation of the principle of specialization for primary school teachers and With the id ith the 
Test “ 
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linking the training of primary school teachers to higher education . . . .. The specific problem of 
‘normal’ education (education given in teacher training colleges and similar institutions) is its 
position in relation to university education” (OECD, 1974a; which does not apply to OECD 
countries only). Subject matter specialization and *academization" have always been striven for 
in primary school teacher education on the grounds of social status (cf. for England, Hewett, 
1971, p. 17 et seq.). In many countries, however, a great number of primary school teachers have 
received no mathematical education whatsoever. In other countries, mathematical education is 
compulsory for primary school teachers. 

As far as secondary education is concerned, the following statement from the NACOME report 
(p. 85) seems to characterize well the general situation: “The senior high school teacher's content 
preparation is little changed from the 1960s except that more recent graduates are more likely to 
have worked with computers, are more likely to have taken courses in probability and statistics 
and perhaps combinatorics, and may have been exposed to some serious work in applications or 
modelling. Given that more of them will teach geometry than any content other than algebra or 
general math, it is likely that the weakest link in their content preparation is geometry.” An 
exception to this statement is the U.S.R.R.: geometry has represented approximately 25 per 
cent of the mathematical instruction given to upper secondary school teachers, and it will still 
make up 15-20 per cent after the implementation of proposed changes in teacher education. 
A controversial content area apparently given a higher priority by teachers themselves than by 


the university is logic. 

The share of mathematical education in pre-service education at the university has remained 
unchanged or is decreasing. In general, it never amounts to more than 50 per cent and in most 
cases is less than one-third of the total time for the education. For instance, in the U.S.S.R. even 
a prospective mathematics teacher with only one subject does not give more than 45 per cent of 
his time to the scientific study of mathematics. 

This partially benefits the extension of second subject studies (in many countries, the study 
of a second subject is compulsory: on the average, 50 to 75 per cent of the teachers have a 
second subject) and is due, among other things, to the increasing importance of the professional 
components of teacher education. | Secondary school teachers are traditionally university 

o real pedagogical training. This situation has been changing since 1965 to 


raduates and receive n . Th 
ae the new problems of mass secondary education." (OECD, 1974b, p. 13). 


the major weak points of the education of both groups of mathematics teachers, 
D survey makes the following statement: “One group needs a deeper academic 
her a deeper professional training". But even at the secondary level 
rs have not always received a special university education in mathematics. i 


Comparing 
the same OEC 
education, the ot 
mathematics teache 

A teacher education scheme taking seriously its claim to be practice oriented cannot leave it to 
ie pedagogical components alone to relate the content of the programme to the future 
professional life of teachers. How does this apply to the mathematics teacher? How, in particular, 
is his mathematical knowledge related to the content of the mathematics school curriculum and 
to mathematics as a science? What influences, relationships, and possible differences in the choice 
and interpretation of mathematical content result from a “teaching perspective" in schools 
providing a general education? How are the development and the transmission of professional 
knowledge organized and secured in mathematics teacher education? 


University faculties of mathematics offer virtually no special lectures or seminars for teachers 
The mathematics teacher usually studies just mathematics without reference to his future 
profession. Diametrically opposed to this is the tendency to conceive of the education of 
mathematics teachers as a mere transmission of details and recipes regarding school mathematics 

> 
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or at best as mere curriculum instruction. This tendency overlooks the Specific differences 
between the learning situations of the student and the future teacher. This contradiction 
indicates both the little concern shown in discussions of mathematics education for the specific 
problems of teaching, and the insignificant part played recently by teacher education in the 
framework of education reform. Changes in teacher education have mainly consisted of 
makeshift adaptations to the requirements made by the curriculum reform. It is no wonder then 
that teachers still stick to textbooks. Textbooks are, except in their sets of exercises, implicitly 
and covertly designed for teachers, not for pupils. 


Put in an extreme form, the view that the teacher should actually be a research mathematician 
(a statement made especially for secondary schools) is sharply opposed to the view that he should 
have a knowledge of only the mathematical content to be taught. The following statements by 
Fletcher may thus claim a relatively general validity: "Is there any special knowledge of 
mathematics which the mathematics teacher has which distinguishes him from other 
mathematicians? It seems to me that the answer implied by many courses which prepare teachers 
of mathematics is *No', whereas the answer should be ‘Yes’. The mathematics teacher requires a 
general knowledge of mathematics in order to be able to communicate with other 
mathematicians, and also to establish his credentials; but he also requires special knowledge of 
certain areas of mathematics, in the way that an engineer oran astronomer requires special know- 
ledge. In fact, all professional mathematicians have both a general knowledge and their own 
particular mathematical expertise. It is part of our problem that the teacher's special 
mathematical knowledge is inadequately defined and insufficiently esteemed." (Fletcher, 1975). 


Reports from secondary school practice show that young teachers often turn to one of the 
following extremes: either they completely forget their mathematical studies and try to connect 
their interpretation and treatment of the subject matter directly to their own school experience, 
or they attempt to transfer the style of their own mathematical studies immediately into school 


practice — to such an extent at times that one can easily tell under which university professor 
they studied. 


There are not only quantitative aspects to the problem of the special mathematical 
qualification of teachers: even though the overwhelming majority of experiences seems to 
confirm the plausible assumption that mathematics teachers with a better mathematical 
education prove more flexible and open-minded in their classroom behaviour when dealing with 
materials as well as when interacting with pupils, the relation is not one of simple linear 
proportionality (cf. Begle, 1972). As is the case for many other relations between teaching 
Strategy and teaching results (cf. Brophy and Evertson, 1976), here there is also a kind of 
"inverted-U relationship" (9). There is, however, remarkably little Consensus as to what 
mathematics a teacher should know, what his advantage in mathematical knowledge over his 
pupils should be, and what degree of specialization is tenable. The unsolved problem of the 
relation between university mathematics and the mathematics needed by a teacher in his 
professional life has generated controversial views among teachers, too. A co. 


the Federal Re 


t for a teacher's professional life" 
in a British opinion poll (cf. McLone, 
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relation between scientific and school mathematics. These issues appear today as unsolved and 


problematic as ever (10). 

problems that have been pointed out, one notices that the 
structure and content of school subjects are essentially determined by the scientific disciplines, 
whatever the development of school subjects, of teacher education, of teacher self-concept, etc., 
may be. On the other hand, the present development of technology and science is rather stormy, 
both with respect to the development of their inner structure and to their external relationships, 
their applications in the broadest sense. The science of mathematics, especially, represents today 
a highly specialized and dynamically developing system having its own contradictions and 
ide immediate clues for mathematics teaching in schools of 


uncertainties which can hardly provi : : "it 
general education. The attempt to maintain meaningful links between the scientific level and 
education through a vast extension of educational offerings or through a mere focus on scientific 


methods is no longer possible. The fact that scientific and school practice develop in different 
directions was, though from a different view-point, one of the decisive motives for the extensive 
efforts of the large curriculum reform projects (and perhaps for work on mathematics learning 


in general) during the '50s and '60s. 

In his report on the development of SMSG, Wooton comments, for instance: "The rapid 
growth in size of the secondary school classroom and the consequent new problems of the high 
school teacher contributed to his gradual estrangement from the research scientist. The scientist, 
for his part, could no longer find the time or the means to continue the dialogue because of 
the explosive increase in productive research." (Wooton, 1965, p. 3). Science, for its part, has 
an interest in the development of all human capabilities and talents, and it is in its own develop- 
ment highly dependent on a progressive mobilization of those resources. Science, has therefore 
maintained a traditional, so to speak, natural relationship to teaching, which the famous 
physicist Peter Kapitza characterized in these words: “The history of science shows that the 
scientists whose work has been most fruitful have always been those who had students and who 
worked together with them. ..- Thus, Mendeleev discovered the periodic system of elements 
as he was looking for a method to describe the properties of the elements so that the students 
to whom he was lecturing on the fundamentals of chemistry could memorize them better. The 

ht high school geometry at an adult school sought an adequate 


young Lobachevsky, who taug : i i 
iet, p De me ia dents an expressive explanation of the parallel postulate. In so doing, he 


discovered non-euclidean geometry - - - 

€ roblem of teaching and learning is highly relevant today; but it is 
Meer not automatically gain clear and positive recognition. From the 
perspective of education, it is rather a problem. It is, for example, consistent with the natural 
relationship between the scientific level and school teaching to consider mathematics as an active 
process and knowledge as action, as activity — a view which is shared generally today (especially 
in the pedagogy of mathematics). But this implies, because human cognitive activity is 
many-sided that an active attitude towards the social and natural reality is always given Sh 
the mathematical content, and that the content can only be learned and acquired in this context. 


Communication, especially, is not just a question of clear language. 


But the pupil, the teacher, and the sc 


Looking more closely at the 


ientist have quite different perceptions of social and 

im sional life of a teacher in school, his social role, and the environ- 
od Lure nae d are considerably different from those of a university scientist. 
If one fails to take into account the social and institutional aspects in determining the 
educational content, in working out principles for the teaching of mathematics, and ina broader 
perspective, in developing relationships between schools and universities, and if one simply tries 
to extrapolate the natural philosophy of teaching of science, the connection is blurred and 
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nothing but very vague ideas of “openness”, “flexibility”, “creativity”, “learning how to learn”, 
and the like remain (11). It is no wonder that conceptions of the profession and of mathematics 
teacher education that result from this evaporation of the relation between science and teaching 


into such a vague generality are correspondingly problematic, and that the real conditions 


All in all, there is, on the one hand 
the manipulation of mathematical kn 
shapelessness that has caused teachers to fi 
many demands on them. At the same ti 
well as formal-logical — have spread, not le 


matically in appropriate problem situations (or that they, at 
learning, consequently needing no 


ment. Here, too, short-comings have been disastro 

adequate conception of the possibl 

Bo ary school teachers at least should be led to the 
ers to help them acquire the spirit and intellectual habits of creative 
l situation calls for the f i 


of the cons i 
problem seems obvious: the traditional way equences cannot be exhaustive. But the 
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support for the following judgment: "One can scarcely overestimate the importance of the 
general development of the pupils for their future activity after they have left school. The 
progress of science and technology in our country is too rapid for school education to keep pace 
with it however well it may be presented." (Zankov). 


There is undoubtedly a link between the degree of differentiation in one's conception of 
knowledge and the attention one pays to the specific problems of the teacher. There is, then a 
connection between the degree of differentiation of the conceptions of content and the 
teaching perspective. 

The increasing complexity of the links between science and schools of general education has 
caused traditional views and practices concerning these links to become obsolete and has raised 
new problems that are complicated compared with problems of learning. And even if problems 
of teaching are still underestimated, more attention has been paid lately in discussions of 
mathematics education to the paramount importance of the teacher and of his role for the 
development of education. Changes in the content of mathematics teaching in schools and 
changes in the conception of this content have always been closely related to new definitions 
of the teacher's role. Simplified conceptions of the content generally result in an abridged view 
ing and of the teacher's role. Conversely, any attempt to write 


of the numerous aspects of teach h j 
out a new definition of the content of teaching and of its adequate development calls for new 


reflections on the role and function of the teacher. 

“The most important pre-requisite for undertaking effective innovation in teaching is to find 
a serious compromise between current science and practice in schools. This pre-requisite demands 
a school organization which allows the teachers to share the tasks of mutual communication and 
above all to be able to co-operate, thus putting an end to the sterile isolation of the teacher in the 
exercise of his functions as an educator. Let us remark that co-operation between teachers 
demands effort and above all a conscious collective determination which goes well beyond the 
simple performance of professional duties.” (Glaymann, 1976) (Trans.). Greater co-operation 
among teachers is considered in many quarters an essential precondition for the development of 
modern school teaching, but this requirement is rarely related to the content of the teaching 
process or to its adequate development (which also includes the relation to science). 
onal or pedagogical approach is as insufficient, or even as detrimental, 


ntent that leaves out the institutional and (socio-) psychological aspects. 
the relationships that are central for the desired changes. 


The merely organizati 
as a conception of the co 
One may then even fail to see 


3.2 The nature of knowledge and the teaching process 

René Thom, a French mathematician and invited speaker at the Second International Congress on 
Mathematical Education held in Exeter in 1972, said: "In fact, whether one wishes it or not, all 
mathematical pedagogy, even if scarcely coherent, rests on a philosophy of mathematics. The 
modernist tendency is grounded essentially on the formalist conception of mathematics — that 
which was classically expressed in the famous aphorism of Bertrand Russell, ‘Mathematics may 
be defined as the subject in which we never know what we are talking about nor whether what 
we are saying is true’.” (Thom, 1973, p. 204). In making this statement, Thom was considering 
the point that communication in mathematics teaching is not only a question of using a clear 
language, but also of forming a common meaning. We can assume that little philosophy of 
3üatiienatics “in the sense of an active field of work producing significant new ideas (Hersh, 
1976) has been developed in recent years and that still less philosophy of mathematics has 
entered into mathematics teacher education or into the pedagogy of mathematics. This situation 
in mathematics is diametrically opposed to that of physics and other natural sciences (cf. Mies 
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et al, 1975). What little has entered has consisted mostly of formal logic. That is why Hersh 
is right in supporting Thom in his view of the so-called “new mathematics", simultaneously 
raising the problem to a more general plane: “To attack formalism in pedagogy, one must 
challenge its philosophical base — the formalist picture of the nature of mathematics". 


These issues have recently become topical from a different perspective as well, namely in 
connection with specific problems of teaching. The aforementioned problem of meaning emerges 
here twice. On the one hand, there is the view-point that since scientific concepts always include 
general aspects, the theoretical objects of teaching are neither visible nor palpable. Their 
transmission therefore cannot be carried out like, say, throwing a ball. The teaching of theoretical 
concepts must take this into consideration and requires, consequently, a conception of the role 
of the activity, of the intuition, of the language, and of the logic of concept-development in 
mathematics instruction. Another aspect is related to the problem of general education and of its 
social importance, or its function in the development of personality. As a consequence of the 
manifest and paramount importance of esoteric Special knowledge and of increasingly 
differentiated qualifications, many countries have paid little attention for some time to the 
concept of general education, and, above all, to the urgent need to update it. Only recently has 


a change of attitude Occurred, especially among mathematicians themselves, but satisfactory 
solutions are not emerging. 


superficial ways. Consequently, class 
ambiguity, from unfounded and unchallen 


"i United (75595 n oe concerning the need for a metaknowledge is not limited to 
very niünh Bor, a e concrete expressions and consequences of this general agreement differ 
roblem under di ne country to another. The second of the aforementioned aspects of the 
P iino Ü iscussion specially requires the formation of a conception of mathematics 
bes ERR ihe e a general education that relates the content and the methods of the subject 
i evelopment of the child’s personality, as well as to the social function of 


The metaknowledge thus related to th " lditesult froma Songs oc 
of both aspects for mathematic: EX Hier atat tization 


r S teacher education could provide a decisive link betwee. 
different competencies of, and demands on, mathematics teachers. n the 


To the greatest part of society the mathematics teacher is the primary source of people’. Views 
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on and attitudes towards mathematics, and the question of knowledge about mathematics on the 
teacher's side is therefore not a merely academical question but of great social importance. The 
following three problem areas make concrete how such knowledge about knowledge could enter 


into mathematics teacher education (16). 


(a) Methodology and theory of scientific work (e.g., heuristics, epistemology, etc.): Isolated 
initiatives in this field can be observed in several countries, e.g. U.S.S.R., France and the 


United Kingdom. 


(b) History of mathematics: A whole series of existing programmes for teachers is described in 
volume 2 (1975) of Historia Mathematica. The introduction of such programmes seems to 
have received growing support, though the usefulness of such historical studies is still heavily 

disputed, especially where nriorities have to be set in mathematics teacher education in view 


of time constraints. 

(c) Knowledge about the relationships between mathematics and other sciences or school 
subjects: Even the treatment of problems of applications requires a minimum knowledge in 
other areas of experience; it is all the more so for difficult teaching goals such as inter- 

problems of remedial or “mixed-ability teaching”. A basic stock of 

n laid in the second or even third subject taken by students of 

but it has hardly been exploited consciously in teacher education. (Chapter 


t atics 3 
opes : between mathematics and other school subjects.) 


XII is devoted to the interaction 


33 Mathematics teacher education and the pedagogy of mathematics 


Until the end of the 1960s research and development activities concerning mathematics teaching 
and mathematics teacher education Were traditionally in the hands of mathematicians and 
mathematics teachers. In the late 1960s and early 1970s, the influence of educational sciences, 
and especially of empirical social sciences, grew. The pedagogy of mathematics started to emerge 
gradually as an autonomous discipline, accompanied by a corresponding mediation of the views 
and methods that have been used in mathematics education and mathematics teacher education. 
Gradually the social group of those professionally concerned with research, development, and 
teacher education in the field of mathematics education is developing into an academic group 
with a social status (17), though it is often the case that “no formal agencies exist to study 
systematically and explore the didactics side (Kempa, 1976; cf. also Westdeutsche 
Rektorenkonferenz 1975). In many countries, it has only recently become possible to take a 
doctor's degree and to qualify for lecturing in the pedagogy of mathematics; in other countries, 
there is no such possibility. If one considers a key problem in teacher education to be the 
professionalization of educators, one can draw consequences not only for the content, but also 


for the organizational and institutional framework of work in the pedagogy of mathematics 
(compare, for example, Long et al., 1970). 

Corresponding to this development, the pedagogy of mathematics concerned itself first with 
relatively narrow methodological Or subject-oriented teaching questions. But at the same iine tlie 
pedagogical concept of education left out the specific aspects of the subject of instruction and 
often proved inconsistent with the structure of the subject matter. There has frequently been a 

tween the narrow perspective of the subject of instruction, or of pedagogy of 


poor parallelism be m E 
mathematics, and a “pragmatic surrender of the real teaching process to random and 


3 A 
uncontrolled influences on the teacher's behaviour. 


As a result of the increased importance of educational issues; of the vast extension of 
education, frequently accompanied by acute social and socio-psychological teaching problems 
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(classroom management, mixed-ability teaching, etc.); and of the stormy development of the 
sciences, especially mathematics and its applications in all areas of society; Tesearch, development 
and university teaching concerned with mathematical education gradually show — hesitatingly 
and not without contradictions — a completely new silhouette. The most central problems for 
teacher education are undoubtedly those of mediating between theory and Practice, between the 
subject matter and the social and educational sciences, d 


More often than not, discussions of the pedagogy of mathematics are dominated by unrelated 
and, consequently, “shapeless” antagonisms. One of these antagonisms Worthy of consideration 
here, since it is often mentioned as an essential characteristic of the behaviour and goals of 
primary school teachers as opposed to those of their secondary School colleagues, is a fal 
dichotomy of “child-orientation versus subject-matter-orientation”. It is not easy ‘to Des 
problems this dichotomy conceals. There is very little communication today betwee see w ha 
and secondary school teachers and virtually no exchange of information on their : pame 
situation and problems. New developments, with new demands on the whole school s Nw a ive 
aggravated traditional problems in a way that found expression in the false boten. rl 
traditional conception of the role of subject-oriented pedagogy is being challenged at b m he 
levels. In contrast with the above motto, which sees relationships on quite different is h school 
developments deal with all levels of the teaching and learning situation: that is j^ nes, these 
knowledge (mathematics and its applications), the social level, the level of the socio- e level of 
relationships, and the level of pedagogical methods and educational behaviour, Psychological 


The secondary school mathematics teacher has been not only relative] S 7 
compared to his primary school colleague; his conception of the pedagogical o mätteroriented 
classroom has accordingly been different. And this conception corresponded to qtti in the 
position of his classes and the structure of the school System. Secondary school e Social com- 
have been very selective. Only children from affluent sections of Society with 4 S traditionally 
motivation and relatively ambitious educational goals went to grammar schoo} igh degree of 
institutions. In view of the few motivational problems (education as a status eviter d Similar 
help given by the parents whenever necessary (private lessons, etc.), classroom is ) and of the 
centre completely on the content and could produce, correspondingly, pe, dagogica] ne could 
holding that knowledge could be transmitted automatically. The goal of teacher eq 
accordingly to provide the teacher with a good knowledge of his subject matter, in h, Ucation was 
the belief, as has been said before, that he who had acquired knowledge teie ony with 
abilities to transmit this knowledge. Conversely, the “child-oriented” attitude of pr no further 
teachers not only implies a different organization of the teaching process _ le 5 ary school 
from a teaching form strictly structured by the subject matter — but also Other b ud differing 
the knowledge to be transmitted in mathematics instruction. A "child-orienteq» fea Ceptions of 
more emphasis on the steps leading from the problem to the mathematical subject, fro er may put 
experience to mathematical methods; he may put more weight on the inter-relationshi s peTyday 
the different forms of knowledge, e.g., between mathematics and natural Sciences. p etween 
stress drill on elementary skills and is likely to have a conception of knowledge as "rad also 
and implicit process rather than an objective explicit structure. Paradoxically, this of enj tiye 
a less dynamic content and conception of teaching (18). Where a more sweeping chan fads to 
content is enforced by external social developments, there may be a complete Split ist wn the 
content and the methodological-pedagogical levels, as is expressed by the Opposition ord the 
oriented versus child-oriented" (cf. Davidov, 1967). ntent- 

A constructive and fruitful analysis and discussion of the situation, or of developm 
mathematics teaching, should also consider trends aimed at dissolving the differences 
these diverging conceptions of the pedagogy of mathematics. We could then analyse 
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accurately why secondary school teachers view themselves, today more than ten years ago, as 
members of a united profession rather than as members of the mathematical community, and 
why secondary school teaching is increasingly drawing on pedagogy and psychology. This would, 
conversely, facilitate a better assessment of the emergence of the principle of teacher 
specialization in primary schools, and not only the formalistic exaggerations and reductions of 
the concomitant curriculum changes, but also the necessary accelerating elements would then 


become visible. 

The present situation of the pedagogy of mathematics is characterized by great conceptual 
deficiencies. Neither a theory of instruction nor a theory of teaching exists even in outline form, 
in contrast to the many psychological theories of learning. On the other hand, we are faced with 
a host of practical problems that can no longer be handled by the conventional inventory of 
spontaneous principles gained from experience and transmitted only by tradition. Today, even 
time-honoured pedagogical training methods, such as the “principle of congruence” (19) or the 
principle of fully integrated transmission of mathematical content and knowledge of the pedagogy 


of mathematics, are violently disputed. 


Today, teacher education and pedagogy of mathematics must meet the demands made by two 
directions of development: on the one hand, the trend toward a far more accurate and 
differentiated special knowledge and specialization; on the other hand, the trend toward a more 
active participation of new groups of people and the inclusion of a growing number of areas of 
is, and decision making. 


experience in discussion, analysi 
hers with new demands that are now under discussion in 


This twofold tendency confronts teachers. ; 
their mathematical competency or even extend it; but 


many countries: teachers must maintain 1 
beyond that, they must acquire the fundamentals of other subjects, in areas where mathematics 


is applied as well as in pedagogy and psychology, so they can play an active part in the 
development of the necessary communication and co-operation, and master the many additional 

problems of justification with which society and parents confront them. 
Given this situation, it is becoming ever more important to work out a differentiated and 
simultaneously practice-oriented methodology of the pedagogy of mathematics. This 
d and should allow one at the same time to develop 


methodology should be problem-centerec s 
fuüamentil questions in close contact with problems. It ought to be simultaneously eclectic 


and integrated (Otte, 1974, especially p.127). 
er the systematic development of a differentiated case study 


f methods for process evaluation instead of mere product 

ed especially for the design and interpretation of large-scale 
x ; i ] practice, or for the study of problems raised 

experiments and developmental projects In schoo I : p 

Wo ihe work: of murum agents, etc. Further, it would be desirable to work out a 

methodology for discussing problems and goals in the pedagogy of mathematics that would allow 

the systematic exploration of alternatives and promote the necessary specialization. 


In particular, we should consid 
methodology, the development o 
evaluation. Such methods are need 


The necessary continuous communication among different par ticipants can only be achieved 
if we depart from the hasty dissemination of isolated recipes or phrases like “the good teacher 
must . . .” or “teacher education should . . .” that have hitherto been common practice. Today, 

the absence of suitable evaluation standards gravely 


hasty syntheses, recipes, and evaluations 1n s 
hamper a co-ordinated identification and analysis of real problems of mathematics teacher 
education and of mathematics teaching. FeWer prescriptive and more descriptive statements are 
desirable, contributing not to arbitrarily chosen and eclectically connected elements of theories, 
but to efforts as comprehensive as possible aimed at a more accurate view of the different 


problem levels that are relevant for mathematics teaching, excluding fallacious alternatives. 
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The hitherto insufficient elaboration and inaccurate identification of 
catchwords, the hasty syntheses and judgements — these are all related 
clarity and stability of the goals of mathematics teaching and mathematic: 
can be observed that the problem of goals is, on the one hand, one of 
and vigorously discussed issues, whereas on the other hand, we 
methodological, and institutional foundations for a well-developed discussi 


problems, the rampant 
to the general lack of 
s teacher education. It 
the most controversial 
lack the conceptual, 
on of objectives. 

The feeling is widespread that a more complex perspective is needed in the pedagogy of 
mathematics and that the treatment of its problems calls for more differentiated methods. In the 
first pages of their book, Griffiths and Howson say (Griffiths and Howson, 1974, p. 4 et seq.): 
"Our general aim in writing this book can be summed up as an attempt to make the reader more 


‘aware’. It is not our primary aim to improve his technique as a mathematician, nor as a 
curriculum developer; but we hope that our book will motivate him to improve his techniques 
and knowledge, to want to supply hard arguments rather than platitudinous generalities”. 


NOTES AND REFERENCES 


Notes 


1. Cf. the NACOME report, 1975, p. 97 et seq.; see also Mies et al., 
2. See e.g. Ahlbrand et al., 1969; Kallos et al., 1975; Bernstein, 1975 


3. Whereas in France, for instance, the curriculum is laid d 
cultural affairs, in England this decision lies in the c 
of mathematics in the school. 


See, for instance, Fisk et al., 1973; Ryan (ed), 1970; Hannam et al., 
5. Cf. Mies et al., 1975, ch. 3; Stanford Center for Researc 


1975, p. 61 et seq. 


own by the central admini: ion i 
stration in charge of 
ompetence of the head teacher or of the teachers 


h and Development in à . 
Abdullina, 1976. Teaching 1974; and 
Cf. Hollins, 1973, p. 303; the NACOME report, 1975; Orrange et al, 1975, P. 47-48 
Cf. the NACOME report, 1975, p. 95. . 


8. This statement calls for a qualification in the case of U.S.S.R, 
as rapid as in other countries, the problems of in-service tra: 
though a steady attention is being paid to them, 


iie development has not been 
8 Play no central Part in the debate, 
A " ion just think of an "inverted Y” 
. For an illustration of such a relation jus i (as the na sd ; 
9 phe relationships are examples of the assumption that student Outcome Ferri "Inverted-U 
combination of teacher behaviors...” (Good et al., 1975, p, 47), "ally results from a 


10. See, for instance, the case study by Otte, 1976; also Mies et al., 1975, ch. &. 


. i here to what extent the conditions under M ; 

1. We do not want to investigate è = ms Which ge | 

1 organised may also be detrimental to ag quer pmi of scienc, | Science ig — 
perspective of science itself. (cf. P. Blau, 1 >P- J: 


"d teaching in the 
12. A pedagogical attitude may even turn €— P that the advise age Concrete m 
neglected. In Kotasek’s words: "It is significant that approach in uni... Unity of P" ditions are 
instruction are the main opponents of a ndm gl es "niversi Work» Tsearch and 
13. For the problem of the subject-oriented pedagogical peincipks see Davidoy, 1972, Otasek, 1972). 
14. Numerus clausus: A system for restricting entry to university study in Various 
grades in the Abitur. 


15. Abitur: General certificate of education obtained at the end of secondary education Baby 
Republic of Germany. ederal 


fi i 
elds which depends on 


16. In countries where the training programmes include philosophical studies these could Partly 
such functions. perform 


17. “Until recently few people would have considered describing themselves as ‘mathematica, P. 
Ors' — 
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they were either teachers, teacher trainers, OT mathematicians interested in education" (Griffiths 


and Howson, 1974). 

18. In the history of science and of teaching, the dynamics of development and change have always been 
linked to relatively great efforts to make knowledge more explicit in the sense of a better way of 
communication across different realms of experience; one forgets all too easily, for instance, the 
impact of Bourbaki's achievement on development. 

19. All such principles naturally include numerous conceptions and are likely to be interpreted in as many 
ways. In a nutshell, the principle of congruence says: “Teachers are taught as they should teach". 
(That is, in the subject matter: teachers are offered the content as they will teach it themselves.) 
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Chapter VII 


A critical analysis of curriculum development in 
mathematical education 


A. G. Howson 


1 THE MEANING OF CURRICULUM DEVELOPMENT 


1.1 Introduction 


Any discussion of curriculum development hinges on our inte retatio g 

This has often been taken to mean the syllabus, whether dasa up ira ee curriculum. 
within a single school, with the result that curriculum development has been ear or 
production of new syllabuses and texts. Such a restricted outlook must, however diosta as the 
lead to failure and disappointment. If curriculum development is to Succeed pre ost certainly 
wider view of the curriculum than this and plan changes to take into account. all d us. oe 
involved. Neither content nor method can be viewed in isolation, and both can be i e factors 
when aims are clear both for education in general and mathematical education in a only 
best plans will founder unless the examination system is revised to test desired obiek ar. The 
encourage the attainment of educational and mathematical goals rather than to act a Ves, and to 
Curriculum, therefore, must mean more than syllabus — it must include aims, ur t them. 
and assessment procedures. Above all, the part played by the individual teacher must be recone, 
nized. - 


1.2 Pressures that can serve to initiate curriculum development 


1.2.1 Societal and political 


Of all the pressures that initiate curriculum development none is greater 
society. 


This century has seen an enormous growth in the quantity of education Provid 
western countries, the attainment of universal primary education was followed b 
education for all, and greatly increased provisions for university and other higher educati 
the developing countries, the recent growth of educational systems has been eig In 
phenomenal and although primary education is still by no means universal, such systems ES 
now begun to expand their facilities for secondary education sufficiently for them to i E 
rethink their objectives in this area. o 


than that exerted by 


ed. In the 
Y secondary 
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Societi i 
E cg Sakae eu — pem moves towards egalitarian societies have both 
3 affected by, changes in e ucational practice. In particul d i 
seen as a means through which existin. al ee ree en 
g systems of values can be ch d i 

Desen. Bui changed (or, in some cases 
i ployment demands have altered and some developi i i 
i 1 ping countri i 

that they will have to emphasize rural, rather than urban life and ato sae 


Such changes have far-reaching implications for the curriculu: ion i 
longer a training solely for the professional man and future a a d ue s a s 
a “mental discipline” and “training in reasoning”. Raising the school leaving age b vip 
should pose not the obvious question "What do we do in the extra year?" but “How d on 
design a five-year course to replace the four-year one?” The coming of comprehensive h is 
raises the question of whether or not classes should be selected (streamed) by abilit if ol 
are to consist of children of widely differing mathematical aptitudes, what are the periere 


for teaching methods, and classroom materials? 

Such considerations have all led to major activities in the field of curriculum development 

These changes reflect decisions made at a national level. In man i 
. y countries, ho indivi 

schools and local boards have recently acquired greater freedom in curricular cp 

result have attempted to meet particular local needs. Socially deprived neighbourhoods Hus s 

with large immigrant populations, those linked with a particular industry or type of work ^n 


have their own curriculum problems which demand, and are increasingly receiving, individual 
, 


solutions. 


1.2.0 Mathematical 
The phenomenal growth in the provision of education has been : 

j paralleled by that : 
Not only has nineteenth century mathematics been seen in a different in dina pesce one 
structural considerations, but new branches of the subject have mushroomed. The e "iie 
been responsible for a change in emphasis and mathematics has found a wide DE à has 
applications as disciplines such as economics and geography have become more and eibi 


titative. 


That such develop 
easier to introduce n 
force, rather than in 
impose another pressure 
subject. A change in the cu 
relevant interfaces. 


Indeed, many PT 


ments should be reflected in curricula is onl i 
ew content in the universities, with their dieere see prove 
the schools is not surprising. Yet changes at a higher level of decis 
on lower levels — the need to prepare students for a new approa d 
rriculum at any level of education is bound to cause problems k e 


oblems at the school/university interface 

t : would appear to 

universities having been quicker to respond to mathematical wil. m a by the 

whereas the schools, because of their broader educational aims, have been more A sd = 
: rned to 


meet society’s demands. 


1.2.3 Educational 

y of the pressures mentioned in secti 

cational system Fressutes for change do arise puce tile ip rom outside the edu- 

research, new educational theories, or the pioneering r E e education as a result of 

these, together with the new possibilities arising from advances in st i of individuals. All of 

calculator), should stimulate curriculum development. It is Valathmate the. (such as the pocket 

of initiative arising from such sources have been as restricted as those res Si E e majority 
empted to satisfy 


The majorit 
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only mathematical pressures. Content and overall aims have been subjugated to the introduction 


of "discovery methods”, “individualized learning", “a systems approach”, “an integrated day", 
“computer-assisted instruction", etc. 


The need to make a coherently conceived response to all the various pressures on the curriculum 
is clear. How it is to be done is less obvious. It will certainly necessitate a rapprochement between 
educational researchers and subject specialists. Researchers must see it as a major responsibility 
that their work should have impact on society and, in particular, on school curricula, and that 
their results are disseminated more widely and in a more comprehensible manner. 


1.2.4 Change 


"Plus ca change ..." may well have validity in education; but change itself can also serve to 
generate yet more changes. The desire to keep abreast of one’s national or international neigh- 
bours is great. Not every country in the 1960s could have an SMSG (1), but to attend an inter- 
national gathering with no project on which to report was shame indeed, There were also 


commercial pressures for change: publishers and authors saw new markets; individuals new 
challenges. 


The desire to change, to act as an innovator, to explore new areas, is strong in most intelligent 
people. It is natural that many educators welcome the opportunity to deviate from prac iras xvm 
are becoming routine. Innovation is exciting, attracts others' attention to one's work anid often 
brings professional advancement. 


1.3 “Units” of curriculum development 


So far we have only mentioned one specific project, the highly influential S 
Study Group of the United States. This and similar projects will be consid. 
later. However, if misconceptions are not to occur, we must emphasize that 
ment does not solely comprise the efforts of such major bodies. 


It is perhaps of value to distinguish between three varying types of curriculum 


(a) Large-scale, i.e. initiatives that are meant to have validity throughout äise 
aes with a centralized system, the courses developed will be impose d ool system, In 
In other countries the materials will be prepared in the hope that they will bann nois. 
(e.g. by the SMSG in the United States or the SMP in England). In both bre Ere 
whelming majority of those teachers who use the materials will have Played no Du le over- 
writing, planning or testing. in their 


(b) Local, i.e. a small educational system or group of schools within a region Which co bi 
often under the guidance of a full-time "professional" curriculum developer — ta i inn = 
new course. A distinguishing feature is that all the schools, and Tepresentative teiche ae a 
them, will be closely involved in the course design. An example is the Caribbean Mas rom 
Project. ematics 

(c) Individual, i.e. a single school or individual teacher is our “unit”. Two teach 
operate on team-teaching, or an individual may prepare a set of Work-cards 
particular topic. Dissemination problems vanish. 


Clearly, each type of development will present its own problems and offer differing Possibilitie 
These will be discussed in section 3. E 


chool Mathematics 
ered in more detail 
Curriculum develop- 


development: 


E 
ers may co- 
to COver a 
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1.4 Levels and domains of curriculum development 


ce at all levels of education from kindergarten to university 


Curriculum development can take pla ‘ : 
postgraduate and with all types of learner in mind. It is obvious, however, that the processes of 


change and problems of dissemination will differ considerably according to the age and ability 
levels of the students and the qualifications (often related) of the teachers concerned. 

here the teachers’ mathematical qualifications are high and 
gree of autonomy, development usually takes place in 
"individual units. Larger-scale projects rarely arise and when they do (e.g. the (American) 
Committee on the Undergraduate Program in Mathematics) the outcome is usually a set of 
guidelines to be interpreted by individuals rather than an exhaustive collection of classroom 
materials. The greater mathematical expertise of the teacher allows him to respond more quickly 
to mathematical pressures. (Yet equally, his lack of "educational qualifications may lead to his 
being disastrously out of touch with the real learning needs of his students.) 


At the other extreme, the primary school teacher is often lacking in mathematical knowledge 
— indeed, he or she might well have a fear of or hatred for the subject. To effect worthwhile 
changes in this sector will, therefore, require different techniques, and problems of dissemination 
may hinder a “large-scale” approach. Again, students of “less than average ability" will often be 
taught by the less well qualified mathematics teacher, and once more there will be difficulties in 
ensuring that the intentions of large-scale projects are translated into classroom activities in a 
truthful and ungarbled form. On the other hand, local and individual action will be handi- 
capped by the inability of many teachers to take decisions concerning aims, content and method 


from a position of mathematical strength. 


. Thus at a university level w. 
individual institutions have a high de 


1.5 Initiation 

Pre as we have seen, come from many quarters. How changes occur and the 
in mn the innovations will greatly depend upon who is responsible for making the 
first moves. That SMSG grew out of two conferences of university mathematicians, that the 
impetus for SMP came from schoolteachers, and that reforms in France were largely caused by 
outstanding professional mathematicians explains much of their later history, successes and 
failures. Some projects have arisen because educators not directly involved saw a need for them, 
others because those concerned in the classroom wished to alter the status quo. This difference 


has often proved to be critical in the dissemination process. 
i ing feature of most projects is that initiation h all 

Yet an outstanding and most worrying je ion has usually 

been unilateral in the sense that it was made by mathematicians or by educationalists, and, 


indeed, that it often concerned mathematics alone, mathematics qua mathematics, and not 


mathematics as a component of à general education. 
un . ; form have too often been made by subject-oriented 
Dee erning subject areas for re [ à y subj ente 
espn at E pee to the country's overall educational aims. Yet who is to make such 
decisions in a non-centralized educational system? If it is not the subject-specialists, it may well 
ium ont to be thepowerful teachers’ union which may demonstrate other, but equally undesirable, 


biases. There is no simple solution. 

How too are decisions to be made concerning the allocation of resources, financial and other- 
wise, which will be needed? In the early 1960s projects were looked on as “experiments” and 
many included that word in their title. Yet the educational system is not like a chemical 
laboratory where a failed experiment means merely that certain chemicals and apparatus have 
been expended. A failed experiment in education means deprived pupils, dispirited teachers and 
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parents who will resist further proposals for change. It is now becoming clearer that not only 
money is lost when a project fails. There is a need to weigh up the probabilities of success or 
failure before the decision to allocate resources is made. 


The question of what constitutes success is, of course, a difficult one to which we shall return 
in a later section. 


1.6 Goals and objectives 


The emphasis laid on the enunciation of goals and objectives 
country. Yet even where these are not explicitly stated, the 


involve general educationalists, employers, politicians and alias it will be necessary to 
If such participation is to be fruitful, then it will almost certainly have iei the planning process. 
dents do exist, but because of the number of constraints involved at th : locally-based. Frege 
employers, higher levels of education, etc., changing the balan * various interfaces with 


: ; ce ; f 
always much more difficult than making changes within a single subject aea Ticulum as a whole is 


Whether goals and objectives are implicit or explicit it will 
to revise them from time to time, and for that reason it is essential that th 
a form that can be changed only as a result of a major upheava : 
that a "standardized test" is an implicit statement of Objectives, Rigid d 
can, therefore, prove a major obstacle to curriculum development.) Sco adherence to such tests 
the individual teacher to adjust the emphasis in what he considers tob Pe too must be given to 
his particular students. Yet doing this demands a degree of maturity and e in the best interests of 
which not all teachers possess. International practice seems to vary between essional competence 
any (official) freedom of action and asking him to bear Tesponsibilities es denying the teacher 
he is ill-equipped to do so. The need gradually to foster the Professional make decisions when 
making capabilities of the teacher is rarely observed, ©mpetence and decisión- 


1.7 The contribution of curriculum theory 


urriculum theory has, like curriculum development, a consid " NEU 
ees was éscribsd as long ago as 1918, although nowadays ve o dsl. The “objectives” 
the work of Tyler and the Chicago School, which, although considerab] associate e fore with 
dated the post-Sputnik wave of curriculum development. At the time when ra teen Coe ig 
were planned, there existed a considerable body of curriculum theory, jects 
In some countries, for example, Sri Lanka (formerly Ceylon), ee ". 
changes in practice upon this theory. In many countries, however, tried ord ceri i 
theorists and in so doing perpetuated the division which has traditionally existed in edukauo" 
between practice and theory. 
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that mathematicians should suspect the theorists’ offerings. They 
are very much concerned with the setting up of acceptable models and many would object to the 
validity of, say, the “objectives” model as a description of educational aims and would agree with 
the view that education as an induction to knowledge (as opposed to education as training and 
instruction) is successful to the extent that it makes the behavioural outcomes of the students 
unpredictable. Thus an over-reliance on the “objectives” model will, in their opinion, have a 
harmful effect on education. Yet there is a profound difference between rejecting a theory 
because of one’s objections to it, and setting it aside through ignorance; and it must be admitted 
that many active in curriculum development are unaware of the attempts to construct curriculum 
theories. On the other hand, one is drawn to the conclusion that many theorists seem to be 
ignorant of the day-to-day problems presented by curriculum development. 


uch to learn from each other and until they do so the 
velopment is likely to be relatively minor and not always 


It is not altogether surprising 


Both sides would appear to have m 
contribution of theory to curriculum de 
helpful. 


1.8 Approaches to curriculum development 

ches to curriculum development reflect the interests and biases of 
initi it i to attempt to classify the various approaches used. Any such classifi- 
sation i P Lor to ems problems and few projects will be easily labelled (2). Yet 
the classification does illuminate certain major differences and also indicates how emphases have 
changed with time. Indeed, often a particular project will be found to have gradually changed its 
approach. The varying roles of the teacher in the different approaches and the disseminatory 


problems consequent on this should be noted. 
D » ften university-dominated, to bring th tent 
(a) The “New Math approach. An attempt, © ersity ted, g the conten 
of school mathematics more in line with current university practice. (SMSG in the United 


States, the Lichnerowicz Commission in France) 
(b) The "behaviouristic" approach. An approach which is indifferent to content but which 
emphasizes à particular learning method, for example, programmed learning, computer- 


assisted instruction. (IPI Math) 
5 -aaie . An approach influenced b hologist h 
i Hé discipline approach pproach 1 y psychologists suc. 
(c) The "structure of n which the way of learning is closely linked to the content in 


as Piaget, Bruner and Dienes, in lear i 
an tai! to bring together the structures of thinking with those of mathematics. (CSMP, 


TEMLAB) 


(d) The formative-oriented app 
educational aims: the deve 
structures. (Madison, SEED) 

“disciplines-i ing" : ing i tred on “real” problems and 

i integrating approach Learning is now cen p c 

" uds Ate be P uitidisciplinary and project-oriented. (USMES, MMCP) 


As indicated earlier, approa 


roach. Here mathematics is but one contributor to more general 
lopment of the personality, and of cognitive and affective 


2 CURRICULUM DEVELOPMENT AGENCIES 


2. Curriculum development historically 
Curriculum development has à history a$ long as that of education itself. Significantly, methods 
used over a thousand years ago are still valid today: the personal search, at home and in other 


lands, for new books, new studies and new ideas. 
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Schoolmaster should follow. An individual teacher ceased to have the power to effect changes. 
Only when united were teachers able to attack the existing order. The result was the emergence 
of a new agency for curriculum development, the subject association of teachers. By 1914, there 
were many countries with mathematical associations and periodicals devoted to mathematics 
education. Not only did teachers meet nationally to discuss curriculum development, but there 
were thriving international contacts. An International Commission was established in 1908 to 
compare methods and syllabuses for mathematical education in various countries and meetings 
were held to discuss such topics as the mathematics to be taught to students of the physical and 
natural sciences, the place of rigour in mathematics teaching, and the place of calculus teaching in 
schools. 


The problems look familiar; the context was, however, Very different, for the questions 
referred to small, élitist educational systems with relatively highly qualified staff in which 
dissemination and other problems did not loom so large. 


Alas, the 1914—1918 War brought such international co-operation to an 
countries involved in a disastrous economic state, and having lost a generati 
innovators. As far as mathematical education was concerned, the years betwe, 
were not distinguished for innovative enterprise. They did, however, See a ma: 
provision of education, and a corresponding rise in the membership of the 5 


end and left the 
On of prospective 
en 1918 and 1960 
rked growth in the 
ubject associations. 
This growth in size had the paradoxical effect that when the need for ch. 
widely téoaghised, the associations were incapable of meeting it. They no ine EIE 
enthusiasts drawn together by a common wish to reform, but were rather a cross-section of the 
more enlightened, but still far from revolutionary, members of the teaching profession. Little 
impetus for reform, therefore, was to come from the large, established subject associations ii the 
United Kingdom, the Federal Republic of Germany and the United States, T e need for a new 
type of agency arose. 


Before describing the new agencies, it is ien — P PM subject associa 
an important part to play in curriculum deve! opment. In countries with 4 Central; a 
Tete, such La Poland xd France, the association is a powerful means for exerting: Se 
the education ministry. In developing countries, the young, small and Vigorous iisocidtion i n 
often been in the forefront of curriculum development work, as in Ghana. BM a ets 
association exists, there is always the possibility of a splinter group of reformers detachin, it " 
and forming a new association. This occurred in the United Kingdom in the 1950s ang bito ri 
founding of the Association of Teachers of Mathematics (ATM). e 


tions do still have 


In general, though, associations in non-centralized educational Systems have tended to restrict 
their developmental activities to the “local” and individual’ levels, by Providing re aes £s 
space in their various journals and reports, and opportunities to describe their Work at ati 1 
conferences, and by providing support and backing far small groups of Innovators. ua 


There is, however, one enormous drawback to the subject association as an agency f, i 
culum development: usually it is very badly represented in primary st In Such sc o Mr 
teacher rarely thinks of himself as a subject specialist. He, or more bs ly she, is calle du 
teach most subjects in the curriculum and cannot belong to all the re ew Subject associations: 
most often he will belong to none. It is still possible for Mtt ome iD to establish contacts 
with such teachers through special meetings and publications m E -— Prim Evel. It is 
however, considerably more difficult to establish those long-term ri Ps that win lead to 2 
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very marked improvement in the way in which the teacher teaches the subject: again there is a 
need for a different type of agency. 


22 “Modern” agencies for curriculum development 


2.2.1 The Project 
culum development project in mathematics, but that 


It is impossible to identify the first curri o t pr 
honour might go to the late Max Beberman’s University of Illinois Committee on School Mathe- 
matics (UICSM) which was established in 1952. Certainly, that possessed many of the character- 


istics of later projects: a group of authors produced materials which were tested in pilot schools 
and later revised, and it organized courses at which teachers were trained to use the materials. 
Moreover, it recognized the dangers inherent in the dissemination process by refusing to let its 
units be used by teachers who had not been so trained. 

The UICSM's impact was, however, restricted. It took the Physical Science Study Committee 
(PSSC), and in its wake the SMSG, to excite general interest in the problems of curriculum 
erest grew in other countries it was usually the PSSC/SMSG model 


development. Moreover, as int 
ons had to be scaled down. For at least twelve years, 


which was followed, even if the proporti > ed d 
what came to be known as the research-development-dissemination (RDD) model was to prove 


the most popular way of attempting to effect change. 


iculum development 


2.22 Central agencies for curr 

As indicated in 2.2.1, projects were set up in subjects other than mathematics and this led in 
some countries to the establishment of national bodies for the co-ordination of curriculum 
development. In other countries, national bodies or a network of centres have been established 
which are specifically concerned with mathematics. The powers and responsibilities of such; 
institutions differ considerably and their effectiveness as agents for curriculum reform vary like- 
wise. It is instructive, therefore, to consider some of them in more detail and to indicate strengths 


and weaknesses. 

The Schools Council for the Curriculum and Examinations was established in England in 1964. 
The name indicates one of its strengths, that it is responsible for co-ordinating work not only on 
the curriculum, but also on how it is to be examined; ture 4 differs from. say, anne oF (e 
curriculum agencies of the Federal Republic of Germany (e.g. KOSEK). Moreover, it is also 
responsible for all the curriculum in all types of schools. In theory, tüedfore, ibix-capubla m 
effecting changes in the overall balance of the curriculum (see section 1.7) (what happens in 
practice is another matter, for as We have indicated earlier there are many obstacles to be over- 
come), and it can more effectively ensure that interface problems do not arise between the 
various levels in the school sector. The Schools Council is teacher-dominated in the sense ue 
practising teachers are in a majority on all its committees although other in terests eee A 
represented. One great weakness is that it has no official responsibilities for the cuir 
education of teachers. AS à result, the successful dissemination of its work is difficult. s fts 
projects (like the SMSG and others which are Foundation edd] havera linitedlifeapañ, tis 
means that frequently the provision of in-service education comes to an end viit fhe proiect, 
exactly at that critical time when the project's final materials are Wing published and mujer 
are about to begin. This, however, is a problem that is to some extent 
f the trend to encourage “local” rather than “large-scale” projects, and 
me responsibility for “after-care”. i 


dissemination problems 
disappearing as a result o 
since it has now assumed so 


The Schools Council's work is also restricted in that it is responsible only for educational 
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research concerned explicitly with the curriculum. More "fundamental" research (which must 


Still be seen in a curricular context if it is to be effective) comes under the aegis of another 
national body. 


The IREMs, a network of 25 institutes established in France, Tepresent a very different 
approach to curriculum development. They are concerned solely with mathematics and have 
responsibilities for in-service education aS well as experimentati 


one-subject institutes, suffer from existing in a centralized system 
teaching is dominated by the pressures exerted by higher educ 
Officially, too, the work of the IREMs is confined to secondary edu 


Yet another mode of working is illustrated by the IOWO, the central institute of the 
Netherlands for the development of mathematical education of 4—18 year-olds. Initially, in 
1971, IOWO inherited a number of duties and projects to supervise. Since then, it has launched a 


major primary-school project which seeks to replace RDD methods by co-ordinating development 
and in-service education. 


Although IOWO has many similarities with the IREM 


central institute in a non-centralized System, as opposed 
centralized system. 


S, it is essentially distinguished by being a 
to being a local institute within a highly- 


The IOWO could however, only exist in a compact country like the Netherlands where the 
educational system is relatively small and all Schools can be reached by car in two Or so hours. 
Such an agency would be inconceivable in, say, the United States. Yett 
agency with access to varied samples of schools, to statistical experti 
and mathematics educators is self-evident. Moreover, if practice and t 
if developmental work is to be firmly based on more elaborated 
learning, then it is likely that centres such as the IOWO and the IREM 


ngers of a state-publishing and 
dividual authors 
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Clearly, other agencies and institutions will possess different characteristics. Yet those 
mentioned above suffice to illustrate some of the most important ones which would seem to 
affect the successful implementation of curriculum development. 


23 The administration of curriculum development 
evelopment circles to speak of the problems of educational 
administration. Yet the way in which a country's educational system is administered crucially 
affects curriculum development. Often the division of funds and responsibilities between central 
and local government can lead to a bewildering array of uncoordinated activities. We have 
already remarked on the division of responsibilities in England. This situation recurs elsewhere. 
Thus in the Netherlands there are, in addition to the IOWO, institutes for testing and evaluation, 
for curriculum development (in general), and for research in education. The teacher training 
system, as often elsewhere, is fragmented according to religious (and non-religious) divisions. 
Co-ordination becomes not only a problem of money, but one of politics. 

Even when educational administration is centralized within a small system, one often finds 
that “curriculum development” is a new wing in the ministry separated from the older- 


established ‘“‘teacher-training department”. 
Such a division of duties can have disastrous consequences for either the dissemination of 
project materials or attempts to replace the RDD model by one which seeks to co-ordinate 


curriculum development and in-service (and pre-service) teacher-training. 


It is not fashionable in curriculum d 


3 STRATEGIES FOR CURRICULUM DEVELOPMENT 


3.1 Introduction 
ulum development are many and varied, yet not all will be open 


The strategies available for curric e i 
Each project, group or teacher will select from those available 


to a of innovators. 
with the Sa test few will choose totally similar or altogether different combinations. Any 
attempted classification can, therefore, be misleading for it may well help emphasize individual 
elements rather than their interdependence and the mix actually selected in any instance. The 
reader is also asked to bear in mind how much the strategies of development are determined by 
the abilities of the teachers (see section 1.4) and by the degree of their involvement in the process 


(see section 4). 
pment/dissemination model 


model is its name, which suggests that a period of "research" 
. This is not how the majority of so-called projects have 


3.2 Projects: the research/develo 


spect of the RDD 


A most puzzling à a 
e of “development 


is followed by on 


operated. 

There are instances where a project has resulted from a desire to implement educational 
research findings, or has commenced its activities by instigating research. Usually, however, the 
connection between research and development has been ofa different nature. The developer has 
usually begun with fairly clear objectives and has sought the aid of research only when particular 
problems have arisen. Even then he is likely to have set up experimental work of anad hoc nature 
rather than to have sought a solution in published research findings. 

“research” with the feasibility studies which often 


however, associate the 


Some people may, | the ; 1 
ho ke ^ ts. One would have more faith in such studies as "research", if 


precede the launching of projec 
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to suggest timetables and budgets is a good one. 


3.2.1 Project teams 


The most crucial appointment as far as any project is concerned is that of the Director. It is 
not sufficient for him to be competent academically — 


> > 


ional mathematical Support may produce material lacking 

i is notoriously difficult 
ance is another’s bias. To have all interests represented on 
arly if the team consists of full-time Writers. There is, 
Scientists and other users, industrialists, general educators 
àn opportunity to comment on proposed plans, but are 
are involved in the decision-making processes. This is 


s 1 i : a device which 
continually promises more than it achieves. 


lo | vancers, of academic standard i 
ambitious schemes which are difficult if not impossible to implement. THEATER Y 


There are other advantages in using part-time auth i 
suitable employment for team members at the end of j ife is suec oblem of AE 
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members may put career prospects ahead of loyalty to the project. Far better then to use authors 
who remain in post and are not faced with re-employment problems. They, too, are able to leave 
a team in a discreet fashion if, as may well happen, they find that they lack the ability to write 
creatively, to function as a member of a group, or to withstand criticism. Unlike the full-time 
writer, they do not remain, seeing their contract out and contributing little to the project's work. 

Above we mentioned the need for the writing-team to consult widely amongst scientists and 
users. It is now becoming increasingly recognized (witness the recent ICMI Regional Conference 
in Nairobi) that the linguist too has an important contribution to make. In many countries, the 
cry has been heard that the “language used in the texts" has been pitched at the wrong level. Too 
often mathematicians have responded to this by having yet another go at the task — not by 
seeking professional assistance from those concerned with language teaching. Even deeper than 
the question of what “language” is used in texts and other materials, is the problem of the inter- 
action between the concurrent growth of linguistic and mathematical skills — a neglected area of 


educational research. 


3.2.2 Trials 

It has been customary for RDD projects to produce draft material to be tried out in a number of 
“pilot” schools. This has then been revised and experimented with on a larger scale, before a final 
version was written and published. Often an “evaluator” or group of evaluators has been added to 
the project team to oversee the trials in the schools, to collect data and criticisms for the writing 
team, and to monitor the general acceptance of the materials. Such an arrangement brings 
benefits, yet if it is to be offered as an alternative to close contact between teachers in the trial 
schools and the writers, then much is lost. Finding out what happens in the classroom, what 
teachers really think, and how pupils actually respond, cannot be accomplished through 
questionnaires. The logic of this will almost invariably lead to very small groups of trial schools, 
carefully selected, closely monitored and with teachers who feel (rightly) that they are at the 
centre of the project, members of the enlarged team, rather than superior guinea pigs. If this is to 
be the case, then schools and teachers must participate at their own request and not be delegated 


to do so by administrators. 


There is a danger that wit 
testing them in schools, the nee 
forgotten. Too often one concen 


h the first appearance of draft materials and in the excitement of 
d to obtain advice and criticism from outside the classroom is 
trates on whether the material is teachable, and how it may be 

i chers and learners. The opportunity to rethink goals and objectives 
cp ‘ight MS ke idt is less frequently taken. Often the project's timetable forbids 
this: if so the loss is crippling. There is also the need to seek advice and criticism from employers 
and teachers in other sectors of education who will eventually be affected by changes. It is easy 
to reach agreement on objectives; only when the materials are subject to scrutiny will it be seen 


whether that agreement extends from intent to implementation. 
How long trials shoul or debate. Often the effect of repeated revisions is 


d extend is a matter 3 —— 4 e. uin 

a mh i ied to those parts of the materials that are easy to teach, white a 

taf a eN p UE D e to solve the more difficult teaching problems with the result that 
the final, published version of some of the trickier parts is still largely untested. This isa problem 
which presents real difficulties. The solution would not seem to lie in an extended trials period, 
but in a more flexible approach to the testing and writing of those sections which it is anticipated 
(indeed, known) will cause difficulties — perhaps by the simultaneous testing of alternative 
] a relatively small group of committed and closely-tended 


ver, no trials in 1 n l losely 
eger owe, the problems, misinterpretations and misunderstandings which will arise when 
materials are widely disseminated. That adjustments can be made at that stage is a far more 
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important need. Unfortunately, by that time many projects have become a part of history, or 


are impossible. 


This latter is, of course, a publishing problem 
development will be discussed later 


3.2.3 Disseminatory Strategies and their effects 


Dissemination is, of course, vitally influenced b whethe z : 
centralized (overtly, as in, say, the German Dageeno Re ann p the educational im 
Scotland). The different Strategies available have been 
purpose it is useful to identify three that have been exte 
must be noted, however, that the Strategies are not usually employed singly, but as a blend 


(a) The power-coercive strategy is characterized by fiats such as “fj us 
schools shall”; Tom Ist October 19- - all 


(b) The pressure-coercive strategy employs arguments Such as “if you c. " 

$ R ared 
"ooa you were up-to-date, you would be using...” Less emotive x on eren 
methods of “encouraging” reform are having a higher pas: A 8 


S-rate in the “mo » 5 i 
and paying higher salaries to those teachers who teach the new Syllabus; dern" examinations 


(c) The rational-empirical strategy which seeks to explain to teachers i 
benefits which would accrue from a change of curriculum, This Strategy nonc 
with evaluatory exercises. €n connecte 


Generally speaking, one finds that projects whose work is disseminated throu 


or local educational system tend to use the two Coercive strategies shout a national 


; > Whilst se » 
project working in a non-centralized system makes greater use of “rational empiria ne a 
z ments. 

The type of strategy adopted is of enormous importance for it serves to 


role in the eyes of the administrator of education: whether he is to be m the teacher’s 
system, a semi-autonomous being to be manipulated or urged along, or a Professio elena of the 
making sensible decisions. Not only will the strategy used affect a teacher's initial ^ capable of 
project and its materials, but it also influences the teacher’s sense of commitment res = 
which he will later react to any difficulties arising from the materials’ use in the deka Way in 
Although the use of coercive methods is most obvious in centralized systems, th 
to be found in those systems in which teachers have freedom of action. Decisions h €y are also 
be made with future career prospects in mind and under the influence of Pines often to 
headmasters, inspectors, and local advisers. exerted by 


3.3 An alternative model 


The failure of many projects to achieve the goals they sought and, indeed, à growing 4 
of the difficulty of radically affecting the way in which mathematics is taught in the ees 
of classrooms have drawn attention to the limitations of the RDD model. Th di yority 


A isseminat; 
problem (in which we include implementation) has not been solved. Frequently aims npe 
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been adequately communicated to teachers, or the understanding needed to achieve them has 
been lacking. Pupils have received a “garbled” message. Attempts to produce “teacher-free” 
material have foundered simply because in any classroom the influence of the teacher exceeds 
that of any materials. One cannot impose a curriculum on a teacher: it is he who will impose 
himself, his strengths and weaknesses on what is offered. Once this is accepted, the logical 
consequence is that curriculum development must start from the teacher. He must be helped to 
overcome weaknesses and exploit his strengths, and a structure must be supplied within which he 
can develop as a professional. The dissemination process is turned upside-down and a new 
approach introduced, the re-educative strategy, combining in-service education and curriculum 


development. 

This is based on the active participation of teachers in the preparation of materials for their 
classes. It is a method that is being adopted in many parts of the world and has been exploited 
recently, for example, in the Caribbean (CMP) and in Britain (e.g. MMCP, SMILE (the Inner 
London Education Authority Project), the Kent Project, the Fife Project). It is curriculum 


development in the "local" mode. 

Merely bringing teachers together and inviting them to write their own materials is, however, 
likely rd “se p piece a strategy for curriculum development as is the RDD model: 
considerable professional and administrative support will still be required. Indeed it is likely that 
this method will prove more expensive to mount than the RDD model. Yet its aims and potential 


are greater, for it seeks not only to change the curriculum, but the teacher also. 


of teachers, if it is to combine active learning with the production of 
Parc. i aeiy e P ble to produce a complete school course. Thus projects using this 
developmental strategy have tended to produce modular courses with each of a number of small 
groups contributing units. There are still some dissemination problems, therefore, as teachers are 
asked to absorb units produced elsewhere into their courses. Nevertheless, the experience of 
actually producing materials can bring knowledge and self-confidence that facilitates the 


acceptance of the materials of others and can even lead a teacher to become independent of 


them. 
- ^ in this mode — attractive though it may seem — does not 
[9] urriculum development in : ; : nay AES. 
Prices chc ipm some of the crucial questions raised earlier. We must still ask “Who initiates 
the writing groups to be formed?", *Who is to determine the 


such developments?", "How are : 
= dune and aims?", "Who is to determine the style of the materials?", “What resources, 


financial and other, are required and how are they to be supplied?" 
s ; duced by such groups are unlikely — unless strong professional backing 
M oo Dye a to be comparable in quality with those produced by the highly- 
selective teams assembled by RDD projects. Is local material then to be subject to “expert” 
editing? How are the materials produced by different groups to be co-ordinated and 
disseminated? Wal such “home-spun” materials prove as generally acceptable to pupils, parents 
and teachers as "official" commercially-produced materials with their "authoritative" format? 
y experience will yield the answers to these and other questions. How- 
Ea des Lee cbe that by itself this “locally-directed” style of curriculum develop- 
ment will be no more successful on a national scale than the “large-scale” projects were. The way 
ahead, as so often is the case, would seem to be a mix of styles. The large-scale project with its 
professional expertise and advisory network would be responsible for designing a curriculum to 
meet national aims and objectives and for supplying basic materials. However, "local" groups 
he nationally-produced curriculum in the light of local needs, to 


would be established to study t : 
adjust it accordingly and to produce necessary supplementary materials. Thus each school could 
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be drawn into the decision-making process 
correspondingly enhanced. Even here though the: 
is conceived in terms of a “global” deductive 


how the closely-knit curriculum developed 
adaptation. 


and the professional status of its teachers 
Te will be difficulties if the national curriculum 
system, thus, for example, it is difficult to envisage 
in Belgium by Papy could admit meaningful local 


3.4 Textbooks and other materials 


3.4.1 Therole of the textbook and its authors 


It has been said that the textbook is the “hidden curriculum” 
many years a “change in curriculum” and 4 
Synonymous. Even though the influ 


n and there is no doubt that for 
“change in the textbook” were regarded as 


ence of the textbook h d, it is still 
extremely strong. as recently been challenged, 
When speaking of the textbook the need arises to dist different 
situations, which can be classified according t. unt uh between several ien 


e of project-based materials, it is becoming more 
common for groups of authors to combine on a seri ep se 
by commercial publishers Ties — often brought together for the purpo 


of approach, e.g. Papy). 


t upon educat; pda rriculum development has ny 

e ; ; Ucational re ; jects, 

with the publisher often making the first moves, Too frequently, howenes gone than proj has 

ey educational variety. In a country such as the 
[o iti A Pis : 

teachers will like can be very rewarding financi Mpetitive business and providing the mix that 


š 3 ially, B n din 
but usually conservative — influence on curriculum, ten em publishers exert a powerful 


Thus SMSG could claim to have trained man 
successful “Hey, mathematics" series is 'descendeq» from the IMU Pees 


3.4.2 Printed alternatives to the textbook 
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than books. Projects such as the IMU have attempted, by breaking texts down into smaller units 
offered at varying levels of difficulty, to provide a flexible learning system suited to children of 
widely different abilities. The results have not been an unqualified success. Such systems are 
expensive both financially and in the administrative demands they make on teachers. A simpler, 
more economical alternative is the use of work cards. These have been widely used in many 
countries, but there are indications that such systems are inappropriate for brighter children, 


since they can spend too much time on work which to them is trivial, and on the collection, 


checking and return of cards. The former complaint can, of course, be levelled at much traditional 


teaching — it is only thrown into high relief by the emphasis on individualization. 

The idea of a bank of materials, booklets, work cards, expendable workbooks, and non-printed 
aids, has also been exploited. Increased access to sophisticated reprographic facilities — small 
litho machines, heat duplicators and electronic stencil makers — has enabled teachers to match 
materials more closely to their needs. It has encouraged “individual” and “local” developments. 


Yet despite these innovations, publishers still assert that most teachers prefer to purchase pre- 
packaged material which they can transplant immediately into the classroom. Topic books and 
booklets, although beloved by innovators and reviewers, do not sell well. 

It is also still the case that teachers are more easily influenced by pupils’ materials than by 
teachers’ guides. Pupils’ materials, if they are to be successfully used must be accompanied by 
teachers’ guides which go beyond merely supplying the answers. Experience has shown, however, 
that attempts to effect change by means of teachers’ guides alone have rarely been successful. 


3.4.3 Other media 

The reforms of the 1960s were accompanied by a vast growth in the technological aids available 
to the teacher: film loops, slides, cassette tapes, overhead projectors, teaching machines, 
television and, overshadowing all, the computer. Great things were hoped, but much less has been 
achieved: print still reigns supreme. The reasons for this are varied. Cost is, of course, a major 
item, as is simplicity of use. Other reasons are comparatively temporary; the disappointing 
standard of software, the non-compatibility of hardware, the lack of teaching skill in the media. 
More important still, though, is the fact that print = with the more sophisticated methods of 
illustration now available to us 7 still has many over-riding virtues so far as the communication of 
mathematics is concerned. It allows the student to pace himself and to refer back with ease. The 
other media have much to offer, particularly in the field of teacher training, and mathematical 
education would be poorer without them, yet it is unlikely that they will ever have more than an 


ancillary role to play. 


3.5 Evaluation 

The need critically to inspect and evaluate developmental work is inherent in most innovators 
and has a history going back to the Book of Genesis. Recently, methods of evaluation, as 
described in Chapter VIII, have beome more technical. Here we are interested not so much in the 
methods used, but in the framework within which evaluation is carried out. 

We have already referred (section 3.2.2) to the formative evaluation carried out by projects in 
their trial schools. There are, however, many other types of evaluation which are possible: thus 
for example, we can ask how successful the project has been in communicating its objectives fo 
teachers, hoW the results obtained using the project's materials differ from those obtained usin 
other approaches, what effect the project has had on participating teachers or on individual 


pupils è 
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There has certainly been no shortage of "comparative" evaluation if one is gen to icr 
term to describe criticisms by university mathematicians, scientists, employers anc oe es 
shortcomings of *modern mathematics" vis-a-vis "traditional". oe if A p. cem eros 

i ienti i finds less to report. 
emotional, more scientific, approach to evaluation then one h aie 
; i i i Study of Mathematical ili 
evaluatory exercises have been the National Longitudinal 
(NLSMA) in the United States and that associated with IMU in Sweden, but there eta pes 
a number of smaller attempts in, for example, the U.S.S.R., Scotland, the Caribbean, 


Botswana, Lesotho and Swaziland. These examples show the technical difficulties of evaluation 
and the political and social problems which beset it. 


Indeed, there is a danger that because of these difficulties evaluators will pode bien 
nical measurement problems, with a probable over-emphasis on cognitive goals: : be incisa 
objectives” and “criteria for mastery” become key phrases and there is talk of minimum c 


P 5 P : F ; i ions are 
petencies" which may in time become maximum expectations. More basic questi 
neglected, 


For what purposes is evaluation to be carried out and according to what criteria? It can haraly 
be used to judge “success”, for any educational innovation launched with enthusiasm bya ae 
charlatan is guaranteed to improve certain parts of education, for certain children, in the view E 
certain onlookers. Equally, we can state that any innovation can be justifiably criticized if t à 
grounds are chosen with care. As NLSMA results demonstrated, such questions as “Which text- 


book is better?" are not appropriate: they are ruled out of order by the multivariate nature of 
mathematics achievement. 


» OT, Say, to a lessening emphasis on accuracy 
in other areas of the School curriculum manifested, for example, in the 
eative writing, at the expense of grammar and spelling. 


y evaluators — even if they appear in 
ectively. But who is to carry out the 


The data provided b 
be interpreted subj 
result? 


an objective form — must, therefore, 
interpretation and what action will 


Indeed, it is perhaps useful here to d 
supply data, and the "effect 
experience. 


istinguish bet 


Ween the "evaluators" who measure, test and 
ive evaluators” who tak 


€ decisions based on such data and on personal 


isers or inspectors, The 
; and on how their pupils far 


€ judgements on financial 
1 natives because of cost. It is their evaluation that has led to the 
demise of some projects and the success of others. 


Whether large-scale operations of the NLSMA variety are cost-effective is doubted by many 
curriculum developers. Thus, in England, the S 


€ Schools Council has not mounted any comparable 
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exercise in the field of mathematics, an expensive evaluation of the teaching of French in primary 
schools having merely fuelled a somewhat undisciplined debate. 


3.6 "Public" examinations 


The examinations taken by a pupil are an intrinsic part of the curriculum and must accordingly 
reflect aims, content and method. Ensuring that they adjust to changes in content is relatively 
easy. Unfortunately, they do not always reflect changes in aims and method. The result of this 
can be to nullify or distort the developers’ intentions. Thus, for example, examination questions 
on changing number bases or dividing in the binary scale will lead teachers to drill pupils in these 
techniques: something far from the minds of those who introduced different number bases into 
the curriculum so as to reinforce children's understanding of the denary system. What was 
intended as a means, a catalyst, is turned by unthinking examiners and teachers into an end. 
The dangers are self-evident. Our examination systems in the past have been geared to a largely 
different conception of mathematics teaching. Once this conception changes, the examination 
system must change also, otherwise those teachers who wish to continue teaching as they always 


did will find that they have an immensely strong ally. 

We have so far spoken of the examination responding to change. Traditionally though, the 
public examination has also been used to bring about innovation. Reformers have struggled to 
have syllabuses amended and all teachers have then had to respond to these changes. It is by 
exploiting this possibility and the greater importance attached to public examinations in their 
countries that, say, the educators in Germany and Britain have in the past hundred or so years 
kept school syllabuses more fluid and up-to-date (e.g. by the introduction of the calculus early 
this century) than their counterparts in the United States. Recently, there have been instances 
where examinations have been used as an instrument for the introduction of changes other than 

in Sri Lanka it was hoped to effect changes in teaching 


those in content. Thus, for example, à ‘ace : 
eaten » means of new examination procedures: nevertheless, the public examination remains 


a crude instrument for effecting change. 


3.6.1 The design of new forms of examination 
; š t and in the more general area of 
th in the technical field of assessmen | the : 

c Wes tt led to the design of new types of examination. Technical matters 
such prs es ES multiple-choice, short answer questions do not specifically concern us here. 
Mo P l re the alternatives now offered to the traditional written examination paper. 
ne re eran ps use of projects, course assignments, continuous assessment, etc. has been 
E t has extended dramatically the range over which one can examine — the qualities, 

the understanding, the originality of students. à 
i i ly time. They also confer on 

and more from exammers, particular ) 

te Ha sh -— ay ste = the examination system. They can now become involved not only in 
E impor 2 the course they give, but in the assessment of their pupils. Thus, in both the 
Fedes nanon: © f Germany and Britain opportunities exist for teachers to determine parts 
ederal Republic o teach and to design examination papers (or alternative 


i ish to 
(or all) of the syllabus which they wish 
assessment procedures) which are then externally moderated. 
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4 CURRICULUM DEVELOPMENT, THE TEACHER AND IN-SERVICE EDUCATION 


4.1 The teacher and curriculum development 


The outstanding fact to emerge from twenty years of frantic curriculum development is the 
crucial role of the teacher. No matter how outstanding the project's team or materials, the 


Success of its work will ultimately hinge on the receptiveness and adaptability of the classroom 
teacher. 


d, therefore, on the in-service level. The ill-qualified teacher 
ding b i d the 
problems of teaching it; those who i MR cu UE ne themalics an i 


: y granted to the teacher varies considerably from 
ry. In some countries, text books and syllabuses are rigidly prescribed, and the 


initiate change and to partici í i 
any discussion on a, daea opmental work: it is an important factor in 
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construction have foundered because too much has been asked of teachers and too little assis- 
tance been given. If we wish them to construct new curricula, then primary school teachers and 
other non-specialist teachers of mathematics will need considerably more help than teachers’ 
guides which offer suggestions but no general framework, or occasional short courses to be fitted 
in alongside similar courses on teaching the mother tongue, a foreign language, crafts, science and 
so on. It is essential that teachers are not asked to shoulder more responsibility than they can bear. 


the innovator is free to experiment and to initiate. He will be the 
ies of the various projects, attends courses and conferences, 
obtains sabbatical leave, and sits or is represented on the committees of central developmental 
agencies. As a result, one hopes he will become a better teacher. What will almost certainly 
happen, however, is that the gulf which separates him from the “autonomous conservator” — the 
man who uses his freedom to do nothing — will widen. The range of teaching to be found in the 


schools extends even further. 

How are these problems to be overcome? Is one to seek greater standardization and uniformity 
by limiting autonomy, or is one to retain autonomy and seek instead to instil a greater feeling of 
professionalism amongst teachers? The former alternative is certainly cheaper, but its potential 
rewards are far smaller. If teachers, though, are to act as professionals and see it as a duty to keep 
abreast of developments in their subject, just as a doctor will keep himself informed about new 
medicines and techniques, or a solicitor about changes in the law, then they must be treated as 
professionals. Time must be provided for them to study and to plan, and their status in the 

d social, must be related to the responsibilities they bear. This will 


community, both financial an 1 i l 1 r f 
not be accomplished overnight, and will certainly necessitate a detailed study of incentives, 


accreditation schemes, etc. 


Where autonomy exists, 
teacher who is drawn into the activit 


4.3 In-service education 


43.1 The teacher of mathematics 
The curriculum developers of the early 1960s quickly recognized the need to provide in-service 
education for the teachers who were to use the new materials. The methods used varied from 
country to country and included short courses and conferences (notably the NSF “institutes” 
in the United States, correspondence courses (U.S.S.R.), teacher's “guides” and “handbooks”, 
films (for example, those of the Madison Project) and television. 

for particular types of teachers, for example, the well- 


thods were effective 
Although such me hers who adopted SMP books in the project’s early 


qualified grammar (academic) school teac i ; i 1 

days, they were quite inadequate for teachers in primary and comprehensive schools who, as it 

happened were being asked to make even greater changes to their teaching practice. 
> 


In the United Kingdom, the Nu 
through the establishment of cent 


ffield Mathematics Project sought to meet this challenge 
res at which teachers could discuss mathematical and 
pedagogical problems and exchange classroom teaching experiences. Eventually several hundred 
centres devoted to curriculum development were established throughout the United Kingdom. 
Similar centres are to be found in many other countries; in particular, an extensive system exists 


in the U.S.S.R. 


Although the value of 
problems of in-service educ 
can call and the ease with w 
provision for regular teacher atten 
centre: in rural areas transportation p 


such centres is immense, they do not in themselves solve all the 
ation. Their effectiveness is governed by the expertise on which they 
hich teachers can attend them. It is difficult to encourage and make 
dance in towns where it is only a short journey to the nearest 
roblems can be overwhelming. 
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towards the appointment of departmental heads i 


n Schools, Thi 
other countries. 1 


Other key personnel in the in i 
advisers. 


e man who determines th 

i at statutes are 
t : he key to Promotion, but Tather an adviser, a t itter of 
ideas. The only danger arises when these two roles — the old ang the new — pe Tansmitte 4 
When the man who transmits ideas also has an in Ge ecome intertwined. 
tempted to accept them whether or not they are appropriate, Prospects, the teacher is 


Finally, if their teaching is to reflect society’s needs then teachers my t 
happening outside the educational System. The “proletarianization” of the b t 
was accompanied by extensive and rigorous re-education in factori © curriculum of China 
“bourgeois intellectual” teachers. This represents n 


4.3.2 The “in-service” education of others 


i d to underst d 

Not only the teachers of new material need and the Ae 
introduction, to know of its aims and of its possible consequences, This hoses under] 
many of the early projects, but the weight that had to be attached to it, and ihe 

i t fully appreciated, Indeed; 

that needed to be devoted to it were no l imaa ' 
greater consultation with teachers of other subjects, teachers at other levels, Parents S hat Nu 
administrators, employers and others prior to the launching of developmental hs fo 
for later explanations will be reduced. 1 


ying its 
€ Was grasped by 
Ount of effort 


Whether or not this will prove to be the case, there is no denying that, in general, mathematical 
educators have failed (or in many cases, have Rd - S age their aims and methods 
sufficiently to others. Time spent, say, in explaining new Le a ^: © scientists Would not only 
have eased relations with them, but would also have caused us £o consider more eeply exactly 

effe or not it was required and, if so, for what purposes. Scientists find that x ud 
Ww. 


hich ents do not 
possess the old techniques, but are they aware of new ones whic can replace them? Are 
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university mathematicians and employers in general aware of the conditions under which teachers 


operate and of the reasons which have led to the taking of decisions which may affect the perfor- 
mance and understanding of undergraduates and craft apprentices? 


' These and many similar questions, which all resolve themselves into a consideration of 
improved communications, only emphasize the importance of mathematics in and to society. Not 
only does society instigate curriculum development, it also must be informed of the way in which 


developments are proceeding. 


44 In-service education and curriculum development 


It will be clear from the preceding sections that it is now becoming generally recognized that 
curriculum development and in-service education cannot any longer be viewed as two related, but 


chronologically distinct, tasks. 

In some countries, it may still be thought necessary to persist with the RDD model and to 
supply teachers not with in-service education, but with in-service training in the use of the 
project's materials. Past experience suggests, however, that this course of action is unlikely to be 
very successful If new materials are to be handled with understanding, then training is 
insufficient — one can train teachers to handle a new learning system, yet to cope with the 
difficulties which arise in its Use, the teachers must be re-educated. The number of possibilities 


that can arise within a classroom are too great to be foreseen and forestalled. 


Yet if in-service education and curriculum development are to become wholly integrated then 
this will require careful planning and oversight. Some of the problems have already been touched 
on in section 3.3, where it was urged that local" developments should be provided with, and 
should build on, a framework of materials developed by professionals. 
he autonomous conservator, and the would-be innovator who is inhibited by 
tradition — his own schooling and the knowledge of what has succeeded, and been appropriate, in 
the past — will not disappear overnight. Indeed, it sm recognizing this fact that one takes a step 
towards solving the problem. Changes in education take years to accomplish and to diffuse 
throughout the system. That this should have been ignored by projects which have attempted to 
mount educational "coups" within extremely limited time spans is surprising and accounts for 
much of the disappointment that has been felt. A week may be a long time in politics, but a 
decade is a short period in education. It may see many superficial changes in names and styles, 
but the personnel concerned and their attitudes are less easily changed. Successful innovation in 
ly to be modelled by analytic continuation than by catastrophe theory. 


education is more like 
pose overmuch stress on teachers and pupils alike. Curriculum 


Too sudden and drastic changes im i r 
development should be a gradual process: continuous, not a step function. 


Reaching all teachers will therefore take time. Yet in several countries, integrated “local” 
developments have a ded in producing à cadre of teachers who are committed to 
developing a, and to urriculum. Many teachers will respond in a conservative way 
at first but if they learn to view curriculum development as an on-going rather than a one-off 
process, then further progress can be made later. Moreover, it will be made from a position of 
strength and confidence rather than one of despair. Clutching at straws in the way of simplistic 
solutions to extremely complex problems, whether the solutions be individualization of 
instruction, modular scheduling, maths labs, open schools or even a change of syllabus, will one 


hopes become a thing of the past. 
achieve these objectives if it is interpreted in too narrow a mathe- 
ide the opportunity for sowing the seeds of new ideas in a much 


The problems of t 


l]ready succee 


In-service education will not 
matical sense. It must also prov 
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wider educational sense: psychological, sociological and philosophical. As has been found, there 
Will be a great temptation to rush to the preparation of new materials, without any prior con- 
Sideration of aims and possibilities. This is often a sign of a lack of confidence on the part of 
those involved: tact and expert guidance will be needed if it is to be Overcome. 


5 THE TRANSFER OF MATERIALS AND “KNOW-HOW” 


5.1 Transfer 


One of the longest traditions in mathematical education has b 


1 1 d een that of transferring materials 
developed in one country, in one particular social context, to 


another. Thus an account of the 
> à textbook from which English 


t does, of course, still take 
as become more 
Lane’s Survey of 
onal development 


Perhaps, it was the abstract nature of some of the modern school Programmes wh; > 

a certain appeal for some of the countries which hurried to adopt them. To tako, rir in 
in the teaching of chemistry, physics and biology is financially demanding for it means expensive 
laboratory equipment. National pride was more easily satisfied by importing an abstract mathe- 
matics programme. There was also the argument advanced in the 1960s that Y using an abstract 
axiomatic approach many of the problems of teacher training would be Solved. Given such texts, 
bright children would not be held back by inadequate teachers, More loosely Structured texts 
would, however, make greater demands on the teacher. The approach proposed was “culture- 
free”. Here, however, we come to the crux of the matter — education, Particularly at primary and 
secondary levels, cannot ever be "culture-free": it is rooted in a particular Society, “Culture-free” 
mathematics would be a largely useless appendix. 


If materials are not to be transferred in their original form, then they must 
alternative materials must be written. Both possibilities make heavy demands Bs ane eters 
which are difficult to meet in many small and developing countries, The idea of 4 ers gar 
adaptation — one going beyond the substitution of Lagos for London, Dar-es-Salaam for Detroit 
and pawpaws for pears, is an attractive one and has been used in eastern ang Southern A frica 
The advantages are that the framework is to hand and so the demands on manpower are leiten. 
The relation is similar to that between “national” and “local” developments Proposed in section 
3.3, with the essential difference that the gap between the two levels NOW spans con rece 
encompasses vast dissimilarities in cultural backgrounds. As a result the framework” = tenn 
many inbuilt aspirations and assumptions related to, say, pre-school and environmental learning 
which have no validity in the new context. Such an adaptation, therefore, is not ideal, yet it can 
represent a step towards a properly designed, indigenous course and provide a means by which 
future textbook writers begin to learn their trade. 


be adapted or 
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Such transfer difficulties can in certain circumstances arise within a particular country, where 
distinct cultures have developed side by side, or an alien culture has been imposed alongside an 
indigenous one. In Canada, for instance, there has been great difficulty in providing assistance to 
the Inuits and Amerindians. This, however, raises wider issues than those of transfer. 


5.2 General assistance 


It is one of the sadder aspects of the many attempts to transfer materials that they were made 
with the best of intentions. They represented a genuine attempt to provide aid. Yet to be of 
assistance in such a delicate field as education requires a background knowledge of the societies 
and systems to be helped that very few possess. There is an almost unsurmountable, even sub- 
conscious, temptation to impose on others one’s own aspirations and patterns of thought. Even 
when attempts were made to produce original materials specifically for the countries concerned, 
for example, the Entebbe Project and the Unesco Project for the Arab States, the writing teams 
were dominated, mathematically and professionally if not numerically, by western authors who 
lacked any prior understanding of the educational systems of the countries concerned and, more 
importantly, of the social ethos that was manifested in the schools. 

Nowadays there is greater hesitation in suggesting how assistance might best be given. Certainly, 
it is clear that any curriculum development should be led and controlled by educators from the 
country in which the development is taking place. Only they can have the requisite background 
understanding of the problems and be able to communicate with teachers in the desired manner. 
It may be necessary to nurture and develop such a cadre of potential reformers as a first step. 
This may mean the provision of training programmes and international visits intended to 
broaden the mathematical and educational perspectives of the personnel concerned. Regrettably, 

visits only to developed countries whereas interchanges between 


aid agencies can often sponsor ) 
countries at approximately the same level of educational development are often more valuable. 


Until there exists a core of well-informed potential innovators within an educational system 
any attempts to prompt developments within it are likely to fail from the lack of “middle- 
management”. Expatriates may well still have a part to play in such developments; they have 
advice and experience to bring, but if their roles become central rather than subsidiary then 
doubts must be raised about the ability of the reform to sustain itself once they have left the 
country. 


What is gradually being accum 


strategi r educational innova a : 
egies fo s of innovation in the OECD countries and is currently hoping to 


attempted to identify pattern s i ery á A é 
mi its activities iu the developing countries. It is likely that a sharing of information and 
f curriculum development and their effects may prove to be 


experience concernin strategies Of Y ; 
S ne most pa A forms of assistance which one country can provide for another. 


ulated throughout the world, however, is experience concerning 
tion. In particular, for example, IMTEC has for some years 


IFFICULTIES 


6 CONSTRAINTS AND D 

Throughout this chapter, attention has been drawn to the many constraints and difficulties 

which face the curriculum developer: problems which arise from pressures from other levels of 
teacher, the centralized syllabus, and difficulties concerning the 


education, the conservative land fi 
allocation of resources, the shortage of personnel and finance. 


These are all real problems which must be faced. To ignore them is to run the risk of further 
disappointments and failures. Yet it can happen that we make too much of the difficulties. For 
example, that associated with the transfer of children between schools following different 
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curricula seems worse in theory than it often appears to turn out in practice. 


Recognition of the difficulties and constraints is, indeed, vital. Yet their existence must not 
discourage us from seeking to achieve that gradual development of the curriculum that is, and 
will continue to be, so necessary. 


7 TRENDS IN CURRICULUM DEVELOPMENT 


Any attempt to delineate trends is bound to have a subjective element = in many cases the 
“trend” may be more wishful thinking than actuality. Yet, surveying the international scene it 
would appear that the following general statements can be made with a fair degree of confidence. 
(It must be realized here that even though one can provide counterexamples to each suggested 
trend, that, unlike proof where one counterexample is sufficient to disprove a hypothesis, in this 
instance a single example cannot by itself invalidate a trend.) 


It is becoming accepted that: 


(a) The provision of materials is not a sufficient condition for the attainment of curriculum 
development. The provision of new materials is an intermediate step to successful 


curriculum development — the hard work lies in their successful dissemination and imple- 
mentation. 


(b) In-service education and curriculum development must be more closely integrated. The 


realization of this has led to greater emphasis on local rather than large-scale projects. 


(c) There is a need to design suitable mathematics curricula not only for the academic élite, but 
for all ability ranges and for the physically and socially handicapped. 
(d) Where national educational and social pressures make it necessary, there is a need to 


Produce materials and to develop teaching methods that can be used over a wide ability 
Tange (mixed-ability classes), 


(e) Although individualization of work via work cards, programmed modules, the computer, 
etc. has much to offer, it is not by itself the solution to our problems. More attention must 
be given to investigating the proper role of individualized programmes in the classroom, 

(f) Content and method must be considered together (reaction to previous Over-emphasis would 


appear to be generating new biases towards method in secondary schools and towards 
content in the primary schools). 


(g) Increased emphasis 
of mathematics, 


(h) The rethinking of examination procedures and objectives, within a total v. 


ccessful curriculum development. 
(Gi) The role of the teacher is vital. He should become personally involved in curri 
À urriculum develop- 
ment and should not be subject to unrealistic demands which would only ena dis- 
illusioning and dispiriting effect on him. The individual innova 


tor should be cherished. 
G)  Pre-service education 


iew of learning and 


Curriculum development 


objectives and, in particular, the demands of non-mathematicians, such as science teachers, 
and future employers. Particular attention must be paid to the problems likely to arise at 


the various "interfaces". 


(I) There is a need to consider more closely the processes of innovation and to base curriculum 
development upon better elaborated theories of teaching and learning and upon improved 


theories of curriculum development. 
(m) Curriculum development must become a gradual cumulative process, rather than a frantic 


pendulum-swinging exercise. 


(n) Curriculum development is the art of the possible, not a yearning for the unattainable. 
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“Basic strategies and procedures in effecting change”, in Morphet, E.L. and 


3. See, for example, Chin, R., : 
Ryan, C.O., Designing education for the future, No. 3, New York Citation Press, 1968. 


are explained below in the section “Some abbreviations 
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CUPM — Committee of the Undergraduate Program in Mathematics, P.O. Box 1024, Berkeley, California 


94701. 


IMTEC — International Management Training f: 
ematikundervisning - Individualized Mathematics Teaching; information 


Fack, §-20045, Malmö 23, Sweden. 


or Educational Change, Postboks 79, Blindern, Oslo 3, Norway. 


IMU — Individualiserad Mat 


obtainable from School of Education, 
IOWO — Instituut voor de Ontwikkeling van het Wiskunde Onderwijs — Institute for the Development of 


Mathematics Instruction, Tiberdreef 4, Utrecht/Overvecht, The Netherlands. 


IPI Mathematics — Individually Prescribed Mathe 
IREMs — Instituts de Recherche sur l'Enseignement des Mathématiques — Institutes of Research on 


Mathematics Teaching = 
t. 1210 West Springfield Ave., Urbana, Illinois 61801. 


y Continuation Project (Schools Council). 


matics Instruction. 


Madison Projec 


MMCP — Mathematics for the Majorit 
NSF — National Science Foundation, 1800 G.St., NW Washington DC 20550. 


RECSAM - Regional Centre for Education in Science and Mathematics, Glugor, Penang, Malaysia. 
SEED — Special Elementary Education for the Disadvantaged, 2336-A McKinley Avenue, Berkeley, California 


94703. 


SMP — School Mathematics P 
SMSG — School Mathematics Study Group, USA; project materials published by L.W. Singer, Random House 


and Stanford. 
Schools Council, 160 Gt. Portland St., 
TEMLAB — Papua, New Guinea. 


USMES — Unified Science and Mathematic: 
55 Chapel St., Newton, Massachusetts 02160. 


roject, westfield College, Kidderpore Ave., London, NW3 7ST. 


London, WIN 6LL. 


s for Elementary Schools, Educational Development Center (EDC) 
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Chapter VIII 


Methods and results of evaluation with respect 
to mathematics education 


Jeremy Kilpatrick 


The convenience of the examiner, and even precision in the results inati X 
tatingly to be sacrificed when they are in conflict , . . With the cd mE ought E. 
education. Of the many evils which our examination system hag inflicted upon us. E od 
consisted in forcing our school and university teaching into moulds determine 4 e central one has 
interests of education, but by the mechanical exigencies of the examination bibis: not by the true 


E.W. Hobson, 1910 (1) 


INTRODUCTION 
Questions of evaluation abound in mathematics education, How well can J 
mathematics syllabus better than the old one? Is Miss Jones a better maed, s the ee 


than she was five years ago? How well are the pupils in our school learnin : 
well prepared are they to use mathematics in the future? Questions such a eee my 
more precise, but they cannot be avoided. People are involved in the ese can be made 


: educati 
people want to know how the process has proceeded and what its results leba process, and 


1 THE PROCESS OF EVALUATION IN EDUCATION 


ion is i ite simple and straightforw d 
The process of evaluation is in essence quite simple. 4 ard. Ey aluating ; 
judgement as to the value or worth of something. ca an aoe to be evan ted, E meamea 
dimension of value, gathers information about the o se ative to the dime ion, and Spp 
a scale of value to the information obtained. In theory, the process is Simple, But in Mah ud, 
practice, it is never simple — for two basic reasons. 
In the first place, the “object” to be evaluated is ied ORO enits NOT static, A pupil’s 
ability, a teacher’s competence, a Hear age sip at eee be aoi Plex phenomena 
i i ions. Even uated "na, 
changeable over time and across situations. E e j C \ are physical 
objects such as textbooks and instructional aids, one is typically interested in an extrinsic = oe, 
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as an intrinsic evaluation: the question is not simply how good is this object, but how well does 
it work. A textbook is not like a refrigerator or a car. It cannot be tested under laboratory 
conditions and then warranted to perform as specified in every school or classroom. Its effective- 
ness in promoting learning is highly situational, greatly influenced by the teacher who uses it, 
the pupils who study from it, and the instructional setting in which it is used. The heterogeneous, 
dynamic nature of educational objects creates problems in evaluation: one must somehow sample 
Occasions and situations, and one must find or create instruments to assess the object along 
various dimensions of interest. These assessments can then be weighted to yield an evaluation. 


But what are the dimensions of interest? And to whom are they of interest? These questions 
go to the heart of the second reason why educational evaluation is so complicated: educational 


evaluation, like education itself, is a socio-political process. Evaluations are undertaken because 


someone must make a decision. 

university; does he know enough mathematics to qualify for 
rities, Johnny's teachers and parents, and Johnny himself may 
knowledge and understanding of mathematics is not a seamless 
but not others; he can solve some kinds of problems, but not 
ciples, but not others. Johnny has a profile of abilities, and if 
ects of his mathematics achievement at any time, one would 
obtain a vector of scores, not a single score. Such a vector, together with information on how the 
components were changing, might be extremely useful to Johnny and his teacher in deciding 
what mathematical activities Johnny might engage in next. But society presses for a single score 
because binary decisions must be made: Does Johnny enter University X or not? Does Johnny 


qualify for a diploma in mathematics? Does Johnny earn à passing mark in this mathematics 
course or on that examination? 


Johnny wants to go to the 
entrance? The university autho: 
know very well that Johnny's 
web: he knows some concepts, 
others; he understands some prin 
one were to measure various asP 


i very well that Miss Smith's teaching ability is a complex composition 
of Eee ah pads Duns her supervised teaching practice, Miss Smith may have been 
consistently rated by observers aS good in dealing with pupils misbehavior, but tests, question- 
naires, and observers’ ratings may have suggested that she was consistently poor at explaining new 
concepts to pupils and sometimes good and sometimes poor at engendering in her pupils a liking 
for mathematics. The supervisor can evaluate Miss Smith's teaching ability on each of several 
dimensions. But somewhere, sometime, decisions must be made, based to some extent on the 
supervisor's evaluation: Should Miss Smi 
chosen for a teaching position? 

i ittee must recommend a set of mathematics textbooks from which 
Pear timers os dem es aware that Textbook A, produced at considerable expense by a 
special curriculum development project and extensively field tested in a small number of schools, 
was very successful in introducing pupils to techniques of solving mathematics problems. 
Although the project's evaluation studies showed that the pupils in the field-test schools had 
satisfactory achievement a by final examinations and standardized mathematics 
achievement tests, committee members have heard reports that teachers in the field-test schools 
thought Textbook A gave insufficient attention to drill and practice. Further, the committee is 
worried that many teachers and pupils would have trouble understanding the materials without 
the special help given by the project in the field-test schools. The committee is aware that Text- 
book A has both strengths and weaknesses and that, depending on how the teacher uses it, 
children will learn different things from it and develop different attitudes toward mathematics. 
Should Textbook A be added to the list? What information is needed to make this decision, and 


how will the information be used? 


th be certified to teach mathematics? Should she be 
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When one stands close to the educational Object to be evaluat 
dynamic qualities. When one Steps back — as one must to 
lost and a single scale of value comes into pl 


Consider, for example, the issue of external examinations at the end o 
t decade has seen a trend i 


c 
both set and grade a terminal examination toward sc 


answer is that as long as 
ll who apply, Some “fair” method must be used 


le or unwillj ign a 
ust be found nwilling to assig 


TY even in grading the 
hen the examinations or tmd 
ted by a no "^ Lander in average 
process cannot adjust for differences between teachers in their markin D Process. But the 
quently, pressure has grown for a national set of rules for teachers to T mien and conse- 
grading examinations (Lunschberger et al., 1975). In the Netherlands, it has m in setting and 
all information about the student's performance in Secondary school ang "een Proposed that 
disregarded in favour of a lottery for entrance to university Programmes, Ap 'aminations be 
schemes for assessment and examination are hardly perfect, they certainly bi Ithough existing 
chance a student's success in the university. Predict better than 


There is an inevitable tension between the “firing line" and the “headquarters” : 
evaluation. Technically, evaluation problems reduce to Obtaining representat ore P tions of 
information and then resolving the information into a weighted Score, minim; in Ive samples of 
information lost and maximizing the comparability of information gathered ee amount of 
Sources. A great deal of energy has been spent, and some knowledge accumulateg OP different 
two decades in attacking these technical problems. But deciding what inform et the past 
what scales of value to use, and how to weight various scales to arrive at a ....9n to obtain, 
not technical problems. And they are problems that are approached differently y diff 
participants in the evaluation enterprise. ifferent 


The thesis of this chapter is that educational evaluation is an interactive Process, involving the 
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knowledge, values, and beliefs of those whose accomplishments, past or potential, are being 
evaluated as well as the knowledge, values, and beliefs of those who do the evaluating and those 
on whose behalf it is done. It is a psychological process because it affects people's beliefs about 
themselves, what they are competent to do, and the importance of what they do. It is a socio- 
political process because it leads to decisions concerning who shall be educated, who shall teach 
them, and what shall be taught. In democratic societies, evaluation should itself be democratic, 
yet recent actions by ministries of education and other educational authorities suggest a strength- 
ening of what has been called the bureaucratic approach to evaluation (MacDonald, 1976). 


Examples could be cited from several countries where bureaucrats have used evaluation activities 


to legitimate decisions already made on other grounds. 

As one surveys trends and issues in evaluation with respect to mathematics education, one 
should strive constantly to clarify the purposes served by an evaluation and the decisions to be 
made and actions to be taken on its basis. One should give special attention to the balance 
between the individual's right to develop uniquely as a student or teacher of mathematics and 
the society's need for citizens with mathematical competence. A first step in achieving this 
balance is to make clear the various conceptions of evaluation held by the participants in the 
process. An examination of some current issues in evaluation with respect to mathematics 
education may help one see some of the lenses through which people have been looking at 


evaluation problems. 


2 SOME CURRENT ISSUES IN EVALUATION WITH RESPECT TO 
MATHEMATICS EDUCATION 


2. The “failure” of the “new math” 
The last five years have seen an increasing number of articles and books asking whether, or 
asserting that, the new mathematics curriculum programmes of the 1950s and 1960s have 


“failed”, A new generation of curriculum developers, textbook writers, and critics has emerged, 


many of whom stand not so m 
on their necks. 

In the United States, the Conference Board of the Mathematical Sciences appointed a National 
Advisory Committee on Mathematical Education (1975), whose report is largely a reply to the 
claims of Morris Kline and others that the new math" was a disaster. In the United Kingdom, the 
School Mathematics Project has come under attack for its alleged lack of attention to applications 

al Republic of Germany, the "new math" has become a political 


of mathematics. In the Feder ne 
om th the party out of power promising to junk the new syllabus once in 


issue in some Länder, wi 


uch on the shoulders of the preceding generation of reformers as 


power, Several other countries have witnessed — if not attacks by politicians — complaints by 
parents by prominent mathematicians and scientists, or by teachers' organizations concerning 
à textbooks. 


new syllabuses and new 
i i dertaken to try to get evidence on how effecti 
A valuation studies have been und j w effective 
zonae d mmes have been. It is not possible to analyse the results of these 


the new curriculum progra Rss ^ 
studies in any detail; one can say only that the vast majority have been both inconclusive and 


ineffective. 

The typical study has been concerned with what pupils have learned as a result of the new 
curriculum programme, and the typical design has been to compare the new and the old 
programmes in some approximation to an experiment on the effectiveness of a drug in medicine 


or a fertilizer in agriculture. 
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classes. And, of course, the larger the sample of teachers one has, the harder it is to determine 
whether each programme is being implemented according to its specifications. 


A survey of the literature on mathematics curriculum evaluation suggests the following wry 
advice for the evaluator who wishes to undertake a “typical study.” First, keep in mind two 
key axioms of mathematics learning: 


(a) On the average, pupils learn the mathematics they have been taught. 
(b) On the average, pupils do not learn the mathematics they have not been taught. 


If you want to demonstrate that the new programme is superior, give a test on mathematics 
contained in the new programme but not in the old. If you want to demonstrate that the old 


both. 


Second, keep the programme short; use small, non-random samples of teachers, pupils, and 
classes; and give either unreliable tests or tests of uncertain validity. Then by means of powerful 
Statistical techniques, you can obtain results capable of interpretation any way you choose. 


This caricature is, unfortunately, not too wide of the mark. Most evaluation studies have been 
simply inadequate for answering the questions they were set up to answer. One is led to ask 


whether these studies may have been based on false or inadequate conceptions of the evaluation 
process. 


2.2 Changes in examination systems and testing practice 


The last two decades have seen the extension of c 


Examination systems and testing practice are being modified however, t 
: : S stot new 
mathematics programmes and increased differentiation of instruction a In. 
England and Wales, alternative modes of the Certificate of Secondary Education (CSE) exam- 
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ination allow a school to set up its own syllabuses, courses, and (externally moderated) 
examinations. The purpose of the CSE is to describe a pupil's achievement rather than simply to 
indicate "pass" or "fail", and therefore course work and teacher judgement are used in an 
attempt to assess over a longer period and under more natural conditions (Mathematical 
Association, 1974). The spreading of assessment over a longer period is also seen in the reformed 


Abitur of the Federal Republic of Germany. 


An almost universal trend in constructing examinations and tests has been to spell out, at some 
level of specificity, the objectives whose attainment is to be measured, and then to write 
questions or test items designed to assess the attainment of these objectives. The test constructor 
typically uses a “matrix” model of classifying objectives, and hence test items, according to two 
dimensions. One dimension is the mathematical content with which the objective or item is 
concerned, and the other dimension is the cognitive process (knowledge, comprehension, appli- 
cation, etc.) specified in the objective and presumed to be used by the pupil in answering the 
item (Wilson, 1971). Accompanying the increased use of a matrix model for designing exam- 
inations and tests has been a trend for questions and test items to become less open-ended and 


more objective, in the sense that two people independently grading a pupil's answer would give it 


the same score. 

The attempt to be more explicit as to the mathematical content and cognitive processes 
involved in an examination question or test item has, on balance, proved quite useful. It can be 
a very illuminating exercise for a teacher first to write down the objectives with which a test will 
be concerned and then to check that the test items he or she writes are in harmony with the 
Objectives. It is also revealing to classify the objectives of existing tests and examinations, thereby 
indicating the test-makers’ assumptions as to what is important. The classification of test items 
has permitted the construction of "item banks": pools of test items classified according to 
various schemes from which a teacher or other evaluator may draw sets of items to form tests 
with specified characteristics (3). When items have been classified according to a content-by- 


process matrix instead of receiving à single score on a test, a pupil can be given a profile of scores, 
; 


one for each of several categories. 

matics education, however, a reaction has set in against the use of 
nd especially the schemes for classifying “processes” or “abilities”. 
h approaches lead to overly simple, if not trivial, test items instead 
ht test a variety of skills and abilities. 


In some quarters of mathe 
such classification schemes, à 
Arguments are raised that suc 
of complex questions that mig 

monly used classification schemes are based on Bloom's taxonomy of 
eie ions objectives, ‘which was developed out of the experience of American college and 
university examiners in devising objective test questions to measure different types of instruc- 
tional objectives. It was not designed with any one subject field in mind. As Ormell (1974, p.7) 
has noted in a penetrating critique of the taxonomy, Bloom's categories of behaviour "are 
extremely amorphous in relation to mathematics. They cut across the natural grain of the subject, 
and to try to implement them — at least at the level of the upper school — is a continuous 
exercise in arbitrary choice". Numerous alternative taxonomies have been proposed for mathe- 
matics, but none has found wide acceptance. Criticisms by mathematicians have sometimes been 


forestalled by including a high-level category with “creative”, "intuitive", or “insightful” in the 
title, but such meas! 


ures are little more than cosmetic. 

The deeper criticisms of Bloom's taxonomy (and others based on it) go beyond the question of 
whether a given hierarchy or processes is complete Or ordered correctly to questions such as: 
(a) Should the COEn Ae domain" of behaviour be distinguished from the affective and 
psychomotor “domains”? (b) is it reasonable to postulate a linear order for processes? (c) Is 
process independent of content? Perhaps the most penetrating question one can ask is whether 
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isolated objectives (and isolated test items) can be classified once and for all or whether they have 


meaning only in relation to a particular curriculum or instructional programme (Freudenthal, 
1975, p.163). 


The matrix model has dominated the 
through which to view certain problems of 


3 METAPHORS FOR EVALUATION 


3.1 The dominant metaphor 


a * : re than ; 
evaluation Is no more than measuring which ones have changed wai e in them, and al 
pressions of the dominant metaphor today for addressing questions of eq much — these are e 
the metaphor of the evaluator as consulting engineer. ucational evaluation: 


This way of thinking about evaluation began in the i " 
education as production fits the ethos of the society, but lke cet, where the conception of 
phor now can be found world-wide. Although the metaphor has many s © engineering meta- 
clearly in Ralph Tyler’s concept, developed in the 1930s, of education ources, one can see it 
changes in pupils toward desired goals and in Bloom’s taxonomy develo ea facilitation of 
stressed the careful delineation of goals and the careful measurement ur 2d e 195 Os, which 
approach is sometimes characterized as "behaviouristic", but this chara m gee rA 
point. As Ormell (1974) has observed, the problem is not the insistence they zation misses the 
be publicly verified in terms of behaviour; it is the tacit assumption that ea. dup achievement 
are more “real” than things that are more difficult to measure. This assum vs measured things 
to the engineering metaphor (and Tyler, for one, did not make it). It is Sardo is not essential 
conceives of one's role as engineering, however, to Pay most attention to Mod. natural if one 
which one has measuring instruments at hand and to pursue Specified Outcomes Phenomena for 
unanticipated side effects (Atkin, 1973). while neglecting 


The tendency to conceive of education as a product capable of being deco t 
> x E m 
measurable components can be seen in the United States in some programmes of "d AE small, 
instruction" and in collections of "instructional objectives". It can also be see Widualized 


; nins 
education programmes that are “performance-based” or “competency-based” ome teacher 


3.2 Other metaphors 


Dissatisfaction with the engineering metaphor, particularly as it applies to curricu : 
has led to alternative ways of thinking about the evaluation process, Evaluation uation, 
conceived of as medical diagnosis, as literary criticism, as art criticism, as anthropological = 
study, as criminal investigation, and as legal argument. The role of the evaluator has a 
described as that of clinician, critic, participant observer, passive observer, detective, juror em 
attorney, among others (see Anderson et al., 1975). The details of these metaphors , 


age er f th sere are less im- 
portant than their intent, which is to overcome the limitations of the engineering Metaphor by 
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providing alternative ways of conceptualizing and then approaching the problem of evaluation. 
The alternative metaphors have arisen because of concern about such questions as: Should 
evaluation seek causes as well as effects? What should the evaluator's relation be to the people 
whose work is being evaluated? How can one obtain a richer description beyond that provided by 
numerical scores? How can one describe both process and product (assuming the distinction is 
meaningful)? 

his chapter is not that any of these alternatives is better than the 
is that only by becoming aware of alternative conceptions can 
e conception. Circumstances alter cases, and the circumstances 


The argument advanced in t 
engineering metaphor; rather it 
one see the limitations of any singl 
of educational evaluation today demand a variety of approaches. 


4 THE ILLUSION OF CURRICULUM EVALUATION 


Most definitions of “curriculum” stress that it is more than a syllabus or an outline of the subject 
to be taught. The term is used more broadly to characterize the organized learning experiences 
that a school provides for pupils, and it is seen as involving issues of objectives, content, instruc- 
tional methods, and assessment methods. Under this broader conception one cannot say, for 
example, that a country has a uniform curriculum in mathematics for pupils in grade five. 
Although there may be a national syllabus, the implementation of this syllabus will depend upon 

her, the school, the pupils, and the instructional methods and materials. 


such factors as the teac J ; á j À 
Even to identify and describe the mathematics curriculum for a given grade in a given school may 


turn out to be an exceedingly difficult task. 

an illusion to think that one can evaluate a curriculum in any global sense. 
The curriculum does not exist globally; it exists only in the specifics ofa particular instructional 
setting. Failure to appreciate what might be called the situation-specific” nature of the curri- 
culum may account for much of the current confusion about questions of evaluation. Attempts 
to ignore situational variation in curriculums usually lead to the search for a “least common 
denominator” to be evaluated, which can have constrictive effects on subsequent instruction. 


It does make sense, however, to talk about evaluating the activities and products of a given 
curriculum development project. This may seem like a small difference = between evaluating a 
curriculum and evaluating a project's work — but it is an important distinction to make. When 
one attempts to evaluate a “curriculum per se, one tends to reify it and to lose sight of its 
situation-specific character. One begins to talk of its effectiveness — as though it had such a 
quality — and to set up studies to compare the effectiveness of various curriculums. Such studies 
inevitably encounter difficulties because they assume that curriculum effectiveness is a quality 


that can be measured by, say; à set of tests and examinations. 

If one sets out to evaluate the activities and products of a curriculum development project, on 
the other hand, one has à different perspective. The activities of a project concern how it is 
planned, initiated, and organized; its working methods; how materials are produced and dis- 
seminateds and its internal evaluation methods. How are such activities to be described and 
evaluated? Obviously, they are not susceptible to investigation by controlled experimental 
designs from the psychological laboratory; they demand the skills of the reporter, the historian, 
the anthropologist, and the critic. The products of a curriculum development project include 
not only whatever instructional materials it may produce but also guides for teachers; reports 
to parents, administrators, and funding agencies; scholarly books and articles; and a variety of 
working papers and internal documents. Such non-instructional material ought to be considered 
in any comprehensive project evaluation, and the evaluation of this material too requires special 


skills (Eraut, 1976). 


Consequently, it is 
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The instructional products of a curriculum development project may include such things as 
textbooks, films, activity packages, and instructional modules. Instructional material can be 
evaluated by applying criteria related to mathematical correctness, ease of use by pupils and 
teachers, clarity of exposition, and so on. When questions of “effectiveness” arise, they can be 
seen as concerning only a part of the evaluation problem. 


What does it mean for a mathematics textbook to be “effective”? Effective in teaching what? 
To whom? Under what circumstances and as part of what instructional programme? Questions of 
effectiveness are always relative, always situation-specific. 


Experience in many countries over the past two decades in attempting to evaluate the work 
of i i 


questions are made more precise. Is Textbook A more effective than Textbook B in teaching 
third-grade pupils to multiply whole numbers? The answer, of course, depends on which set of 
pupils is meant. Unless the set of pupils is clearly specified, the question cannot be answered. 


depends on what is taken as evidence of effectiveness — and on this rock many evaluation studies 
have foundered. To avoid ambiguity, the criterion of effectiveness is usually chosen to be quite 


broader sense it has been ineffective. 


increasingly coming to realize the 


concept. They are beginn; d 
that once an evaluator and the "consumers" of the evaluati à cur douces 


"effectiveness" is at issue, then the evaluator cannot b. 
or she can supply evidence concerning plausible alt i 
functions under specified conditions. 


The movement toward a broader conception of the evaluation of i j 
c } > 1 acu y k 
has occurred more in theoretical d i i ie i 


evaluators of mathematics curriculum projects, however, have 


Larsson (1973), who made imaginative and resourceful use 
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including interviews, observations, and questionnaires. The case study methodology has been 
used effectively by Erlwanger (1975) to examine the influence of the mathematics curriculum 
on children's conceptions of mathematics. 

ake the case for curriculum reform on the basis of higher 
scores on achievement tests used previously (Kondakov, 1974). The trend, however, is to borrow 
or create a variety of new tests and inventories. Much attention has been given in recent 
evaluation studies to assessing *tnon-cognitive" aspects of mathematics learning, including anxiety, 
self-concept, impulsivity, perseveration, fatiguability, and achievement motivation (Klein, 1974; 
Radatz, 1976; Weis, 1973; Weis and Bauersfeld, 1973). 


Of course, it is still possible to m 


5 PROGRAMMES OF ASSESSMENT IN MAT. HEMATICS 

and local education authorities have increased their investment in educational 
ulum reform projects in particular, increased attention has been 
given to the question of accounting for these expenditures. The notion of “Gross Educational 
Product", analogous to a country’s Gross National Product, has been proposed, and achievement 
in mathematics has been seen as a part of the Gross Education Product. In the United States, the 
National Assessment of Educational Progress has made several surveys of children’s and adult’s 
achievement in school subjects. Achievement in mathematics was surveyed in 1972—73 and will 
be surveyed again in 1977—78. In the United Kingdom, the National Foundation for Educational 
Research began a project on Tests of Attainment in Mathematics in Schools (TAMS) in 1972 to 
develop banks of mathematical questions that would be used in nationwide surveys of the 
attainments of 11- and 15-year-old pupils. A special effort has been made to devise new types of 
questions to test understanding of mathematics in the broadest sense, including attitudes and 


abilities. 

The first International Study of Achievement in Mathematics in 1964, although a research 
study in comparative education and not an attempt by authorities to account for educational 
expenditures, also took a Gross Educational Product view of mathematics achievement. A 
stinging critique of this study has been delivered by Freudenthal (1975), who correctly notes the 
failure of the organizers of the first International Study to deal adequately with variations 
between countries in the mathematics curriculum (4). A second International Study is being 

will include variables relating to curriculum and instruction so that the 


planned, and one hopes it l 
results will be of greater interest to mathematics educators. 


The Gross Educational Product view of mathematics achievement is but another manifestation 
of the engineering metaphor: schools are factories, entering pupils are the raw material, 
graduates are the finished product, and what they know as measured by tests and examinations is 
the value of the product. The dangers in this view reside not only in the faith placed on tests but 
also in the interactive nature of testing. It is in the nature of tests that although they may have 
been designed for one purpose, they come to be used for other purposes. 

When, in calculating the Gross National Product, economists total up the value of a given 
factory's output, the measurement process itself has no effect on next year's output. But when 
an educational authority sets up 2 battery of tests or an item bank and administers tests to groups 
of pupils on a regular basis, the test items come to be used by teachers and pupils as indicators 
of what should be learned in school. In fact, the educational authority ordinarily intends that this 
should happen. The economist and the factory owner agree that monetary units define the scale 
of value; the economist wants to measure, the factory owner to maximise, output as measured in 
these units. But the educational authority and the pupils and teachers may not agree on the scale 


or scales of value — who is to prevail? 


As national, state, 
programmes in general, and curric 
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6 THE EVALUATION OF LEARNING IN MATHEMATICS 


> Whereas if a Single set of uestions is used, 
one loses the flexibility of the oral examination and i: 


its power to diagnose an examinee's 
Strengths and weaknesses. 


» 1974; Mil 1974) are 
being used to assess whether a Pupil has achieved a pre. i el of ear he cin 
with reference to a specific educational objective. S 


uld s imum requirement in 
» Criteria such as 80 per cent correct are 


l ; it does not matter which ones 
ors view mathematics learni 


In many Tespects, psychometric theory has become elaborated well b ili f 
practitioners to use it. It demands, paradoxically sna Ta ile 


» Considerable mathematical sophistication to 
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understand it and a considerably narrow view of mathematics and its learning to be willing to 
apply it. 

Although the use of tests seems to be growing in most countries, attempts to make relatively 
continuous assessments of pupils' learning have sometimes led to reactions against "over-testing". 
Such reactions, coupled with dissatisfaction with existing tests and examinations, have led to 
experimentation with alternative forms of assessment. Interviews with pupils according to 
Piaget's methods have been used in Geneva to assess pupils' learning under experimental 
curricula, and the Nuffield Mathematics Project devised “check-ups” along the same lines. In the 
United States, Project TORQUE (Tests of Reasonable Quantitative Understanding of the 
Environment) is attempting to devise tests that can be administered like games and that will be 
more useful to teachers than standardized achievement tests have been (Education Development 
Center, 1976). In the United Kingdom, the Sixth-Form Mathematics Curriculum Project has 
prepared an alternative Ordinary level examination for its Applicable Mathematics course that 
permits candidates who are stumped by a question to tear off a paper revealing a hint that may 


help them. The questions are arranged in a sequence, and candidates can check to see whether 


their answers so far are correct, thus making the examination more of a learning process. 

in the literature on evaluation in mathematics education has been that 
measure such constructs as problem-solving ability and creativity in 
mathematics. We know very well how to measure a child's ability to do numerical computations, 
according to the argument, but we know very little about measuring the child's insight into 
mathematics, mental attitude toward mathematics, ability to respond creatively to mathematical 
ideas, or ability to formulate and solve challenging mathematical problems. Certainly if more 
instruments were available to measure these constructs, they could be used by teachers to 
measure a child's mathematical development as well as by evaluators of curriculum projects to 
measure how successful the project had been in developing these qualities in children. 


Progress has been slow in ge no pei but the past E years have S some 
act begun. In Japan, there has been interest in constructing measures o creative 
ts ee a problems with multiple solutions (Fukabori, 1973; Shimada, 1974). In 
the United Kingdom, the TAMS project mentioned in section 5 is developing tests on practical 
mathematics, "creative mathematics”, style of understanding, visualization, and attitude to 
mathematics. It is notable that both the TORQUE and the TAMS projects have done intensive 
pilot-testing work with small groups of children and with a variety of formats for questions in 
order to discover how the children are thinking about the questions. This concern for validity 
has not always been a prominent feature of test construction, especially with respect to attitudes. 

valuable critique of flaws in recent attitude assessment instruments, 


Gard 1975) has made a $ ; à 1 
and e p (1975) has suggested an interview technique for assessing attitude and motivational 


factors. 


A common complaint 
we lack instruments to 


7 ‘THE EVALUATION OF MATHEMATICS TEACHING 

There are few trends to be seen in the evaluation of mathematics teaching. The dominant mode 
of direct evaluation continues to be — as it has been for decades — for some supervisor or 
inspector to observe 4 sample of the candidate’s teaching and then to give it a rating based on 
“professional judgment", that is, an amalgamation of other teaching he or she has seen and a 
private vision as to what good teaching ought to be. In addition, teaching is evaluated indirectly: 
one's credentials, degrees, diplomas, recommendations, and performance in an interview are 


taken as indicators of teaching competence. 
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8 THE EVALUATION OF MATERIALS F OR MATHEMATICS TEACHING 


Most countries have in recent years witnessed an increase in the variety of materials that are 
available for mathematics teaching. Of course, when official syllabuses are spelled out in great 
detail, as many are coming to be, only a small number of textbooks (perhaps only one, if the 
Officials and the textbook auth TS collaborate) may fit the syllabus. Teachers seldom have 
complete freedom in fixing syllabu: i i 


Se additional non-text-book materials. Furthermore, some 
— may be purchased by the pupils themselves. 


Sse instructional materials to be purchased, they are usually 
bewildered by the choices available to them. How are they to know which materials are effective? 
] r in sections 3 and 4, the notion of “‘effective materials" — like the 
notions of “effective teacher” and "effective curriculum” — is a fantasy. It stems from the 
engineering metaphor and 4 blin 9 the situational variability of instruction, 
Mathematics educators are beginni 


á ng t i is needed are full 
what the materials are, with s i {0 realize that What ds » 


Strasbourg and Toulouse IREMs ni ae ication of how they might be used. 
Educational Products Information 
and materials for individualized ; š 3 e ema 
publisher's adver iiscenis appear 4 Loon In mathematics. Reviews of materials 
problem with reviews is that the review, 
study in the Federal Republic of Ger; any showed that professors of mathematics 
elementary school teachers ranked ele. 

order. 


of teachers. A 
education and 
Y the opposite 


9 SUMMARY AND CONCLUSION 


The chapter opened with the argument that educational evaluation is a complicateg process 
because: (a) the objects of evaluation are ynamic and heterogeneous, and (b) the 
evaluation is interactive, Psychological, and, perhaps most important today, socio-political, This 
theme was developed through a discussion 9f two current issues in evaluation: the “fa; 
the “new math” and certain changes in e inat; 


from a 
too-narrow view of what evaluation should be and what kind of d iV Provide 
The limitations of an excessive commitment to an engineering metaphor of educ. ion, ang hence 


Evaluation 


of educational evaluation, seemed 
dence: n, ed to be the source of many problems, and al i 
Soie Trap ues s em y^ m of the objects that one might c ln ie 
situations. The idea of evaluati » icuh D iride m ur of the iden of ev > 
dim. inga' curriculum" was rejected in favour i oaths 
een pei erp ofa curriculum development project. Local, 4g ou pen 
poiius eni E of assessment in mathematics were seen as, for the most part embodi i 
fee aa g jen and a broader view was urged. Other objects of evaluation ar th on 
iene oY ematics, the teaching of mathematics, and the materials that chic ia 
ics instruction. Each of these objects presents its own problems to the iode hae 
ator, but 


the need for a broad perspective was shown in each case. 
The only way a discipline like mathematics educati 
1 p tion can develop i 

mt a problems without abandoning earlier conceptions and a hee hs lg = 
i T age metaphor of evaluation has been enormously fruitful and in s — 
ere or : y no means am advocating that it be scrapped. I do, however T UN 
She Deui evaluation problems we face can be redefined, and perhaps iet cns loni X 
ene ems are seen from other points of view. This chapter has suggested di € 3 
ptions of evaluation problems, but it also has suggested, I hope, that an bec Mera te 
> ness of the 


conceptions we are using is critical for the progress of our discipline. 
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Chapter IX 


Overall goals and objectives for mathematical 
education 


Ubiratan D'Ambrosio 


1 INTRODUCTION 


1.1 Difficulty of the subject 


Ten, who invest 
participating in the education of their children, and legislators, administrator. Ope schools are 
have to choose options, rather dramatic options in the case of developing Politicians who 

g Countries, when 


allocating resources for education. 


In preparing the initial draft of the paper, we were faced with the rather dif 
how to approach the issue of goals and objectives. Should we, in a stratified cult choice of 
taxonomy which might be helpful when looking into the problem of wae” try to find a 
member of the panel for our theme, was in favour of this and has suggest Matts Hástad, 
numerical and algebraic calculation; (ii) concept understanding; (iii) knowledge t (i) skill in 
in mathematics; (iv) problem solving ability; (v) ability to apply mathematics? Or methods used 
to look into the theme in a global way, closer to an analysis of what Bent Christia Should we try 
“mathematical education as a process”? We faced the difficulties well identifieg a has called 
at the end of his paper (1976b): whether to follow a societal aspect, looking ints vn hristiansen 
education as “a process of development imbedded in the process of developmen ematical 
educational system as a whole”, or to follow a systematic approach which is Sten: of the 
international debate", constant 


This chapter is part of a publication with a broad international circulation; it therefore — 
me 
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to the author that it would be of limited importance to opt for a systematic approach related to 
the emerging field of the didactics of mathematics. Instead, we opted for an approach which 
would raise many issues, which would challenge mathematical educators all over the world to 
face the basic question of "Why teach mathematics?", and thus serve as a preliminary and 
fundamental preamble to the difficult and certainly socially-bound question of the “Overall 
Goals and Objectives of Mathematical Education”. In conceding to this socially oriented 
approach, this chapter reflects the positive reactions to the first draft. Some reviewers urged the 
need for this kind of approach, indicating a growing concern for the place of mathematics in the 
societies of today and tomorrow. This growing concern, witnessed at the Fourth Inter-American 
Conference of Mathematical Education, Caracas, 1975, and at the First Pan-African Congress on 
Mathematics, Rabat, 1976, was clearly present at the International Congress of Mathematicians 
held in Vancouver, 1974, as well as at the Third International Congress of Mathematical 
Education held in Karlsruhe, 1976. It had to be recognized as a trend. 


1.2 The structure of the chapter 

The chapter, due to obvious limitations of space, can only be an introduction to the theme. It is 
meant mainly to raise issues which are not commonly emphasized when stating goals and 
objectives of mathematical education and to give references to sources where more traditional 
approaches can be found. It is hoped that it will generate fruitful concern among mathematics 
educators and will lead to more understanding of the responsibilities and, above all, of the power 


we have, as educators, in shaping the future. 

This chapter has three other sections, besides this introduction and the bibliography, dealing 
respectively with an historical excursion, in which is set the tone for the remaining sections, 
the role and nature of mathematics, in which some of the more recent views on the nature of 


mathematics and where it is heading are discussed, and mathematics in school, where some 


strategies are discussed. 

This choice of structure reflects the author's viewpoint. As already indicated, some of my 
colleagues urged for a more stratified treatment. They felt, and I cannot but agree, that there are 
very clearly identified issues when talking about objectives and goals for mathematical education. 
The issues are of a varied nature and although an intersection is found among the dozens of 
listings which we had a chance of consulting, the risk of adopting one or another is high. However, 
some remarks about these issues are necessary for our description of the structure of this chapter. 


It is easy to identify a few questions which are invariably posed: why, what and how? This is 
the title of the British. contribution to Section B3 of the Karlsruhe Congress at which the theme 
of this chapter Was discussed (Blakeley, 1976), and the questions have been asked repeatedly 
D Ambrosio, 1957). They are the permanent questions of the entire field of mathematical 
education, an form the underlying issue of this volume. In other words, the three questions 
summarize all our quest, involving students, teachers, parents, administrators, legislators, etc. 


We have to invite all those concerned to face the issue as honestly as we can. This has to be 
done broadly and repeatedly; and the answers will certainly have a dynamic character, changing 
geographically and with time. Some overlappings and even some apparent contradictions which 
may be noticed are part of the very dynamic aspect of the issue. This chapter places the issue in 
an overall context, with emphasis on the first of the three questions. 


After listing eight commonly given answers to the question of “Why teach mathemati 

r » z ic: 
most children?" Geoffrey Matthews (1976) summarizes his views saying that “‘the clear ieee, 
of the teacher of young children is therefore to provide appropriate experiences so that they can 
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be helped forward in their development". In the same vein, the French contribution to section 
B3 of the Karlsruhe Congress, as presented by Michel de Cointet, says that mathematics should 


$ > / iscover the power of 
mathematics in other sciences and in the understanding of the technical and social vods (iii) to 


generate fundamental steps of scientific activity. We could certainly go on indefi ni i is 
exercise of listing accepted and agreed-upon objectives for mathematica] education itely with thi 


In all the listed objectives and stated goals, four kinds of com ; E 
matical, sociological, psychological, and affective. There has been 4 ET are ee = 
the course of this century. It is a question whether the Teasons for thi “shift ig a rr 
changes of mathematics itself, or rather to the profound changes th ia oe aco 
Section 2 looks into this. Tough which society is going. 


Certainly mathematics is changing fast. The 
relationship between mathematics and other d 
resulting from a rapidly changing technology, o 
matical education. The extent of this influen . 
witnessed in the 1950s and 1960s, with the bit, sed in the enormous changes 
mathematics as it is done by mathematicians and Currently a a Produced. To what extent 
is yet to be seen. The underlying question of usefulness of Pp led can be brought into schools 
matics as a formative discipline, to a certain extent putti 


i computers, the growing inter- 
onsequently the expectations, 
esearch, strongly affect mathe- 


forever, as long as our society and our science go through.. ‘gain; and this will probably go on 
issues. i i 


Mathematics is being taught all over the world, to 
kind of mathematics should be taught? Something reflecting CE child of School age. What 
set up under different aspirations, in a completely different social s rona Pattern, built up and 
in its very texture this component of change and flexibility "Bd. mt OF Something carrying 
going adaptations? This attitude, reflected in the growin vill al] 


i Ow for] i * 

: : S g impo ess painful on 

affective components, requires less traditional goals, and es ae Of the Psychological and 
discusses these issues. active s 


trategies. Section 4 


Practical] 


1.3 The way it was written 


It is important to explain how much input there is in the chapter othe 
himself. Although the pattern is the same as for the other chapters the han from the author 
called for a broader participation in the process of sounding views on the nature of the subject 
of the chapter was drafted in September 1975, and revised in December 1972 5 The first outline 
was an opportunity of discussing the issue at length during the Fourth p Unately, there 
Conference on Mathematical Education and of incorporating in the Chapter i Inter-American 
observed during the congress and summarized in the Proceedings of the Congress o Of the trends 
Three other meetings in 1976 allowed for a broader discussion of the issues inv aracas, 1975). 
of the general structure and emphasis in the chapter: the 82nd Annual Meeting nc as well as 
Mathematical Society, held in San Antonio, Texas, in January 1976; the 54th Annual american 
€eting of 


the National Council of Teachers of Mathematics, Atlanta, Georgia, April 1976. audio 
; € First 
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Pan-African Congress of Mathematics, Rabat, July 1976. Apart from these, there were local 
meetings, some specially designed to discuss the issues of objectives and goals. In all of them, it 
was possible to broaden the views under study. But most important of all were the discussions 
héld during the Third ICME in Karlsruhe, August 1976. 


Besides this direct input, we must mention the collaboration received through correspondence. 
A preliminary draft of the chapter was sent not only to the members of the International 
Advisory Group described in the introduction to this volume, but also to a large number of other 
individuals all over the world; among them members of the Executive Committee of the Inter- 
national Mathematical Union, members of ICMI’s Executive Committee, well known mathe- 
maticians and less known younger mathematicians, both from developing and developed countries, 
physicists, engineers, and other scientists, as well as specialists in the humanities. The draft was 
also sent to professionals from various non-academic fields, since it is our feeling that the “man in 
the street", who once in his lifetime went to a school and was taught some mathematics, has 
something to say about what he got out of this, and how he regards what his children are being 
taught in school. The authoris thankful for the answers received, but the geographical distribution 
of the reactions was somewhat disappointing, showing much less concern among individuals from 
countries where education is such a vital issue, both from the point of view of expectations of the 
educational system and also from the enormous share of the national economy there involved, 
than from individuals from countries where it isa matter of merely improving a system that 
undoubtedly has served and still serves its purposes. This pattern of responses suggests a mimetic 
attitude to education in developing countries, where reforms and trends are sometimes adopted 
from elsewhere without adequate criticism and without sense of national priorities and values. 


1.4 The sociological setting 

This chapter was initially designed to focus on the question of the sub-title from the point of 
view of the development of society, of school systems and of teacher education, as well as on the 
changing views of the nature and role of mathematics, and on the nature of the teaching-learning 
process. The intention was to discuss the role of mathematics in relation both to general 
educational goals and also to the goals and objectives for mathematical education. These topics 
should be considered within a general context, including their place in different types of societies 
at various stages of development. 

When the first reactions to the outline were received, it became clear that the ambitious scope 
of the topics to be covered and the depth with which we intended to cover them had to be 
moderated. Undoubtedly, the course we had proposed to follow would have required much more 
time than we were able to devote to the project, and much more space than available to this 
chapter. The scope of the chapter was moderated without changing its structure, hoping that 
some of the topics and issues in it will provoke further work on the subject. Ideally, this chapter 
should originate some essays on the many points raised which, we believe, deserve further 


analysis. 

Our presentation departs from some of the traditional approaches to goals for mathematical 
education. Thus we shall prefer a rather casual formulation of goals in common sense terms. As 
ad example we quote the listing given by Stephen Krulik and Ingrid B. Weise (1975) which is 
quite comprehensive, and summarizes what is generally agreed upon: 

Goall: To achieve for each individual the mathematical competence appropriate for him. 
Goal 2 : To prepare each individual for adult life, recognising that some students wi i 
more mathematical instruction than others. IHREN 
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Goal3: To foster an appreciation of the fundamental usefulness of mathematics in our society, 
particularly with reference to understanding and improving man's environment. 


Goal4: To develop proficiency in using mathematical models to solve problems. 


We found this listing of goals much more uncompromising than many others, and borrowing 
words from A. N. Whitehead, free of any tendency to exhibit pedantry and routine. This listing 
also demonstrates the close relationship between goals of mathematics education and general 
educational goals, and it points to the needs of society. Accordingly, it fits much of the philosophy 


present and of the future — and of the obvious implications for ma 
be entitled “Why teach mathematics?", thus Tesponding to the 
Karlsruhe Congress. The importance given by Professor K. Kurato 


à : eh: encouraged us to look into this kind of 
Sociomathematics, which might be thought of as a new discipline, as is Sociobiology or socio- 


linguistics. We recognize a total interaction between Science, in Particular mathematics, and 
Society. Mathematics, though it is less immediately apparent than in the case of the natural 
sciences, affects in an ever-increasing degree the whole pattern of thought culture and politics. 
The lucid introductory chapter on “The Emergence and Character of Science” of Bernal’s Science 
in History very clearly illustrates instances of this (Bernal, 1969). 


On, Or mass education, as it is 


A » moveme [n : » 
in its various similar movements and ramifications (Joubert, 1975), Sule =y un ur and 


and of more immediate consequence is a new pattern of education | mo i 
several countries, and which may be characterized by the idea is vg ruen Is seen now in 
for the beginner the goals we envisage for higher education. We see the A not try to obtain 
education in developing countries well expressed by Ahmad H. Ubeid ( 1995 t such a mass 
education to provide every young person with, at any rate, Sufficient instructior ^ t is our task in 
embark in life in society without too much difficulty, He must be ines aie Er 
help him to determine his needs and to participate in his own instruction.» (Our it slim ) at w 

The reconciliation of three different philosophies of education — (i) 
(ii) the pursuit of new knowledge; (iii) the support of a designateq SC 
conflicts that result from them, permeate the entire study of Objective 
matical education. The search for a balanced approach is Crucial in devel 
countries, with somewhat stable structure, as is so well exemplified by the 
Commission on Higher Education and the criticism it raised. 


the search for values; 
al structure — and the 
s and goals for mathe- 
oped and industrialized 
Report of the Carnegie 
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If the problem of defining priorities in education and in science poses such major problems to 
ily understand the gigantic dimensions of the problems posed to 


developed nations, we can eas 
educators, adminstrators and governments of developing countries, when allocating badly needed 


resources to education and scientific development. While there is a major convergence of view- 
points regarding the values and priority of free and non-directed research in developed countries, 
with great emphasis on university research, its priority for developing countries is more and more 
often being questioned (Moravcsik and Ziman, 1975). Undoubtedly, this is such a major decision 
affecting governments of emerging countries that no attempt other than the opening up of 
diversified educational experience should be accepted. 

Indeed, developing countries have à much better possibility of achieving adequacy and 
excellence in their educational and scientific structures as a result of the competition of diver- 
sified options than they would have by following a unique approach. The well known 
incongruencies, difficulties and inadequacies of technological transfer are enormously greater 
when we talk about the transfer of educational models, including models of the structure of 
scientific research. It is a major premise that education, in particular science and mathematics 
education, hence scientific research structure, is a socio-cultural phenomenon. Its structure, and 
hence the teaching models, curricula and evaluation schemes are all products of socio-economic 

ed by national priorities and goals. They are less dependent on the 


and cultural constraints, guid i g r 
intrinsic structure of science itself and — for any given society — even less dependent still on the 
philosophical and psychological framework of foreign societies. 

On the other hand, the political and economic structure of the world and the absolute inter- 
dependence of the various countries, nations and societies, with the resulting competition, makes 
it absolutely essential for emerging countries to close the so called technological gap between 
them and developed and industrialized countries. In order to be incorporated in the concert of 
free and independent nations, and to relate economically and culturally with dignity to bigger 
countries, emerging developing countries need a sound and capable intelligentsia. To reconcile 
these goals, that is to enter into a dignified and honest competition with other countries whilst 
at the same time preserving traditional socio-cultural and moral values, seems to be a major 
problem facing educators in all countries, poth developed and developing, rich and poor, small 
and large- Within this context are located science, in particular mathematics, and education. 


Within these overall goals, the theme of the chapter is discussed. 


2 AN HISTORICAL EXCURSION 


2.1 The acq 
We distinguish several characteristics of education which may serve as a guide for a brief historical 
account of it. We distinguish a purely vital education, instinctive, through which children learn 
how to survive and to continue the species, which has been traditionally put under the respon- 
sibility © families Or structures which remind us of a family environment, and a societal 
education in which children are taught basic attitudes and conduct and acquire the first moral 
which was also traditionally placed in the hands of a family structure or the like. Maternal 
nd child care centres we regard as educational structures of a family type. These are the basic 
comp onents of what Margaret Mead would call a post-figurative model (Mead, 1970), which w 
find present in practically all educational structures. Then we distinguish two other forms " 
education, which we agree to call artisanal or professional and contemplative or speculati " 
In the first category we place Greek, mainly Spartan, and Roman models, as well as m Chi oe 
public service structure, all the civilizations of antiquity, and all the initiation cultures which 


uisition of numeracy 
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ments and the occupation o ; 
would suffice. What we have to consider is wh a slight modicum of Beometry and calculation 


almost non-mathematical, role for computation lm mon T me we notice a minor, 
T it in school. 


2.2 The Middle Ages and the Industria] Revolution 
The Greeks transmitted to us unequally deye 


mathematics. The latter branch was pursued b 


and counting, developing several forms Of abaci and fin ing. Thi A 

: 7 : : ger counting. This techni ue, whi 
according to Menninger is a true calculating machine, “seems to have been passed aa 
word of mouth. No textbook describing it has been preserved from Roman time. y 
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may be the evidence of its widespread use among common or illiterate people, . .. which do not 
require special teachers or schools". In fact, what was the domain of artisanal or professional 
education entered and dominated education at a moment when opportunity for education began 
to spread, when universities were being founded and technology was laying the grounds for the 
Industrial Revolution. And this happened mainly because of the introduction of the experimental 
method, and consequently of a quantitative approach, as the new method of the natural sciences. 
The new social forces of the Renaissance and Reformation combined to make possible a major 
change in ideas in science and replaced the whole structure of science inherited from the Greeks 
by a new quantitative, atomic, infinite and secular view of the world. 


Modern science gained momentum with the development of a new economic order towards the 
end of the Middle Ages. The growing importance of towns, trades and industry forced a deviation 
from the economy of feudalism. The bourgeoisie, which appeared in previous centuries, imposed 
a form of payment which replaced, by the fifteenth century, forced service as a form of payment, 
and which imposed itself finally in the middle of the nineteenth century in the whole of Europe. 
At the same time, this period laid the foundation for the Industrial Revolution, which was 
strongly dependent on the rise of the new science, experimental and quantified. And at the same 
time, another component Was brought into play, the opening of the frontiers of the world 
through navigation and conquest. This in turn facilitated the expansion of technology, by intro- 
ducing new and cheap raw materials into an economy which was increasingly geared to the 


processing of those materials. 

In this period, the Middle Ages through to the nineteenth century, schools went through 
radical changes. While we see in the Middle Ages the appearance of universities, we also see the 
development of what we have called above artisanal or professional education, resulting from a 
form of professional guild, in a sort of parallel structure. At the end of the Middle Ages the 
discoveries of new lands, the invention of the press and a new socio-economic structure strongly 
influenced by the discoveries, strengthened the position of the universities and enhanced public 


elementary and secondary education. 

The place of mathematics in education in this period was quite weak. When Richard Mulcaster 
published his Positions in 1581, he suggested that education should take into account the 
“natural” development of children, and that teaching should be restricted to reading, writing, 
drawing and music, much in the Aristotelian tradition. While artisanal schooling was aware of the 
progress underlying the scientific and technological revolution under way, elementary schools 
preserved their traditional appearance, based on Greek learning. Modern pedagogy owes much to 
the ideas advanced by Comenius in his Magna Didactica of 1633, which set the basis for a new 
and more practical schooling. At the same time, schools for the nobility also acquired a tendency 
to professional training. The accounts of early education in America, collected in the 32nd Year- 
book of the National Council of Teachers of Mathematics of the United States, give a good 
picture of what was going on in education 1n Europe and in particular of mathematics in the 
context of the new educational order. A most popular book was Dilworth's Schoolmaster’s 
Assistant, published as early as the mid-sixteenth century in England. Arithmetic there appeared 
as the art of computing with numbers. Whilst in Europe a general education did not attach much 
importance to mathematics and was reluctant to adopt the concept of a practical education for 
all, this idea prevailed in America and mathematics was incorporated as a practical tool. None- 
theless, mathematics was given less importance, irregularly taught, and often given by a private 
tutor. But its character was quite different from the scholastic mathematics of the Greek 
tradition. We refer the reader to the cited yearbook as a rich source of information on the early 
steps towards the establishment of mathematics as an independent subject in America, which 


very much reflected the most advanced trends in Europe. 
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2.3 The twentieth century 


We thus reach the end of the nineteenth century and enter t 


ach. he twentieth cent hich showed 
Strong motivation for mathematical research, deriving from vena 


many sources, 
Paradoxically, while there w. 
the first half of the century, there was a profound ric 


Teaders as science fiction are being 
In a more routine vein, organ 
the 1940s have been reduced 
fiction Writers, dramatized by 
u: i i 
internal surgery. add raped Seinen 


recall the changes in the world economic pattern resulting from th 
same goes for the attitude and values of society as a whole, wit 
schooling. 


We close this section within the present day framework of Profound soc; 1 Ws 
and behavioural changes, interacting with not less profound changes in eh > political, economic 
and the resulting need to question the moral values which necessarily M cg) and technology, 
action. Mathematics and mathematical education are part of this complex ay a role in this inter- 


3 THE ROLE AND NATURE OF MATHEMATICS 


3.1 What is mathematics? 


Mathematicians and some non-mathematicians can identify with ease mathematic 
experiences, and can distinguish mathematical reasoning and method in prac dan 
where they are either present or potential. I cannot but agree with the Dosition Lue Situation 
(1975) in placing mathematical thinking as a finer language to simulate externa] René Thom 
usual languages. This places mathematics within the ample context of scientifi nomena than 
method, demanding an analysis of its role and nature to place it in a general context mins and 

nd in its 


in intellectual 


188 


Overall goals and objectives 


relation with other languages which try to simulate a reality. Indeed, the process of mathematical 
creation proceeds like any form of creation, as the result of some internal force which we cannot 
identify, while the object of mathematics is not the result of a purely sensorial experience, a pure 
Observation, but the combination of this with some process of abstraction and correlation of 
ideas. This is what Thom (1974) calls “something like an alternation of reductionist and struc- 
turalist tendencies” (Trans.). Having assumed that mathematics is itself a morphologic discipline, 
since it studies forms and structures which appear as given, the reductionist and structuralist 
tendencies are basically related to what may be called motivation, and to what can be 


distinguished as consolidation or systematization of knowledge. 


Other attempts to explain how mathematics progresses seem to agree that there is a peculiar 
state of mind which leads to the creation of new mathematics. To describe this peculiar form of 
creativity is very difficult. An important source for the analysis of scientific creativity is provided 
by scientists themselves. We have a few autobiographical essays written by mathematicians, and 

h essays to be written. Not only this, but more studies of mathematicians 


I would urge more suc i j M LE 
are needed. Fortunately, there are a growing number of books and articles in this line. 


3.2 Interdisciplinarity and creativity 

If we look to the future of mathematics and try to identify trends, it is very difficult. A major 
force in shaping the future of mathematics is its growing relationship with other scientific fields. 
At a symposium held in 1971 during the 138th Meeting of the American Association for the 
Advancement of Science, Harold Grad stated that all mathematics has been or can be applied 
constructively to some natural phenomenon, and that probably the major road block to actual 
applications of inherently applicable mathematics is the incredibly obscure way in which mathe- 
matics is conventionally presented. He also claimed that a person's interest will determine the 
direction in which he will go. We entirely agree PI ou is the case and consequently concentrate 
much of our considerations about gie ERE around its relations with other 


disciplines and its marked trend toward 
An analysis of priority areas for research in the United States shows a growing trend towards 


: f ilton — member of the panel for our theme — remarked. 
isci research. As Peter Hil : : 2 nih : 
er ea aent that there 1s à need in developing countries to “qualify” mathematics 
8 nsibility of mathematicians to direct the attention of their students to 
pplications of mathematics, and ee to ensure that their students under- 
A tics, although there may be a d in t h 
of applying mathema y anger in too muc 
[sa eese] p duate level. What may be seen as major factors determining the 
furia oF mathéiatios um e those factors which may be called “external” but which will 
certainly shape priorities 1! 

catastrophe theory, in which per 
their discipline, are very significant. 5 
a new relationship between matin " 
which may be quite stimulating: is no 


A ing t 
earch mathe ans are coming SM À 
fon mae etely new scientific fields, bearing characteristics of mathe- 


ays and the appearance of complet :scipli A A ; 
hie aswe know it today mixed with those of other disciplines, is quite possible. The role of 


computers in such new scientific 


ccept that it will provide an effective tool for the study of 
There is no doubt about the recognition of a trend towards 
ticians and non-mathematicians. This changing attitude, 
matter of choice. As a consequence, new foci of interest 
hrough an osmotic process. This process goes both 


disciplines will probably be a major one. 


the reach of our life time? Probably so; but certainly it is in the 
ur schools. The implications of the above considerations for 
ude and may strongly affect mathematical education. The 


Js this a future that is within 
life span of the children in our © 
schooling are of considerable magnit 
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emphasis should be changed from what is taught, that is, from curricula, syllabi and contents, to 
methodology, and to a new classroom environment, both geared towards creativity in its fullest 
sense. We have to accept the dangers, pointed out by Peter Hilton, of this shift of emphasis away 
from content. Certainly, this is an area where further involvement by mathematicians is needed. 
Something must be said on the process of discovery and creativity. This entire change was mag- 
nificently captured by Professor H. Freudenthal when he replaced the famous principle of 
Comenius's didactics: “The best way to teach an activity is to show it" by his own principle 
“The best best way to learn an activity is to perform it". Indeed, the focus in Schooling should be 
on the learner. In particular, mathematical creativity may be gained throughout school years if 
mathematics is done as activities in those years. Creativeness may form the core of mathematical 
education, but has a much broader extent. It is by no means restricted to mathematics. It is a 
global attitude, hopefully enhanced by mathematics. This is very well put by J. A. Dunn (1973) 
in his review paper, which contains an excellent bibliography on mathematical creativity. As 
Dunn says, in mathematical activity in the classroom the subject matter is known, while mathe- 
matical activity in professional life is like a creative art. While recognizing the importance of 
learning theory for the considerations relevant to this section, I will not touch upon this subject, 
referring to Chapter X and to the excellent bibliography assembled in Dunn (1973 and 1975). 


I could hardly claim that the Observations made above represent any more than my personal 
view of the subject, supported by isolated remarks from other speakers in the section. My per- 
ception of the direction mathematical research is taking fits ideally with what I see as a suitable 
Scientific and technological structure for developing countries — dynamic and self-modifying to 


4^ MATHEMATICS IN SCHOOL 


4.1 Why teach mathematics? 


Here we reach the core of the chapter, and we look into the 
matics?" in the framework built in the previous sections. B 
outline of major developments in mathematical education in t 


for building up an intellectual, aesthetic and moral background. Am 
examples: “to acquire a constructive critical sense" and *'to activat 
thought: clearness, order, conciseness, elegance" (Trans.). W. 
sequences, as subproducts, as natural attitudes within a cont 
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fortiori imply more immediate aims. Certainly, mathematical education is not the only route to 
achieve this kind of behaviour which, in the order of values upon which western society 
traditionally rests, may be regarded as an ideal of excellence; and probably it may not be the best 


route available. 


Indeed, we notice some changing attitudes towards mathematics holding an undisputed place 
in the educational context. As we read in the NACOME Report (Hill, 1975) “current cultural 
preoccupations no longer award mathematical, scientific and technological disciplines the first 
place of honor (and funding) that has been the case for many years". I do not see much point in 
he place of mathematics, as the same report does when it says that “Whatever 
alternative fields of scholarship take precedence over mathematics . . ., our world remains a scien- 
tific, technological, and industrial world and mathematics remains essential to its caretaking and 
improvement". This in itself represents an objective for mathematical education which is, 
obviously, open to a deeper and more menacing criticism. As is recognized in the same report, 
education has been conditioned by recent cultural changes which deeply challenge the scientific, 
technological and industrial world within which many of the objectives for mathematical 
education arise. I see this process of making our societies more and more based on advanced 
irreversible one, and indeed a favourable one. There is no point in 


science and technology as an HTN i i 
rejecting scientific and technological progress on the basis of some bad uses which have been 


made of them. 


trying to defend t 


Hence, as a premise to the continuation of the discussion of this section, it must be made clear 
what kind of societies we are talking about when trying to locate mathematical education within 
t Utopia as our ideal society, which I feel quite legitimate for us to 


these societies. We must accep : > im: 
think about when discussing the future, and education leads to this future. It is irrelevant to 
discuss details of Utopia. No one will disagree that this Utopia, in many of its several forms, 


includes justice, freedom, high quality of life, etc. Towards Utopia humanity has been building 
up the various kinds of societies, and has been accumulating knowledge and technology and 
destroying myths. In this context, education has been evolving. Mathematical education is placed 


in this context. 


42 A utilitarian view 
trained mathematicians for applications and for the use of technology 


s can be found in most countries which show the concern of mathe- 
between what is tanen or peu aes in mathematics and what is 

i ; 2 a and growing emphasis on applications is well expressed by J. J. 
applied, refering to the mathematical engineering curricula in the Netherlands: 
: tics was (before 1950) mainly developed by representatives from other disci- 
li h hysics and engineering. However, in the last 15 years there has been a considerable 
plines, suc as 5 y accepting the defensive posture of Peter Hilton (1975) that "Applied 
change’. Whet er K ative to pure mathematics; it is the superimposition of an extra and 
mathematics is not eds of the already difficult problem of learning mathematics”, or his much 
very difficult skill on P is doing mathematics within a context of concern for the 


A “doi d mathematics ; s on t 
mo ee un non-mathematical problems’, or accepting the agressive position of Morris 
EA E am a sayin that ics is a simple subject compared to economics, psychology 


Moreover, mathematics per se does not deal with human 
that dealing with human beings pose", we have to recognize 


cts return from mathematics. 


There is a growing need of 
in its various stages. Example 
maticians about the distance 


beings and the comp. 
that society at large expe 
This digression has brought us to the long and sterile dispute about pure versus applied mathe- 
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i i i i icati Chandler Davis points out, it is wrong 

tics or its variant, mathematics versus applications. As hi v i 
regen that the improvement of relations between the mathematical and the outside non: 
mathematical world” depends on changing the ratio of pure and applied mathematics or of 
mathematics and its applications in the schools. It is mainly a matter of attitude, which has to be 
generated in early schooling. 


i i i i ts mathematicians to be 
At this point, we may claim that society on the whole expec s J 
competent professionals, capable of justifying why they are being paid to do mathematics. This 


be translated into technological progress and development. Practically no account of what was 
going on in mathematical research was ever asked for. 


Mathematical education is a reflection of the position mathematics and mathematicians enjoy 
in society. While providing speculative or contemplative education directed to an elite, leaving 
professional training to a parallel structure, the expectation of society regarding education was 


; (6) construct simple deductions and construct a chain of deductions; (7) predict 
a result and generalize; (8) construct a simple model; (9) participate in a collective task. 


Very similar are the Objectives listed in the curriculum guide prepared for the Secretary of 
Education of the State of Sao Paulo, in Brazil: (1) develop the ca 
comparing, classifying, ordering, synthetizing, evaluating, abstracting, Beneralizing, creating; 
(2) develop the habit of studying, of rigour and precision, of order and clearness, of correct 
use of language, of conciseness, of endurance in obtaining solutions for problems attacked and 
for criticism and discussion of results obtaine i 
comparing measures, calculating, constructing and consulting tables, t 
graphs, utilizing and interpreting c 
acquire information and knowledge about several conce 
(5) develop the capability of obtaining, from given conditions 


utilizing deductive methods; (6) recognize the interrelation among the severa] fields of mathe- 
matics. 


Whatever the set of Objectives, questions like “Why?”, “What?” and “Ho 
effort to build a better curriculum. In the context of developing countries, the major efforts to 
bring about alternative solutions based on a local answer to the classical three questions are, in 
many instances, more successful than foreign ideas and models brought into the country without 
the appropriate criticism and adequacy. 


w?” are present in any 


4.3 A speculative view 


The professional or utilitarian aspect of mathematical educat 


ct C ion has been discussed. Let us turn 
to a general cultural framework, aiming at the understandin 


g and mastering of the world, in a 
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speculative way. The first aspect, the utilitarian vein, probably much more affected by the intro- 
duction of calculating machines and computers, goes much in the direction of a training. This has 
probably to be associated with professional schools, and the main objective is to develop skills 
Again, the aim in this case is a direct approach to applications, to reality, in a most unsophisticated 
way. The aim is to provide skills in calculating, which is probably done in a much better way with 
hand-held calculators and, according to specific needs, with more advanced techniques. 


While this practical objective of mathematical education was based in mass education, it was 
confounded with other objectives, and in fact assumed the place of mathematical education par 
excellence. The so-called “modern mathematics” was to a large extent a reaction to this one- 
sidedness of mathematical education. Unfortunately, new mathematics came to replace 
“practical” mathematics, and what we see today is a struggle to make one approach to mathe- 
matical education serve two absolutely different objectives. 


mathematical education, which was displaced after the industrial 
revolutions and could not find its way back to the general context of science education, is part 
of the effort to develop an inquisitive, creative, free individual, fulfilling the aim of education as 
“the acquisition of the art of the utilisation of knowledge” (Whitehead, 1948). It is necessarily 
related to global reality. Again, in the words of Whitehead, “The solution which I am urging is 
to eradicate the fatal disconnection of subjects which kills the vitality of our modern curriculum. 
There is only one subject-matter for education, and that is life in all its manifestations. Instead of 
this single unity, we offer children: Algebra, from which nothing follows; Geometry, from which 
nothing follows; Science, from which nothing follows; . . . The best that can be said of it is, that 
it is a rapid table of contents which a deity might run over in his mind while he was thinking of 
creating a world” h more structured creative form of mathematical 


. The objective of this muc 
education, closer to the real problems, with lots of plausible reasoning in the line of G. Polya 
(1954) and the child's nee 


d to live and grow in his own way, following the approach of H. Whitney 
(1975), is to place mathematics again in its position of an extremely convenient and successful 
language to simulate the real world. The objective is to produce new mathematics, to create new 
theories, to help in the solution of the new problems which are only now being identified and 
recognized. The objective is to give mathematics a new dimension that will fit a new world and 
societies which are closer to each other and looking for their Utopia. For this we need new 
mathematics, we need all the creative power of youth, we need new forms of thought which we 
cannot envisage. The primary objective of mathematical education is not to perpetuate 
knowledge or to push existing knowledge a little further (this will go on or will fade away as a 
result), but to foster the creation of new knowledge. Teaching is not the essential goal of this 
creative or contemplative form of mathematical education — the fundamental goal is to prepare 
a favourable setting for the creation of new knowledge. Let us insist that this objective runs 
parallel to, and is in fact aided by, the practical or immediate goal of furnishing mathematical 
techniques and tools for professional or daily activities. 

In developing cou al aspect of mathematical education deserves a much more 
explicit definition in the statements of their goals and objectives. While large and well established 
educational systems have mechanisms to identify what might be called “mathematical talent” 
and to provide, through their traditional cultural establishment, some stimulation for the pursuit 
of scholarship in mathematics, developing countries need special strategies. 


The second kind of 


ntries this du 


4.4 Strategies 


One of the major ta 
parallel running of it 


tical education is to propose strategies which allow for the 


sks of mathema dm pet. 
ly conflicting objectives, the one based on the concept of 


s two apparent 
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mathematics as a utilitarian body of skills and techniques, designed and taught to satisfy social 
needs, and the other looking into mathematics as a component of the large body of models of 
thought and languages which simulate external phenomena. 


In fact, a new educational structure is finding its place in the world. A major aspect of the 
change refers to numbers of students. We have to agree with Dragoljub Najman (1974) when he 
says that "There is a fundamental disparity between institutions of higher learning which had, 

. six million students and which will have tomorrow eighty million or one hundred and ten 
million .. . there is an enormous qualitative difference between one situation where, in the entire 
world, twenty years ago, there were only six hundred thousand professors in higher education 
and, ... in a few years (later) close to four million" (Trans.). The same kind of remark would 
apply to other levels of education. As a pure consequence of numbers involved, we are closer to 
the concept of a learning community, a global education context. This Structure fosters the 
creation of new knowledge, which is brought to a readily accessible form, readily adaptable to 


uses in service of the community, through an integrated System of universities and production 
centres. 


Jean Piaget (1975) claims that “an increasingly large place must b 
view — interdisciplinary by nature — like those which are bein 


n you set up the structure around them and the 
ardness of the individuals you have", This form of 
learning environment we propose. 


Overall goals and objectives 


1 n locally. The two forms of education, which we called professional or 
artisanal and speculative or contemplative, follow the same pattern and reinforce each other as 
part of a same context. Strong emphasis on problem solving, both leading to the development of 
a more speculative attitude, like Polya (1954), or to a professional attitude, as for example the 
set of problems assembled by Ben Noble (1967), may provide a good starting point for this 
motivation oriented approach. As F. J. Almgren Jr. whose work on Plateau's problem gives a 
good example of the combination of very intuitive ideas, in a real and even experimental context, 
with highly sophisticated techniques, says: “a student of mathematics should come into contact 
with a broad range of ideas in many different fields even though at any particular time many of 
these may be understood only superficially. I believe that much of our mathematical thinking is 
by analogy and that we need as many things in our heads to make analogies with as possible. I 
know of no particularly good way to be very selective in this process of accumulating ideas". 
Certainly, the creation of an atmosphere of enquiry, interdisciplinarian and not pressured by 
a priori standardized curricula, would be much more favourable to the creative process we 


expect from mathematics. 

There can be no doubt that this approach responds more realistically and more immediately 
to the needs of developing countries. A more detailed description of such a model is to be found 
in D’Ambrosio (1976). A larger scale experiment, akin to this model, is the project known as 
“CPS Bamako”, a Unesco sponsored interdisciplinary graduate programme in Mali, now in its 
sixth year. A more general experiment, in the sense of being interdisciplinary and with the more 
immediate aim of generating foci of reform at the primary, secondary and undergraduate levels, 
is under way in Latin America, under the joint sponsorship of the Organisation of American 
States and the Brazilian Ministry of Education at the State University of Campinas, Brazil. With 
the initial goal of preparing, at a Master’s degree level, 128 specialists in science and mathematical 
education, from all over Latin America, in a six year period, the project represents a testing 
ground for the motivation-based approach, with traditional contents appearing as a result of the 


evolution of the course. 


We are convinced th 


taneously. As Professor Ho r 
Conference on Mathematics Education, 


generated other tha: 


egy for reform is to implement it on all levels simul- 
d, in his lecture delivered at the Fourth Inter-American 
December 1975, in Caracas, “The teachers who are 
: Y i fession must possess an adaptivity to change . . the 

responsible for improvement of their pro ge... they 
me ci pr ae goals of teaching brought about by new technology and the need to 
experiment with these new intrusions into an existing program". A realistic and dynamic 
approach to change means, in its essence, built-in mechanisms of change, in which teachers and 
learners are brought into a single organic component. 

z i :vation- d approach does not add to existing learning theories. 

I ] believe this motivation base 1 

es eee to pursue this further did not allow me to elaborate on psycho-pedagogical aspects 
of the proposed approach. The extensive book by Erich Wittmann (1976) is certainly a guide for 


an analysis of the approach from the point of view of mathematics learning. 


e approach with respect to 


at a sound strat 
Howard Fehr sat 


primary and secondary teaching, one of the main 
he experiments described above is a reaction to change. Professor Fehr’s 
bjective of prime importance. At the university level we work with adults, 
conditioned to a pattern of schooling, and one of the first tasks in our experiments has been the 
demystification process. On more elementary levels, mainly in primary schools, this is not the 
case, which is in itself a favourable factor. Indeed, there is much more going on in this direction 


than we would be able to mention. 
it must be emphasized that fo 


In discussing th i 
difficulties we face in t 
remark carries in it an O 


In conclusion, rmulating a strategy for mathematics teaching 
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should be an integral part of the definition of its objectives and goals. And these objectives and 
goals must necessarily be regarded as part of the targets of the Society in which they are incor- 
porated. In this context, mathematics itself is a strategy in the overall Societal aspirations. Like 
education, mathematics is involved, together with all other forms of knowledge, in the set of 
strategies created and developed to reach Utopia. It is not necessarily part of Utopia. 
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Chapter X 


Research related to the mathematical learning 
process 


Heinrich Bauersfeld 


1 INTRODUCTORY ORIENTATION 


s f deep economic depression, as a comparison of long range economic 
It is in the periods O reative framework and fundamental research are prepared which are to 
cycles indicates, that M following period of ascension and flower. If this theory is true, then 
build the substance ur i highly creative and challenging period of research in mathematics 
we are in the middie c thé early 1970s most of the countries in the world have been suffering 
education. Indeed, sisi difficulties, for different reasons admittedly. In consequence, budgets 
from increasing sien 7 rants and project fundings were cut down severely. Among others, the 
for education, restart Vilcations related to mathematics education, reported in New Trends in 
volume of perm volume III (Unesco, 1972) as "increased dramatically", has diminished. 

[2 > 


MUNDUS :s decline, criticism becomes harder. Administrators, politicians, curriculum 

Parallel to this chers who are complaining about the poor guidance that research gives to 
developers. and iam receive increasing support from inside the research community. "The 
their decisions: ble fortress of experimental psychology", as Shulman (1970) said, “is currently 
hitherto impress most devastating of saboteurs — the critic from within". Stimulated by both 
being shaken A sures and the difficulties of the usual research procedures, not only particular 
the economic Pro e or methods are called into question by researchers themselves, but also 
approaches: p search models and their underlying paradigms. The economic cycles theory can be 
fundamenta far as there are already important new research issues as well as changes in the 
verified M the general orientation of research that would have been incredible a few years ago 
themes à there are many points of contact with older and neglected. ideas. The reality of 
— thos os instruction, and mathematical learning particularly, has been influenced by research 
mathemati n a very small scale only. Research has limped after the needs of school practice 
outcomes © hurrying on ahead. Recent indications suggest a change in this deplorable state of 
rather km the last decade research interests have switched over from the curriculum and from 
affairs- il to the teacher. To some extent this is a reaction to the follow-up problems of the first 
the pu e of curriculum development, but it is also an answer to the problems of generalizing from 
big a Accordingly, isolated curriculum theories and learning theories have been increasingly 


iem in doubt, while the development of more complicated teaching-learning theories has been 
pu 
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favoured. The latter consider the teacher, and moreover they are also concerned with the inter- 
actions between pupil, teacher and curriculum. 


1950s and 1960s, on the other hand, was engaged in the curriculum in a wide sense. Mainly by 
means of projects, pupil's books, learning aids and other media were developed, as well as an 
analysis of the structure of the Subject matter and teaching methods related to it (see Chapter 
VII). Both movements were characterized by a neglect of the teacher's role and of the general 
context of learning. Consequently, both ran into increasing difficulties. Neither have the big 
curriculum projects improved mathematics instruction and mathematics learning on a broad 
scale, nor has research developed a valid general learning theory. Only competing explanations for 
partial views of learning have been developed, such as Piaget's genetic theory of epistemology, 

é’s hierarchical model, or the gestalt theories. These Positions cannot be integrated; they 


Discussing Piagetian theory of mathematical learning Lunzer (1976) suggested, that “Piagetian 
theory asks the right kind of question, but is nevertheless inadequate both as a psychological 
theory ...., ; and as a rationale for mathematical education". Specifying this statement he 
pointed out e.g., that Piaget's theory “fails to isolate the crucial role of the interface between 
the representation of physical reality and its relations on the one hand, and operations carried 
out on a mathematical model on the other", and more general, that it “makes too little 
reference to psychological process variables in general". 


Reviewing the "suggestive findings" from cross-cultural Piagetian research P. T. Ashton (1975) 
States that “they raise doubts about the Piagetian assumption of invariance in stage sequence" 


and, more fundamental, that "they challenge the existence of a generalized underlying 
cognitive structure" (p.480). 


Gagné, “whose writings could be suitably employed to Tepresent educational neo-behaviorism 
in the earlier chapter, has now announced himself as espousing an information-processing view 


(Gagné, 1974)”, as Shulman has described this rather dramatic change of faith (in Bauersfeld, 
1976, p. 65). 


question “Do advance organizers facilitate learning?" b 


Saying that they “generally did not have 
a differential effect” (p.649). In p pa e 


In particular, positions such as those referrred to above are not sufficie: 
realization of classroom practice, as school practitioners have complained. 
more sophisticated theories of teaching and learning seem to be necessary 
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The analyses of the possible causes for the poor success and the di 

analysis have produced quite different reactions and new RUM ne pa ES 
Thus the research scene has changed noticeably. This is the genuine concern of this sepe. For 
the identification of the general characteristics of relevant research within the 1970s my dern 
criterion has been the potential relevance for changes in school practice and the conclusions 


derived for future research. 


2 MAIN TRENDS 


e goals and methods of research in the social sciences related to 


The first five points characteriz 
five are then concerned with the teaching-learning process. 


mathematics learning. The next 


2.1 Investigation of interactions 
An immense number of previous research studies tried to produce statements about the relation- 
ship between two variables from representative samples, e.g. mathematics achievement as related 
to sex or the comparison of two treatments. The correspondingly immense number of 
contradictory or non-significant outcomes has led to more differentiated questions such as the 
investigation of interactions: Does it make a difference in mathematics achievement when a male 

(or a female student)? Or, is treatment A more 


teacher or a female teacher teaches a male student f 
effective with highly-motivated students and treatment B with poorly-motivated students, or vice 


versa? Data about such interactions can give better hints for matching treatments and groups of 
students, though for limited situations and for relatively elementary content only. 


Reviewing aptitude-treatment-interaction studies and drawing conclusions concerning the 
issues of method and generalization in research Cronbach (1975 and 1976) stated: “A general 
statement can be highly accurate only if it specifies interactive effects” (p.126). Yet there are 
only “few interactions that permit prescriptions” (Tobias, 1976, p.63) which is due partly to 
the shaky descriptions of treatment and to the neglect of the social dimension (see sections 3.1 
and 3.3). But as well it is “the experimental strategy dominant in psychology since 1950” that 
“has only limite ons" (Cronbach, p.123). “The investigator delimits 


d ability to detect interacti 
the range of situations considered in his research program by fixing many aspects ribs 
conditions under W 


hich the subject is observed. The interactions of any fixed aspect are there- 
by concealed... - The concealed interaction may even wipe out a real main effect of the 
variable that chiefly interests the investigator” (p.124). 
interaction has been interpreted as social interaction, and not only as a 
bles. This has caused an important improvement of our insight 


In the past few years, 
At the same time, the isolated view of the main determinants 


statistical interacting amo 
into the teaching-learning 

has ceased. 
Teacher-student relationships have been reviewed by Brophy and Good (1974) and Brophy 
has been conducted on student-student relationships, 


and Evertson (1976). Much less work i 
though in small group work particularly the interaction patterns seem to exercise an influence on 


learning success. 


ng varia 
process. 


2.2 Studies of real classroom situations 
Many research outcomes drawn from the isolation of a laboratory context are not generalizable, 
of limited value for the interpretation of process: both of these 


and standardized tests are only 
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factors have contributed to an increase in research studies of Teal classroom situations. Systematic 
observations of mathematics instruction, Particularly long-term studies of learning processes in 
natural environments, have produced remarkable Tesults. Soviet Psychology of education 


especially has concentrated on teaching experiments, by which the learning of mathematics is 
studied under variations in the conditions of instruction. 


» they demonstrate how the nature of 


» who employed a combined ob 


; ; “id 1 P 
mathematics and learning mathematics” (Erlwanger, 1974, p.1). ĉas, beliefs and views about 


2.3 Research interest on the teacher 


The focus of research interest on the teacher — who is no longer 

PERE «e ae m re, « ; 
variable" in order to have a pure investigation of the effects WI eps as an "intervening 
student's learning — has increased the participation of teachers ; Teatment or of the 


Meo : in , 
Centres in England, as far as they have Specialized in mathematics education 7 of the Teachers 


Two remarks should be added to the emphasis placed here on the tea 
learning processes in the classroom and on the crucial role of his beha 
realization of innovation in schools. 


Cher's key role for the 
vioural changes for the 


The one is related to the necessity of finding out more about the teaching patt 
teachers and their interaction with students, not so much from the Vio had Successful 
psychology but more concerning the aspect of the transmitting and generating is pis of social 
meaning or cognitive schemata. This, particularly, since “the deliberate Search for a mathematical 
representation, or even a capability for generating and considering alternative pood problem 
does not seem to be a common part of the human problem-solving Tepertory” (sissentations 
p.18). 1mon, 1975, 


The other remark is related to the possible consequences of OVer-estimatin i 
mentioned, and of the disappointment that the modesty of attainable changes in ta e roles 
create. Since very recent research on change in teachers shows a high inflexibilit fi might 


à o : 
behaviour and teaching strategies, one can foresee a new wave of content analyses and fm 
er- 
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I think, it is the task of mathematics educators to contribute to 
decisions and of the student's learning (and vice versa: the 
teacher's learning and the student's decision!). The classification of educational research into 

conclusion-oriented" investigations and “decision-oriented” investigations as proposed by the 
Report of the Committee on Educational Research (Cronbach and Suppes, 1969) less than ten 
years ago does not even include the decision-making of teachers. 


proof curricula. On the contrary, 
an improvement of the teacher's 


pertoire of research methods 
1 meager relevance of educational research to practice 
and to the related problems theory has been an extension of the repertoire of 
research methods, which on the one hand announces a loosening of the hitherto rigid standards 
for the acceptability of methods, but on the other means that the integration of outcomes will 
; ter non-acknowledgement of Piaget’s informal research and the 
tudies of his statements support this. It is difficult to bring 
ith researchers. Therefore the main stream of research 
follows well-worn para d routines, and only a small minority of researchers 
are engaging themselves in action research, descriptive studies or other informal or less formal 
approaches. Above all, this is true with dissertations, which form more than half of the research 
studies in mathematics education in the United States; these were 1486 in number in the period 
1971-75 according to ERIC/SMEAC (Educational Resources Information Center / Science, 
Mathematics and Enviro Education Information Analysis Center). 

. e majority of contributors to research in mathematics education does this as.an 
ME pet - : 4 continues work in other disciplines if at all. Thus, in general, these studies 
are more rigid in methods, “collecting mmn *^ in the shortest time", and are “of little value 
to developing educational theory’ as HE pas S E e. a t effort and planning ‘‘as part 
of broader general programs of researc: ulman, , p.392) would increase effectivity. 

onable part of research has been conducted by larger institutes. Presumably there 
j errs in terms of accumulated competence that facilitates meme mee 
r theoretical orientation, enables consistent long-term research 


ae pets animating discussions. 
In the United States, Where abont ipe poe the research studies related to our theme 
were produced, i oma iuam w ppr "s ee its more open methods and simulation 
techniqu is di oo a zx has caused "wenn i. t ien een cognitivists and behaviourists. 
This methodological broa i enesttal edif attention to the descriptional systems,the 
«npilosophies tharat tmi erent research approaches (see section 2.9). 

p processing approaches, though split into several colonies meanwhile, are clear 
om behaviourist positions by “explicit attempts to describe internal processi ^ 
nitivist or Piagetian positions by their attempts “to translate ance , 
or ‘logical OP ps pira organized sequences of actions", i.e. to describe sape 

ick, 1975)- The first coherent presentation was given by Miller, Galanter and Pribram 


2.4 Extension of the re 
One of the most conspicious reactions to the 


of constructing 


receding wave of fo: 
teachers to change — b 


nmental 


5. need for theoretical orientation 
2. 

ently, 
ind 9 crisis. 
riables ail 


a strong need for theoretical orientation ha 
tical à s emerged, whose power indi 
The praca of studying intervening influences from berti. Ha hippie 
q ies is very common in the social sciences, but rather than iubens 
g 


ConseqU 
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and concentrating, it is differentiating and ramifyin 
the complexity of the learning process creates ani i i ing, which 
: à al 2 : 


The number of articles in periodicals dealing with 
dramatically, mostly combined with criticism of methods. 


"The experimental psychologist, in seeking general principles applicable to ‘persons-in-general’ 
construes any form of interaction with persons to be a threat .... because it detracts from 
the purity of the principle.” .. . . “The individual differences psychologist, on the other hand, 
seeks person characteristics that are stable over time and situation, the less environmental 
variability, the better. He, therefore, views any interaction of the person characteristic with 


the environment as situational variability, error, or otherwise detracting from the purity of the 
person characteristic.” (D. Hunt, 1975, p.21 1) 


theoretical orientation has increased 


“Social scientists generally, and psychologists in particular, have modeled their work on 
physical Science, aspiring to amass empirical generalizations, to restructure them into more 


general laws, and to weld scattered laws into coherent theory. That lofty aspiration is far from 
realization." (Cronbach, 1975, p.125). 


The conclusion is inescapably, that we have to abandon "the myths of the general effects model 
and of personal constance” (Hunt) and that “the time has come to exorcize the null hypothesis" 
(Cronbach, p.124). Enduring systematic theories “are not likely to be achieved, systematic 
inquiry can realistically hope to make two contributions”: * |. | to improve shortrun control" 
and *...to develop explanatory concepts" (Cronbach, 1975, p.126). 


2.6 The matter “meant”, "taught" and “learned” 


Shaped by the teacher's learned structure and routines, the matter taught; and (c) as the cognitive 
Structure of the individual student, the matter learned. These three forms coincide in the ideal 


An important example for this tripartite reality is the study of Woods, Resnick and Groen 
(1975), who have investigated simple Subtraction processes of second- and fourth-graders. 
Among five alternative models hypothesized for the performing, clearly one worked best, the 


"choice-model", which works by “incrementing up” or “decrementing down” depending on 
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which has fewer steps. This model has never been taught, but it can be developed from the 
usual model taught, though it is more difficult due to the necessary choice. For German- 
speaking mathematics educators, the finding is of particular interest, since the choice-model 
works on the same principle as a teaching method of Herman Haase, called “‘auszahlendes 


Rechnen" and published in 1898 for use in elementary school. 

The distinction among mathematical structures, instructional structures, and cognitive 
structures seems to be useful for ongoing research as well as for teacher's diagnosis of students' 
learning. Lesh (1976) used the distinction for an interpretation of advanced organizers in their 
functioning for the "structural integration" of a concept. 


What do these three forms, the matter meant, the matter taught, and the matter learned, mean 


for teaching and learning? 


2.6.1 The matter meant 
We have to abandon the image of the unchangeable subject mathematics which is passed on to 
he subject matter varies and changes in the course 


the student by the teacher. On the contrary, t j i c 
of the teaching process an vidual learning process as well. Incidentally, this also 


d in the indi I : 4 
supports the relevance of theories of social interaction for mathematics education (see sections 


2.9 and 3.1). 


2.6.2 The matter taught 
of the structure and its development in the teacher and in the 


student is a strong argument against the search for the best treatment. Instead, the question may 
be put: Optimal for which s nder which accompanying conditions? Direct answers 
ad. den qus are somewhat rare till in need of pragmatic interpretation. 

so confirm, “that no general conclusion can be drawn regarding 
the relative efficiency of any one pattern for mathematics instruction" (Suydam in Bauersfeld, 


loj :ev-six studies in which elementary school children in self-paced 
1976, p.100). Reviewing thirty d with traditionally taught children (Schoen, 1976, p.94) 


"s needs is very important indeed, but this approach to 
Jassroom is (or at the very least, has been to date) 
individual differences and self-pacing had been taken by few 
except the usual conclusion: ‘‘Further research is 
reasons for predicting “a natural death" to self-paced 
onsideration, since they apply as well to other instructional 
even the best programs do not improve achievement; 
epe tem; 3. Excessive amount of test-taking 
acher's time and nervous System; : à 
zh Heavy Li s is Ae evaluation leaving very little time for learning; and 4. Isolation of 
ac me S A idle » (Schoen, p.92). Similar summaries and comments are concerned with 
ea : : de posed to expository methods, laboratory approaches, etc. 
« any instructional modes as possible, identifies and diagnoses 
The teacher poro] dn ihis knowledge to individualize instruction may very well get 
epa needs and abili e and Weaver, 1975, p.2-6). But to be able to do this identifying, 
dio best esp. Eun teacher is in serious need of support from research and development. 
gnosing and using, 


and are S 


Indeed, reviews of research al 


meeting those needs i 
generally ineffective". 
studies only, so there 
needed". But by the way» 
instruction deserve more common C 
approaches: “1. Cost and the fact that 


2.6. learned : . : 
F die par: dents develop interpretations and strategies on their own, which may remain 

urthermore, the stu 
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As an example, pupils' individual ideas of what geometrical transformations mean can differ 
heavily depending on the preceding teaching-learning processes. Error analysis of criterion- 
referenced tests (Bauersfeld, 1975) reinforced the assumption that only a minority of the pupils 


-referenced tests by 
he pupil). 


That individually different effects in concept formation are caused b 
or presentations of the same mathematical structure is in accordance with other findings. There 
are internal influences from personal characteristics or Styles related to individual differences in 
perceiving, encoding and decoding of information, storing and retrievi 


Y different embodiments 


Paid more attention to the effects of general classifications, e.g. “subtractive vs. generative 


erative concepts” (Piaget), to the role of 
" » across differences in content, situation, and 
other way round. 
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theory of static structures; instead, they may appreciate the more dynamic metaphor of 
“mathematics as process" (Freudenthal) or “mathematics as a language” (Papert). No doubt such 
fundamentally different images of the “matter meant" will influence the “matter taught", this 
means that they will produce different forms of mathematics teaching. The problem gets more 
complicated if one takes into account the different fundamental philosophies that mathematicians 
have about their own subject matter (e.g., intuitionists versus rationalists), which stand in 
opposition to popular ideas about mathematics. In the empirical sciences there is still not much 
reflection about these differences. Some evidence is to be found in more informal studies, from 
which it is clear that different views of mathematics generate a different comprehension of e.g. 
(mathematical) “generalization” or “abstration”, or what “comprehension of a concept” may 
mean, or what is meant by a “sufficient solution” to a mathematical problem. 


awn from Freudenthal’s Mathematics as an Educational Task 
bout the “‘constitution of mathematical objects", from Papert's 
ation" with computers (1975), from Fischbein's work on the 
(1975) and his key question about the “acquisition of 


Striking evidence can be dr 
(1973) with his key question a 
work related to pupils’ “communic 
development of probabilistic thinking 
intuitions". 


2.9 Implications of different views of the teaching-learning process 


On the other hand it is impossible to conceive of research related to the learning of mathematics 
that is not shaped by some fundamental view of the learning process, or better, of the teaching- 
learning process. This is, at least for the learning of mathematics, not just a question of different 
descriptional systems which are applied to the one identical subject matter. Since at school 
mathematics is a product of communication (a variation of a statement by Watzlawik on "reality" 

lated to the structure of this social or communication 


in general) the product is deeply re t 
ecc Mods in clarifying this dependency has increased very recently. Easley (1976) has 
presented a sophisticated study of seven modelling perspectives on teaching and learning, and 


Joyce (1976) has described four different families of model: “social interaction models, 
information-processing models, personal models, and behaviour modification models”. Since the 
models differ in their view of man, the nature of his knowledge, and his learning, they indeed 
define different issues of research and of education. Incidentally, this is an important and 
essential reason why it may be impossible to integrate different research outcomes on the same" 


theme. 


ns for students' learning 


2.10 Increasing interest in conditio 

Though the process of mathematics learning cannot be described adequately from the point of 
view of the learner only, there is an increasing interest in the conditions for the success of 
students learning, particularly in the structure of mathematical abilities and the rules of their 
development. This theme comprises the relatively largest number of research studies, among 
which are hundreds of follow-up studies to Piagetian experiments (mainly concerned with 
conservation). Attempts to split up mathematics ability, which in tests is often treated as a unit, 
differ in their outcomes according to the approach used: a re-analysis of factor-analytical studies 
produces models of abilities similar to well-known models for the structure of intelligence 
(Roeder, 1974, and Treumann, 1974); case studies using fixed sets of tasks with high achieving 
students lead to models of abilities which are described by generalized mathematical processes 


(Krutetskii, 1976). Hitherto the results are not detailed enough to provide a more reliable 
diagnosis for ability grouping in mathematics education, but they do assist the improvement of 


individualization. 
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On the other hand, a large variety of variables influencing mathematics learning has been 
investigated, such as the previous learning experiences of the student, his self-esteem and self- 
concept, his styles of perception and information processing, the reinforcing behaviour of the 
teacher, and so on, to mention a few of the most important. Several of these variables turn out 
to be very stable during school-life, but surprisingly, others are rather unstable, which means they 
are dependent on the learning situation and on the interacting persons. The results of this 
research support scepticism concerning the usual practice of streaming according to achievement 
measures, since such streaming might cause a fixation of unstable characteristics. Furthermore, 
important consequences must be drawn from this research for pre-service teacher training (see 
Chapter VI). 


3 CRITIQUE AND CONCLUSIONS 


The critical assessment of developments during the last few years and orientations for future 
work deduced from it are grouped into the following three dimensions, which characterize 
aspects rather than strictly separate issues. 


3.1 The social dimensions of the mathematical learning process 


Here three aspects are to be stressed, which need thorough analysis and further investigation. 


3.1.1 Learning through dialogue 


If it is true that mathematics can be learned only through dialogue, then the rules for com- 
munication situations, and more generally for social relationships between persons, are valid 
for these processes also, and these presumably apply to issues specific to ' 
From this point of view, the learning of mathematics as the learning of me: 
“negotiating” of meaning for the student. In order to prevent possible mi 
point is not that students share the decision as to what is mathematically 
only in communication with others can the student 
and correct “his” concept. To a large extent social situati 


ity to situations” is used increasingly as an 


significant results in res i i e 
v seb aacra A earch studies confirms th 


3.1.2 Inference by the general cultural context 


Without doubt the cultural bias of tests, which 
accessibility of mathematical concepts. Numerou 
of “new mathematics", particularly in developi 


has long been discussed, is also involved in the 
S$ accounts of experiences with the introduction 


indicate differing uses of general cognitive ski 
Unicef—SEPA seminar, Nairobi, 1974, p.48). 
searchers in developed countries to the possibl 


208 


Research 


social backgrounds. This refers to the whole range of possible differences: from general patterns 
of behaviour to the connotative meaning of concepts. Thus, a sociology of knowledge and of the 
relevant strategies of behaviour in mathematics education has to be developed. 


3.1.3 Identification of individual differences 


The problems of a proper mathematical development and education of the individual student will 
not be adequately solved until careful analyses of the causes of individual differences are made, 
diagnostic aids for the teacher to identify differences are developed, corresponding preparation 
during the teacher’s training is provided, and conclusions for school organization are drawn. 


3.2 The content dimension of the mathematical learning process 


Here one must point out the deficits indicated in sections 2.6—8. It seems necessary to specialize 
the investigation of learning processes. This means that we have to care about how certain 
concepts are being learned — instead of generating general theories of concept formation. We 
have to find out about the function certain concepts have for certain students in sufficiently 
determined situations, and about the relations and meaning that are developed from it in a long- 
term view. New ideas are required for the description of the different forms or developmental 
stages of a concept, particularly for the description of the “matter taught” and the “matter 
learned”. The same is true for the methods of investigation, which should not be restricted to 
a replication of available routines. In this connection it might be important as well to investigate 
the intuitive patterns of teaching and rules of interaction that successful teachers employ and 


generally do not reflect upon. 


3.3 The theoretical dimension of research 
The precariousness of the situation in the empirical social sciences seems to be near to a crisis 
and has led to the assumption that, in Thomas Kuhn’s terminology, a change of paradigm is going 
to occur. This is especially true for psychology. Research methods that mainly follow the 
paradigm of the natural sciences are being questioned. But the difficulties are probably not so 
much with the methods employed as with defining the area for their adequate application. The 
outcomes of an investigation are always determined in advance by the fundamental theories on 
which the hypotheses have been developed. The weaker the theoretical basis of empirical work, 
the more severe the difficulties it encounters and the less it can lead to new theories. If a change 
of paradigm is on the way — and much suggests it is — then it will be a fundamental change in 
the understanding of the object and aim of research: The behaviouristic paradigm has run into 
difficulties due to its definition of man as driven by unknown forces, as reacting predominantly 
to external stimuli, and as an object whose behaviour can be determined by control of his en- 
vironment. This view, for example, admits self-reflection as a hypothetical construct only, as a 
mentalistic intervening variable. The opposing view is of man asa reflecting subject, using his 
subjective theories for the explanation of his environment and deducing his activity from these 
explanatory theories. In contrast to the behaviouristic models, this model is applicable to itself: 
the non-symmetrical subject-subject relationship is abandoned in favour of a principally 
symmetrical subject-subject relationship. The subjective individual explanatory theories can be 
criticized in terms of psychological rationality (e.g. theory in scientific terms), and vice versa. 
That this symmetry formed a key characteristic 1n the European tradition of hermeneutic 
psychology might be stated here with some satisfaction. 

Consequences can easily be drawn but will take time to be realized: the construction of 


theories related to the teaching-learning process has to include the knowledge of all of the partici- 
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pants — teacher and students — about themselves. Theory therefore is possible only as (meta-) 
theory about subjective explanatory theories. This can be understood as a main orientation for 
future research work. 


4 PROSPECT 


A review of the more than 3000 research studies relevant to the theme leads one to the con- 
viction that mathematics educators — being transmitters between research and school practice — 
cannot restrict themselves to selecting from the rich body of knowledge produced by the relevant 
sciences and to interpreting these outcomes for practical use. On the contrary, by defining their 


pragmatic action. 


Research and development within a discipline of mathematics education therefore will have to 
develop its own standards and methods. This means that an adequate precision will have to be 
developed which on the one hand makes the outcomes accessible to the practitioner without 
further interpretation and on the other hand is open to scientific control. 


But the overestimation of mathematics education as an omnipotent trouble-shooter has to be 
avoided. Mathematics educators and teachers have to learn: 


(a) how to cope with a highly complex reality, i.e. with a variety of explanatory theories that 


are powerful only in certain respects, but that are not integratable or that are even contra- 
dictory; 


(b) how to work with a variety of general descriptive systems (ideolo 
allow optimal description only in certain respects in spite of their 
that do not work well in other respects; and 


gies or philosophies) that 
aspiration to totality, but 


(c) how to deal with a variety of methods for researc 


i r for h and for teaching that rarely match, but 
that are as subject to history as the descriptive syst 


ems and the explanatory theories. 
It is legitimate for researchers to embed investigations in one and only one s 


eed . : st hilosophy, 
theory, method) because scientific truth is valid only in such a System, and AME am e 


research or public opinion, nor should he become lost in a poorly 
develop his own self-concept. 


REFERENCES 


Aebli, H., Grundformen des Lehrens, Klett, Stuttgart, 1976. 


Asbury, C., Selected factors influencing over- and underachievement in you i 
Rev. Ed, Res., Vol, 44 (1974), 409-428. PRSE Hehehe tite, 


210 


Research 


Ashton, P.T., Cross-cultural Piagetian research: An experimental perspective, Harvard Ed. Rev., Vol. 45 
(1975), 475-506. 

Barnes, B. and Clawson E., Do advance organizers facilitate learning? — Recommendations for the further 
research based on analysis of 32 studies, Rev. Ed. Res., Vol. 45 (1975), 637-659. 

Bauersfeld, H., Projects in Mathematics Education; in Endringstendenser i Skoleundervisningen, Universitetet 


Trondheim, Norway, 1975, 87-100. 
Bauersfeld, H. (ed), Forschung zum Prozeß des Mathematiklernens, (Materialien und Studien, Band 2), 
ik (IDM) der Universitat Bielefeld, 1976, (collected papers, mostly in 


Institut für Didaktik der Mathemat 
English, presented at a preparatory conference, which gave substantial support for this report). 
r Mathematical Education, 


Bell, A.W., The learning of general mathematical strategies, Shell Centre fo 
University of Nottingham, 1976. 

Bishop, A.J., Research and the teaching/theory interface, Mathematics Teaching, No. 60 (1972), 48-53. 

Brophy, J. and Evertson, C., Learning from Teaching: A Developmental Perspective, Allyn and Bacon, 
Boston, 1976. 

Brophy, J. and Good, 


Winston, New York, 1974. 
Bryant, P., Perception and Understanding in Young Children, Methuen, London, 1974. 
s — a Guide to Current Research, 


Callahan, L.G. and Glennon, V.J., Elementary School Mathematic. 
ASCD, Washington, 1975. 

Collis, K.F., The development of formal reasoning, 
1975. 


Cronbach, L., Beyond the two disci; 
(1975), 116-127. 


Cronbach, L. and Suppes, P. (eds), Research 
Collier-Macmillan, London, 1969. 


Van den Daele, L., Pascual-Leone, T: 
Academic Press, New York, 1976. 


Duval, R., Perspectives pour une pédag 


Easley, J.A., Seven modeling perspectives on teaci 
1976. 
Edelstein, W. and Hopf, D. (eds), Bed 


Hm Teacher-S tudent Relationships: Causes and Consequences, Holt, Rinehart and 


(Research report), University of Newcastle, Australia, 


plines of scientific psychology, A merican Psychologists, Vol. 30 
for Tomorrow's Schools: Disciplined Inquiry for Education, 
and Witz, K., Neo-Piagetian Perspectives on Cognition and Development, 


ogie du raisonnement abstrait, IREM de Strasbourg, 1973. 
hing and learning, University of Illinois, Urbana-Champaign, 


ingungen des Bildungsprozesses, Klett, Stuttgart, 1973. 


" , Mathematics Among Children Studying by Individuall 
Ww s ee Kos University of Illinois, Urbana-Champaign, 1974. (Reprinted 
in J. of Children's Mathematical Behavior, Vol. 1, No. 2 and 3.) 
Estes, W.K. (ed), Handbook of Learning and Cognitive Process, Vol. 1, Hillsdale, 1975. 
Fennema, E., Mathematics learning and the sexes: A review, J. Res. Math. Educ., Vol. 5, (1974), 126-139. 


Fischbein, E., The Intuitive Sources of Probabilistic Thinking in Children, Reidel Publ. Comp., Dordrecht- 


Boston, 1975. "T 
Flammer, A., Individuelle Unterschiede im Lernen, Beltz, Weinheim, 1975. 
Freudenthal, H., Mathematics as an Educational Task, Reidel, Dordrecht, 1973. 


Freund, H. and Sorger, P., Fähigkeiten im mathematischen Anfangsunterricht — Versuch einer 


Operationalisierung, Die Schulwarte, Vol. 27 (1974), 120-136. 
Dryden Press, Hinsdale, 1974. 


Gagné, R.M., Essentials of Learning for Instruction, 

Glaeser, G., Réflexions sur le fiasco pédagogique et les conduites de sous-compréhension, Gazette des 
Mathématiciens, Vol. 94 (1975). 

Greeno, J.G., Understanding and Procedural Knowledge in 
AERA meeting 1976. 

Gullasch, R., Denkpsychologische Analysen mathematischer Fähigkeiten, 


Mathematics Education, paper presented at 


Volk und Wissen VEB, Berlin, 1973. 


211 


Mathematics Teaching IV 


Hayes, J.R., On the function of visual imagery in elementary mathematics; in Chase, W.G. (ed), Visual 
information processing, Academic Press, New York, 1973, 177-214. 


Hunt, D.E., Person-environment interaction: A challenge found wanting before it was tried, Rev. Ed. Res., 
Vol. 45 (1975), 209-230. 

Inhelder, B., Sinclair, H. and Bovet, M., Apprentissage et Structures de la Connaissance, P.U.F., Paris, 1974. 

Joyce, B.R., Epistemology of Models of Teaching: Some Initial Questions, paper presented at AERA 
meeting 1976. 


Kilborn, W. and Lundgren, U.P., A contribution to the analysis of arithmetic teaching and learning, 
Schriftenreihe des Instituts für Didaktik der Mathematik der Universitüt Bielefeld, No. 5, 1975. 


Kilpatrick, J., Wirzup, L, Begle, E. and Wilson, J. (eds), Soviet Studies in the Psychology of Learning 
and Teaching Mathematics, Vols. I-XIV, Vroman, Pasadena, Calif., 1969. 


Krutetskii, V.A., The Psychology of Mathematical A bilities in Schoolchildren, University of Chicago Press, 
Chicago, 1976. 


Lesh, R.A., An interpretation of advanced organizers, J. Res. Math. Educ., Vol. 7, (1976), 69-74. 
Lesh, R.A., (ed), Cognitive psychology and the mathematics laboratory, (papers from a symposium), 
ERIC-SMEAC, 1974. 


Lompscher, I., Theoretische und experimentel 
Volk und Wissen VEB, Berlin, 1975, 

Lunzer, E.A., Towards an e 
of Nottingham, 1976. 


Mellin-Olsen, S. and Rasmussen, R., Skolens vold, Pax, Oslo, 1975. 
Miller, G.A., Galanter, E. and Pr 
Winston, New York, 1960. 


Miller, R.L., Individualized instruction in mathematics: A review of research, Mathematics Teacher, Vol. 69 
(1976), 345-351, 


le Untersuchungen zur En twicklung geistiger Fahigkeiten, 


pistemological theory of mathematics learning, unpublished paper, University 


ibram, K.H., Plans and the Structure of Behavior, Holt, Rinehart and 


Papert, S., Teaching children thinking, J. f. Structural Learning, Vol. 4 (1975), 219-229. 


Payne, J.N. (ed), Mathematics Learnin. 


g in Early Childhood, Thirty-seventh Yearbook of NCTM, Reston, 
Virginia, 1975, 


Piaget, J., Réussir et Comprendre, P.U.F., Paris, 1974, 


Resnick, L., Task analysis in instructional design: Some cases from mathematics, Schriftenreihe des 
Instituts für Didaktik der Mathematik der Universitat Bielefeld, No. 5, 1975, 
Roeder, P.M., Dimensionen der Schulleistung, Teil 1, Klett, Stuttgart, 1974, 


Rosskopf, M.F., Children's Mathematical Concepts: Six Piagetian Studies, Teachers College Press, New York, 
1975. 


Scandura, J.M., Structural Learning I, Theory and Research, Gordo 


Schoen, H.L., Self-paced mathematics instruction: How effective has it been?, Arithmeti Vol. 23 
(1976), 90-96, and: Mathematic Teacher, Vol. 69 (1976), 352-357. ia 
tie ae Science and Mathematics Concept Learning of South East Asian Children, Report, 


Shulman, L.S., Reconstruction of educational research, Rev. Ed. Res., Vol. 40 (1970), 371-396. 
i eps uns - Elstein, A.S., Studies of problem solvin 
educational research; in Ke; li 
Illinois, 1975. initio 
Shumway, R.J., Negative instance 


of commutativity and associativity, J. Res. Math. Educ., Vol. 5 (1974), 197-211. 


n and Breach, New York, 1973. 


ving, judgement, and decision making: Implications 
Review of Research in Education III, Peacock, Itasca, 


problem solving skills, Cognitive Psych., Vol. 7 (1975), 268-288. 
Mathematics, Penguin Books, Middlesex, 1975. 

, L., Aptitude and Instructional j Interaction 
SA Yotk-Chichester los ional Methods: A Handbook for Research on , 


212 


Research 


Steffe, L. (ed), Research on the Mathematical Thinking of Young Children: Six Empirical Studies, NCTM, 
Reston, Virginia, 1975. 

Steiner, G., Mathematik als Denkerziehung, Klett, Stuttgart, 1973. 

Suydam, M.N. and Osborne, A.R. (eds), Algorithmic Learning, ERIC-SMEAC, Columbus, Ohio, 1976. 

Suydam, M.N. and Weaver, J.F., Research on mathematics education (K—12), reported in 1973 (1974,1975), 
J. Res. Math. Educ., 1974 (1975,1976). 

Suydam, M.N. and Weaver, J.F., Using Research: 
Columbus, Ohio, 1975. 

Tobias, S., Achievement Treatment Interactions, Rev. Ed. Res., Vol. 46 (1976), 61-74. 

m Mathematikunterricht; in: Dimensionen der Schulleistung, Teil 2, 


Treumann, K., Leistungsdimensionen i 
Deutscher Bildungsrat: Gutachten und Studien der Bildungskommission, Band 21/2, Klett, Stuttgart, 


1974. 

Unesco, New Trends in Mathematics Teaching, Vol. III, Paris, 1972. 

Unesco-Unicef-SEPA, The Development of Science and Mathematics Concepts in young Children in African 
Countries, Report of a Seminar in Nairobi, Unesco-Unicef, 1974. 

Unesco-CEDO-ICMI, Interactions between Linguistics and Mathematical Education, Report of a Symposium in 
Nairobi, Unesco, Paris, 1975. 

Walbesser, H.H., Deming, B.S. and Jacob, S.H., They too teach concepts, Educ. Researcher, Vol. 5 (1976), 
15-16. 

Weiner, B., Achievement Motivation and Attributi 

Woods, S.S., Resnick, L.B. and Groen, G.J., An experimental test of five process models for subtraction, 


J. Ed, Psych., Vol. 1 (1975), 17-21. 


A Key to Elementary School Mathematics, ERIC-SMEAC, 


‘on Theory, General Learning Press, Morristown N.J., 1974. 


PANEL 


D. Broomes (West Indies), K.F. Collis (Australia), E. Fischbein (Israel), 
H. Freudenthal (Netherlands), G. Glaeser (France), W. Kilborn (Sweden), 
S. Mellin-Olsen (Norway), L.D. Nelson (Canada), J.M. Scandura (United States), 


H. Skowronek (Federal Republic of Germany). 


213 


Chapter XI 


A critical analysis of the use of educational 
technology in mathematics teaching 


Ralph T. Heimer 


INTRODUCTION 


This chapter has three sections: 1. A general view of technology and its import for mathematical 
education; 2. A critical analysis of the individual technologies, their pedagogical attributes and 
trends in their uses: and 3. The past, present and future of the use of technology in mathematics 
teaching. 

The purpose of section 1 is to set the sta 
istics and attributes of technolo 


given to the types of education 
help solve. 


ge for the chapter. Specifically, the special character- 
gy in general will be considered — with special reference being 
al and pedagogical problems that technology should be able to 


The purpose of section 2 is to 
individ 
these 


(1) delineate the pedagogical attributes and limitations of the 
ual technologies, (2) provide information about important efforts to take advantage of 
technologies for the purpose of improving some aspect of mathematical education, and 
(3) try to uncover significant trends regarding the role(s) of these technologies in the classrooms 
of the future. For the convenience of the reader, the list of contents of section 2 is stated below 
on page 216 at the beginning of the section. 

The purpose of section 3 is to provide a comprehensive and rational analysis of trends in the 
use of educational technology in mathematics classrooms. This analysis will take into account 
multi-media approaches, the types and levels of mathematics for which the use of technology 


seems most appropriate, teacher/student attitudes toward the use of technology and other 
relevant considerations. 


1 A GENERAL VIEW OF TECHNOLOGY AND ITS IMPORT 
FOR MATHEMATICAL EDUCATION 


The interpretation of educational technology as it is employed in this report will refer to “.. - 
the media born of the communications revolution which can be used for instructional purposes 
alongside the teacher, textbook, and blackboard” (Tickton, 1970). The rationale for this 
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approach is that the media of interest, including films, filmstrips and slides, television, and 
computers have entered education independently, and still operate more in isolation than in 
combination. 

The book was the major technological advance of five centuries ago, and just as it had a 
revolutionary effect on education as it had existed up to that time, many educators feel that 
recent technological developments, particularly those involving computers, have the potential 
for equal or greater impact on the educational enterprise. The cause for such optimism, of course 
is a direct outgrowth of the pedagogical attributes of the newer technologies, a topic that has 
been discussed extensively in the literature of the field by Green (1972) and others. The major 


attributes may be summarized as follows: 


1) Media can do things — can create learning situations — that cannot otherwise be accom- 
plished (like bringing current events into the classroom). 


2) Media can be used to present information in a variety of ways, which best meet particular 


learning objectives. 
ation can be presented to groups of many differing sizes — 


3) By varying the medium, inform 
diences — and it can be presented simultaneously to those 


from individuals to national au 
differing audiences. 
4) Media can make learn re ef 
attitudinal impact of information; 1 
5) Some media, such as television, can make the best teachers and learning situations available 
to more students than would otherwise be possible. 


6) Media can extend the limits of the learning situation by reinforcing and expanding the 
experience and background of teacher and student. In addition, they can extend boundaries 


imposed by school plant and geographical location. 
7) Media can allow for individualization of curricula by presenting the same information, or 
variations, to different students at different times. 
8) Media can allow students to work under many situations without teacher guidance or 
supervision, freeing the teacher for individual assistance. 
9) Media can, in some cases, be employed to direct information to some people in shorter- 
than-conventional periods of time. 
10) Some educational objectives can be 
by conventional means. 
11) The use of media forces educators 
before. 


ing more effective by increasing the realism, the dynamics, and the 
t can increase the motivation to learn. 


realized more economically by using media rather than 


to examine their goals and objectives more closely than 


No single medium enjoys all of the attributes, however. Each individual medium (technology) has 
its own special pedagogical capabilities and limitations, and so the educator must be aware of 
them in order to effectively plan for their use, either singly or in association. Section 2 deals in 
part with this matter in addition to exploring the nature of current developmental efforts and 


trends in the uses of the newer technologies. 
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2 A CRITICAL ANALYSIS OF THE INDIVIDUAL TECHNOLOGIES, THEIR 
PEDAGOGICAL ATTRIBUTES AND TRENDS IN THEIR USES 


2.1 The non-computer-related instructional technologies 
2.1.1 Films 


(a) Pedagogical characteristics and considerations 
(b) Some prominent developmental efforts 
(c) Analysis/trends 


2.1.2 Filmstrips/slides/cassette tapes/video recordings 


(a) Pedagogical characteristics and considerations 
(b) General survey of developmental efforts 
(c) Analysis/trends 


2.1.3. Television[Radiovision 


(a) Pedagogical characteristics and considerations 
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2.1 The non-computer-related instructional technologies 


2.1.1. Films 


(a) Pedagogical characteristics and considerations 


A s entitled “Elementary Mathematics for Students and Teachers” 
which was produced by the National Council of Teachers of Mathematics in co-operation with 
oth of the United States (1). 
The motion picture also affords an opportunity to provid 


they could not otherwise enj 


f e students with experiences which 
oy. Rare, and occasionally uni 


que, phenomena that are virtually 
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impossible to provide in classrooms in any other way can be made readily available on film. The 
film *Symmetries of the Cube" (2), for example, makes possible the study of the cube and regular 
octahedron and their symmetry group through reflections in an octahedral kaleidoscope. 
Precision kaleidoscopes are rare, extremely expensive, and most difficult to build. Thus, this film 
brings into classrooms that which is truly impossible for teachers to provide. The computer- 
generated film “Space-Filling Curves" (2) does likewise in exhibiting the picture of the step-by- 
step construction of two remarkable examples of curves that pass through every point of a square. 


s special pedagogical advantages that arise from its most obvious 
f creating the illusion of motion. Dynamic phenomena and related 
geometry are therefore prime topics for study via films. The techniques of animation and stop 
motion can be utilized for various types of portrayals. A variety of interesting examples of such 
utilization are contained in: "The Seven Bridges of Konigsberg" (2), which uses animation to 
show how a mathematical model, namely a graph, is obtained as an abstraction of a concrete 
problem; *Four Line Conics” (18), which employs animation to generate a one-parameter family 
of conics, thus showing “infinitely many" curves in a matter of seconds; “Possibly So, 
Pythagoras" (2), which demonstrates transformations of regions by means of animation; and 
“Topology” (3), which exhibits a spherical lump of clay changing its shape, first to a vase, then 
to a pancake, a worm, a mushroom and, finally to a cube, thus providing the viewer with a lucid 
example of topological equivalence. Finally, it should be observed that the availability of motion 
allows for the possibility of exhibiting and employing the role of continuity in geometry. 
Examples of this appear in “Possibly So, Pythagoras" and in “Orthogonal Projections" (3). In the 
former, animation is used to exhibit a triangle transforming so that one of its angles increases 
continuously from 0 to 7 ; the viewer is then firmly convinced that, at some point, the figure 
must be a right triangle. In the latter film, an elliptical region is transformed continuously so that 

shrinks to zero while its minor axis remains constant. By virtue of this 


its (original) major axis ) r 
scene, the viewer realizes that the region must have been circular at some stage of the trans- 


formation. 


The motion picture offer 
characteristic, namely that o 


have been produced by photographing a computer generated 
video display. This technique would appear to lend itself particularly well to the production of 
films depicting special mathematical functions and their characteristics. Other special aspects of 
motion picture technology which have pedagogical import are time lapse photography and micro- 
cinephotography. As an example of the latter, children will be fascinated by the close-up shots of 
bees manipulating wax in “Mathematics of The Honeycomb” (4), a film which shows that by 
using hexagonal prisms, amount of wax needed to build a honeycomb. 


Though films have many P 


More recently, animated films 


bees minimize the 
edagogical advantages, they also have limitations. Generally speaking, 
films do not provide responsive Or adaptive learning environments; that is, they are not built to 
accept, or respond to, student inputs nor are they designed so as to be capable of making “real 
time” adjustments based on the reactions of the learners who are viewing them. It follows, there- 
hould not be regarded as a lesson in itself. Both preparatory 
and follow-up activities are important. Students should be given information about what to 
expect in a film and, after seeing it, should have an opportunity to discuss its content. In other 
words, the experienced teacher will make use of a film as a spring-board to further learning. 
f films into classroom settings, therefore, necessitates considerable 
e teacher. So, too, do the problems of setting-up and 
pment, and collectively these matters have served as 
somewhat of a deterrent to the wider use of films for the purpose of teaching. Fortunately, the 
development of the 8mm cartridge projectors during the 1960s has helped ameliorate the 
problem. Loading a cartridge projector is simply a matter of pushing a cartridge containing a film 


The proper incorporation o 
planning and preparation on the part of th 
operating conventional film projection equi 
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into a slot. The film, then, is ready for immediate showing. As it is Shown, it is automatically re- 
wound in the cartridge, and so the problems of threading, adjusting, and rewinding are non- 
existent. Cartridges range in capacity from four to thirty minutes of film. Some projectors are of 
the normal front screen type while other make use of Tear screen projection. An advantage of the 


latter type is that little darkening of the room is required for showing. Many cartridge films are 
silent, but both optical and magnetic sound are available. 


The majority of cartridge films are short, single concept "loops". These are ideal for individual 
or small group instruction. The simplicity of operation of the cartridge projector means that 


(b) Some prominent developmental efforts 


Most of the significant mathematical films that are now available were developed during the past 


twenty years, and many of these have been produced by, or in co-operation with, professional 
mathematics organizations or leading curriculum development groups. 


During the 1960s, the Mathematical Association of America (MAA) also was active in 
producing films to Support mathematics instruction. As one of their projects they produced a 
series of fourteen animated films designed to be used in a beginning calculus course Some of the 
titles in this series are “A Function is a Mapping”, “Limit”, “Area Under a Curve” and “The 
Theorem of The Mean”. The MAA also filmed a series of lectures by prominent mathematicians: 
Examples of films in this series are “Let Us Teach Guessing” in which Professor George Polya 
leads an undergraduate class to discover the number of parts into which 3-space is divided by five 
arbitrary planes; “Challenging Conjectures” in which Professor R. H. Bing describes the history 
and background of five well-known problems; “Measure and Set Theory” in which Professor 
Stanislaw Ulam defines the concept of measure and considers related matters of existence and 
uniqueness; and “Matching Theory and The Marriage Theorem” featuring bn io. Rota (2). 


(c) Analysis/trends 


Motion pictures designed for classroom use have be 
: | picture en ar 
this point in time it cannot be asserted that they h ce aE LIMES han adt ee 
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California in 1966, has a computerized data bank from which it produces reference volumes of 
educational media. In its first Index to 16mm Educational Films, there were approximately 500 
titles listed under the mathematics subject heading; in the Fifth Edition of the Index, however, 
there were more than three times as many mathematics listings. Moreover, the latest NICEM 
Index to 8mm Motion Cartridges, published in 1974, contains over 1000 mathematics titles. A 
closer examination of the foregoing data reveals the fact that the commercial sector of the 
educational enterprise is taking a greater interest in the film market which, in turn, suggests that 
the classroom use of films is on the rise, though probably not significantly so. Another possible 
trend is toward the development and use of film recordings of computer-generated video displays. 
A project along these lines has been conducted at Carlton College (5) entitled Computer 
Graphics for Learning Mathematics". Included in the products of this project are a collection of 


thirty-three super-8 films. 

In terminating this aspect of the report, it should be noted that the problem of quality in 
mathematics films has been a persistent one, a fact that surely has been an impediment to their 
use. In spite of this circumstance, however, the general trend has been toward the production of 
higher quality films; this outcome is undoubtedly the result of the participation of a greater 
number of mathematicians and mathematics educators in planning and overseeing film 


construction. 


2.1.2. Filmstrips/slides/cassette tapes/video recordings 


(a) Pedagogical characteristics and considerations 

pictures on a strip of 35mm film. Usually there are between 
trip. Filmstrips are relatively inexpensive and because of their 
Filmstrip projection equipment also is low in cost, easy to 


A filmstrip is a collection of still 
twenty-five and sixty frames on a $ 
size they require little storage space. 
transport and operate, and generally durable. 

Mathematics teachers seem to make more use of filmstrips than motion pictures, a circumstance 
that can be accounted for in part by the fact that filmstrips are cheaper and easier to store, have 
access to, and use than films. Another possible reason for this state of affairs is that many topics 
in mathematics must, by their very nature, be developed in a particular sequence. When a film- 
strip is being shown, each frame can be viewed or discussed as long as necessary, the teacher can 
stop and answer questions as they arise, and the strip can be backed up, if desired, to examine 
previous frames. Another advantage of filmstrips is that in dealing with topics involving diagrams 
much work on the chalkboard can be saved, often with a significant improvement in quality. 


Filmstrips are flexible in 
individual basis. In the latter reg 


that they can be used with an entire class, or they can be used on an 
ard, some filmstrips have been designed to elicit responses from 
the student and must be used with a special type of viewer. The procedure calls for having the 
student respond to multiple choice questions that appear on the viewing screen by pressing 
appropriate buttons on the projection device. A buzzer sounds if the choice is correct. 


Some filmstrips also are co-ordinated with sound recordings, a combination which provides for 
an even richer learning environment. Individual or groups of students can employ such 
instructional packages in much the same way as the cartridge films described earlier. The sound 
recordings that accompany filmstrips are often of the cassette type, a reel-to-reel audio tape 
encased in a plastic container measuring about 6 cm by 10 cm. Cassette tapes of the foregoing 
type are now often marketed separately, but almost always are co-ordinated with some other 
type of learning materials such as study booklets. Typically students listen to the tapes and 


respond in a paper and pencil mode. 
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(b) General survey of developmental efforts 


Apparently the concerted efforts at film-making by recognized curriculum groups have not been 
duplicated in the production of filmstrips, slides, audio-tapes, or video-recordings, either singly or 
in combination. This is certainly the case in the United States. Among the noteworthy efforts 


which have been undertaken, however, are three university-level projects now under way in the 
United Kingdom: 


(1) The Development of Tape-Booklet Sequence for Self-Help Remedial Instruction in 
Mathematics for First Year Undergraduates at Edinburgh University. 


This work is intended as a supplement to lecture material and not as a replacement (6). 


(2) The Development of Filmstrip, Cassette-Tape Materials at The Department o f Mathematics, 
University of Glasgow. 


This work is designed to supplement CAL (Computer-Assisted Learning) materials being 
prepared for first year students of mathematics at the University of Glasgow (7). 


(3) Video-Recorded Lecture Courses at The Department of Mathematics, University of 
Strathclyde, Glasgow. 


n : it competent lecturers, but has been Successful enough to be 
continued into the present period of serious job shortage (8). 


f ave been commercially prod 
accompany learning materials of 


As indicated by the nature of the pro 
development of multi-media approaches, even though the m 
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2.1.3 Television/radiovision 
(a) Pedagogical characteristics and considerations 


Fundamentally, television enjoys the same basic pedagogical characteristics as motion picture 
films. Accordingly, as in the case of the use of films, the incorporation of television into the 


classroom requires special planning and preparation by the teacher. 


The conditions and pedagogical considerations undergirding the use of broadcast television in 
the classroom are somewhat different from those concerning the use of films, however. As 
Bending (1970) has stated: "Film isa medium that is used by the teacher and is under his control. 
Television, at a National level, is essentially a medium that uses the teacher". The point is that 
the teacher, or school, that wishes to make use of a television programme must arrange class 
schedules to conform to broadcast times, and generally must build other aspects of the 
instructional programme around the broadcasts; thus, television imposes a more rigid structure on 
the classroom and the teacher. One major consequence of this fact is that there is a need for 
considerable classroom materials in support of television broadcasts. Along these lines, it was 

European Broadcasting Union (EBU) International 


noted in the Proceedings of the 3rd i 
Conference on Educational Radio and Television (1967) that associated teacher material should 


provide the philosophy and aims of series and individual shows, lists of materials teachers should 
have on hand, statements of any before-show preparation that should be given the class, lists of 


unfamiliar vocabulary, answers to any questions that are posed, indications of possible follow-up 
it was pointed out that student materials should include 


activities, and so on. Furthermore, i 
s of books for further reading, course books for later class- 


visuals for review and discussion, list | S 
work, visuals students can take home, programmed self-correcting materials when no teacher is 
available or the teacher is not qualified for follow-up, activity material for games or experiments, 


and question papers. 


It also should be recognized that due to the potentially wide impact that a television 


programme can have on the educational enterprise, it is imperative that investments be made to 
assure high quality programme development from a curricular perspective. To do otherwise is 
to risk spreading mediocrity to an extent that would otherwise be impossible. 

On the surface, the importance of the visual dimensions of learning and using mathematics 
would suggest that radio technology would have a very minor impact on mathematics education; 
but the concept of radiovision, radio accompanied by slides and printed materials for classroom 
use, is on the rise, and promises to bean effective means to reach students in far-flung areas who 
are out of reach of other broadcast or basic communications media. Radiovision requires 
basically the same types of auxiliary support materials as those described for television. 


ificant development efforts and uses 


T ; , important television and radiovision projects under way in mathematics 
eee nad un countries throughout the world. In the Proceedings of the 3rd 
EBU International Conference on Educational Radio and Television (1967) a list is given of radio 
and television. programmes in mathematics that were reviewed at the Conference. The list 
includes programmes from Denmark, Australia, France, Hungary, Ireland, and the United 
Kingdom. 


The British Broadcasting | 
mathematics programmes. Davi 


“Since 1957 there have been nearly 300 ma 


(b) | Survey of sign 


Corporation (BBC) has been particularly active in producing 
d Roseveare (1974) has reported that: 


thematics programmes for schools in 11 different 
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series on BBC television. This does not include repeats (which would put the figure at well 
over 1000) nor any of the Further Education series, let alone the Open University or ITV. 


Among the mathematics programmes produced in recent years in Britain by BBC are: "Maths 
Workshop" for 9-11 year olds; *Mathshow" for 11 year olds; “Statistics in Perspective" and 
"Secondary Mathematics Individualized Learning Experiment" (SMILE). 


television as one of its basic components ] 
Nippon Hoso Kyokai (NHK) has developed and broadcasts elementary, secondary and senior 


ims has “. . . the best [television] organization and 
m I saw around the world...reaching 335,000 


(c) Analysis/trends 


In the report of the 3rd Inter 
in 1967, it was stated that both radi 


that order, could play important roles in the 
ping parts of the world where rapid educational 


2.2 The computer-related instructional technologies 


2.2.1. Computer-managed instruction 
(a) Pedagogical characteristics and considerations 


One of the most rapidly growing uses of the computer in education today is in the realm of what 
is widely becoming known as "computer-managed instruction" (CMI). As the term suggests, this 
type of computer Support utilizes the computer as a manager; student achievement assessment, 
management of classroom lear 


a ASST ning, student records, and information retrieval typically are 
considered to fall within the sphere of CMI. 


en |^ Summary of the primary functions as identified by Allen and 
others is given below. 
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Standard features: 
1) Data storage: student information such as student name and identification number, test 


scores, test dates, and so on. 
2) Report generation: based on data saved; group and individual achievement reports, and so on. 
3) Detailed performance assessment: for evaluation of instructional materials; detailed assess- 
ment of student learning helps identify weak instructional segments, thus assisting in the 
evolution of an improved instructional program. 


4) Test generation: construction of tests that are geared to specific learning objectives and 
conditions of previous student achievement. 
5) Response judging/scoring: of tests that are administered. 
tests; often detailed information is provided 


6) Results feedback: of student performance on 
indicating those learning objectives which have been mastered and those which have not. 


7) Record keeping/data retrieval: primarily for teacher use; data relative to various aspects 
of the instructional system to be used for purposes of evaluation. 


Advanced features: 
ated procedures for adjusting testing strategies in “real 


8) Tailored testing: highly sophistic: te 
formance; a tactic for more efficient testing. 


time”, depending upon student per 
neration: the capability to produce a list of learning resources that 
It to help them learn a specified set of ideas; the prescriptions are 
dividual student test data. 


10) Scheduling/resource allocation: the capability to help coordinate student learning activities 
such as testing and instructor-student conferences, in addition to keeping track of the 
availability of learning resources; in general, to function in the role of a “scheduler”. 

11) Grade contracting: the capability to allow students to specify the content and level of 

achievement they wish to attain within predefined limits set by the instructor. 


12) Message handling: the capability for stud 
a tactic for assuring the opportunity for s 


9) Study prescription ge 
students should consult to ^ 
provided in accordance with in 


ents to leave messages for instructors and vice versa; 
tudent/teacher interaction on an ad libitum basis. 


In a state-of-the-art assessment of CMI, Mitzel (1974) suggests that there are currently three 


levels of application: 


*In Level I the compu 
and accumulate system 
this rudimentary support e 
clerical and tabulation services. 


ter is used with instructor-input in batch processing mode to tabulate 
atic information about marks, attendance, test performance, etc. At 
t level, the role of the computer is chiefly one of replacing high quality 
In Level II the computer is still used with instructor-input in 
batch processing mode to accumulate records of student performance and to feedback these 
cumulative records to both the instructor and the student on a scheduled basis. A periodic 
prescriptive function, however, has been introduced at Level II advising students on a 
differential basis of what they need to do to remove various deficiencies which have arisen 
from the instructor’s evaluation of their performance on the modules. ... Level III of 
computer-managed instruction systems is characterized by a real time interactive interface 
between the learner and the computer, and by a diagnostic-prescriptive logic keyed to the 
student’s responses to the material stored in the computer.” 
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inati ing li i i terize CMI and the state-of-the-art 
xamination of the foregoing list of functions which charac d : 
einen: provided by Mitzel makes it clear that CMI is associated with two of the major current 


pedagogical concerns of the educational enterprise, namely accountability and the 
individualization of instruction. 


(b) Survey of significant developmental efforts 


The experimentation with various aspects of CMI has been very extensive in the United Pre 
particular, and is currently accelerating at a pace that is difficult to assess. In the autumn of 19 3 
a national conference was held on the topic: “An Examination of the Short-Range Potential e 
Computer-Managed Instruction”, and in the Conference Proceedings (Mitzel, 1974) a summary Q 


1) Identification and achievement-level assessment of each student. 
2) 


3) Daily status reports of each student and planning sections for teachers and students. 
4) Daily instructional objective test-scoring. 
5) Daily placement testing. 


Identification and recommendation of the quantity of instructional materials needed. 


6) Daily PLAN achievement test scoring. 
7) Periodic student progress reports. 
8) Administrative reports, 
9) Weekly summary reports. 
10) On-line student progress reports. 
11) History of student progress. 
12) On-line ordering of additional materials, 


13) Development of each student’s programme of study. 


14) Processing of locally developed objectives, independent activities, and courses. 


In the United Kingdom, one CMI effort of note is the Hertfordshire Computer-Managed 
Mathematics Project under support from the National Development Programme in Computer- 
Assisted Learning. This proj i 
to students of mixed ability i 
4000 students and 12 Schools are involved, The integrated course uses worksheets, videotaped 
materials and teletype terminals. 


Another CMI undertaking of Special interest is Project CAVA (11), an elaborate computer- 
managed correspondence course in basic mathematics developed and now in use in the Federal 
Republic of Germany. 
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(c) Analysis/trends 
In a discussion of the need for computer-managed instruction, Allen (1975) has stated: 


“There are two major pedagogical concerns for both industrial and academic educational 
institutions: accountability and individualization. Accountability encompasses the need to 
demonstrate the effectiveness of educational programs in stimulating learning. It includes the 
need to define the behaviors to be acquired by the learner and the procedures through which 
the ability to perform those behaviors is measured. Record keeping and report generating 
mechanisms are additional needs to be dealt with in the attainment of educational account- 
ability. 

Individualization, an important word in the modern educator’s vocabulary, represents the 
recognition of human differences and the goal of providing the right educational program for 
each and every learner. Individualized education allows the student not only flexibility in the 
amount of time taken to acquire various behaviors and in the route taken toward behavior 
acquisition, but also in the selection of learning objectives. 


In individualized programs, problems in coordination arise from the heterogeneity of con- 
current student needs and activities, from the need for scheduling the use and availability of 
multi-media learning resources, and from the needs of learners and instructors to communicate 
effectively with each other at appropriate times. The need for tailored diagnostic testing, 
immediate test scoring, study prescription generation, and data security presents additional 


operational problems. 
The educational needs identified above can be met, simply in most cases, by CMI...” 


It follows that, to the extent to which the concerns of accountability and individualization 
remain in the forefront of educational thought, CMI would be expected not only to become 
increasingly sophisticated but also to become more and more of a potent force in the conduct of 


classroom instruction and learning. 


2.22. Computer-assisted instruction 


(a) Pedagogical characteristics and considerations 
r-assisted instruction" (CAD) as it is used here refers to the employment of a 
achine, performing the functions of tutor, tester and exerciser (drill and 
nted out by Nievergelt (1975): 
h gave rise to the first generation of CAI systems in the 
by the programmed instruction movement, e.g. Skinner 
(1954). CAI was seen by many as a direct continuation of the mechanical teaching devices, 
Pressey (1926), with the processing and decision-making ability of computers finally providing 
the flexibility whose lack had denied success to the mechanical realizations. 
The dominant mood of optimism among many workers in CAI was rationalized by arguments 
along the following lines: 1) education is a labor-intensive activity, 2) technology applied to 
other labor-intensive areas in the past has increased cost-effectiveness drastically, 3) with 
programmed instruction as à teaching strategy and computers as à delivery device, a 
technology of instruction has finally arrived, and hence, 4) CAI will drastically improve 
had three aspects: 1) more effective instruction (learn 


education in the near future. "Improve" 
better and faster), 2) cheaper instruction, and 3) overcome the shortage of teachers." 


atures of CAI, therefore, are essentially those attributed to programmed 


The term “compute 
computer as à teaching m 
practice). As has been pol 


“The intellectual environment whic 
early 60's was strongly influenced 


The pedagogical fe 
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sophisticated forms of acquisition of student performance data and thereby remove much of the 
record-keeping routine that so often prevents a teacher from being able to attend to the actual 
business of teaching. 


Unfortunately, the foregoing pedagogical potentials of CAI are not easy to "cash in" due 
primarily to the present inadequacy of the technology of programmed instruction. Moreover, due 
"courseware" available for use in the schools, and the costs associated with the acquisition and 
operation of the powerful forms of the (CAI) technology which have been developed continue to 
be higher than those associated with conventional instruction. 


(b) Survey of major developmental efforts 


University of Illinois where the PLATO IV computer-based education System, and its 
Predecessors, were developed in the Computer-Based Education Research Laboratory (12). The 
PLATO technology is now gradually finding its way out of the laboratory, however; as of 1 
January 1975, for example, nearly 800 PLATO IV terminals were operating from 70 educational 
campuses including some 450 terminals at 60 locations other than the campus at the University 
of Illinois. The PLATO IV instructional system is capable of offering an extremely rich terminal 
learning environment, and in general, this technology has the potential for meeting the require- 
ments necessary for widespread implementation in the Schools provided that courseware of 
Sufficient quality can be made available. 


As might be expected, PLATO courseware development also has been vigorously pursued at 
the University of Illinois. Of special interest to this report is the Elementary Mathematics 
Curriculum Project which is now under way (13). This project is designed to provide roughly 150 
hours of PLATO lessons for use by children in grades 4 through 6. The lessons will be con- 
centrated into three strands: graphing, whole number operations and concepts, and fractions. 


Al effort of special interest that is now operational in the United States is the so- 
T (Time Shared Interactive Computer Controlled Information Television) Project 
simultaneous] d by A. R. Molnar (1975), this system “. . .provides services to 128 consoles 
bum eng y using a mini-computer and television technology. The terminal consists of a key 
aad n ER television to display computer generated displays, videotape or slides $^ 

the TICCIT system, an munity college level mathematics have been developed for delivery by 


ese courses are now being tested in two community colleges. 
Outside of the PLATO a 


has been developed and ha 
and practice category. The 


B TICCIT systems, most of the CAI courseware in mathematics that 
Sed substantial use to date in the United States falls into the drill 
Wo most widely known efforts along these lines are the “Stanford 
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Arithmetic Drills" (15) and the “Arithmetic Proficiency Training Program" (16), both of which 
were designed to be used as supplements in elementary classrooms. 


The 1973 edition of the Index to Computer-Based Learning (Hoye and Wang, 1973) lists 374 
programmes in mathematics though the expanded use of CAI for mathematics education makes 
it virtually impossible to identify all the developmental efforts currently under way. By and 
large, as indicated earlier, at the present time the United States seems to be the focal point for 
CAI curriculum development with close to 300 of the 374 programmes listed having been 


developed and implemented in schools there. 

CAI developments in Canada are proceeding at the University of Western Ontario, Simon 
Fraser University, the University of Alberta and the Laboratoire de Pedagogie Informatique, to 
name a few. The Federal Republic of Germany has over 40 programmes developed by the University 
of Freiburg and the Wissenschaftliches Institut für Rehabilitation und Beruflicher Bildung in 
Heidelberg. Additonal research and development efforts in Europe have taken place at the 
University of Leeds, and the University of Glasgow, United Kingdom; the State University of 
Leyden, Holland; the Conservatoire National des Arts et Métiers in Paris; and the University of 


Liége in Belgium. 


(c) Analysis/trends 


Computer-Managed Instructio 
that are still in their infancy, à S 
put forward concerning them and their potent 


n and Computer-Assisted Instruction constitute educational ideas 
nd thus the many analyses and prognostications that are now being 
jals for impact must be tempered by this fact. 

In the CMI realm, however, the foliowing assessment made by Scanlon (1974) appears to be 
justified: 

“Widespread use of CMI will occur if schools individualize instruction using structured 
curricula materials. Developing a computer management system is a fairly simple task if the 
curricula materials in use have well-defined behavioral objectives, alternative teaching methods, 
and criterion-referenced tests. Materials of this type are still not widely used in schools. A 
major obstacle to the use of CMI is the lack of published curricula materials which are highly 


structured.” 

In the CAI domain, the view expre 
o be viewed as one of a range of media that are available to the 
teaching/learning system. Attempts to mount whole courses using just computer terminals, for 
example, are not likely to be acceptable either financially or philosophically. Computers 
should not be doing what can be done as effectively or more cheaply by other media. Develop- 
ment projects should be designed which exploit the characteristics of computer technology 
alon ide other media such as teachers and books which have their own characteristics. The 
ee is multi-media, isted learning being one of the media.” 


ssed by Hooper and Toye (1975) likewise seems defensible: 


“Computer assisted learning is t 


with computer assi: 


3 THE PAST, PRESENT AND FUTURE OF THE USE OF TECHNOLOGY IN 
MATHEMATICS TEACHING 
ing the didactic of mathematics, has stated: 


Glaeser (19), in discuss 
ss and deafness... (whereas) the history of mathematics, 


“Four thousand years of blindne 
preceded by a long prehistory, extends over 4000 years, the history of the didactic of 
mathematics hardly covers one or two decades. 
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In light of the fact that the use of media in mathematics teaching is a didactical matter, 
Glaeser's comment provides a useful perspective from which to view the past, present and future 
of the newer educational technologies. 


In any event, as Greenhill (1976) has pointed out, there are several noticeable trends in the 
development and uses of media. Greenhill’s ideas may be described as follows: 


(1) There has been a massive and continuing improvement in the “hardware” associated with 
the various technologies. A few years ago, projectors or video-tape recorders, for example, 
were operated by audio-visual specialists or by a few adventuresome teachers, but rarely by 
the learners themselves. All this has changed. Most the the hardware now being used has 
automatic controls and can easily be operated by students or teachers. Computers are also 
gradually becoming more accessible for day-to-day use in classrooms. 


(2) Trends in the production of audio-visual materials have paralleled those of equipment. 


5 mple, are now being produced in great numbers to fulfil 
specific instructional needs. 


(3) The applications of instructional television continue to grow and it is becoming common- 
place for many countries to offer instructional programmes on a national basis. It is to be 
expected that the developing countries of the world will adopt such a practice. 


(4) Methods of instruction are tending toward a greater emphasis on personalized learning, 
which, in turn, imposes the necessity for a much greater degree of flexibility. It is in this 
regard that technology seems to hold its greatest potential. 


In di 
Revolution (1972), Molnar (1975) pointed out that the ti 


is the idea of paramount importance in any analysis of the con 


of y r an temporary technologies; the 
computer with its vast potential for impact is in the centre of the sta; 


ge. 
It is difficult at this point in time, however, to make an 
exact forms that computer effects on education will take: 


The terminal may be used for calcul 


ations or answering 
screen. The demonstration included 


à questions displayed ision 
drill-and-practice fig Played on the televisi 


Sons and a simple computing language 
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for writing student originated programs. The system is ideal for the handicapped, or those with 
special learning problems or the elderly who might find it difficult or inconvenient to travel. 
It is foreseen that 2000 individual homes may be served at a nominal fee." 


In discussing the possible role of computers in education, Nievergelt (1975) has said: 


“If one accepts the point of view that we are dealing with all aspects of interactive systems for 
education, rather than with a particular subset thereof that fits preconceived constraints, then 
I find it not too difficult to guess what the near future will hold in store, say the next 10 years. 


Two points stand out: 
—a rapid spread of sophisticated interactive systems in schools of all kinds, businesses, and 
later homes, to be used for education, information services, and increasingly,entertainment. 


prepared without any particular ideology, theory, or self-imposed 


— lesson material that is 
o the motto 'anything goes that you can dream up and program’. 


constraints, according t 
If these two guesses are accepted as working hypotheses, then one can deduce almost with 
certainty that this field of interactive systems for education will have the following character- 


istics over the next decade: 

terminals will be seen more and more as communications media 
which offer powerful possibilities not available in conventional media, such as newspapers, 
books, radio, television, films. Hence this field will develop its own profession or craft, of 


authors, producers or whatever they will be called." 
nt, made by the late Ralph W. Gerard (1968), serves as a fitting con- 
ment that has been developed: 


“Computers, and computer-aided learning, as an important aspect of their use, are likely to 
make major changes in society, and in man himself. I alluded to this earlier: if the richer 
impingement from the environment on organisms able to receive richer stimuli has led to the 
growth of the brain, I strongly suspect that further enrichment of the environmental input 
may continue to accelerate that process. The real problem in society is the progressive 
complexity of the problems with which we have to deal because we're a more advanced 
system, a more advanced social organism, or epiorganism, as I like to call it; and we do have 
automation coming in and taking over the more menial jobs so that humans will have to be 
qualified to do the less menial ones. I think we haven't a chance of getting this done without 
CAI help. I doubt that anyone has remotely developed his inborn potentialities during his own 

therwise. I would guess maybe only a third of the poten- 


life experience, formal education Or O be 
tial à been realized. I can't justify this figure but am pretty sure it's not wildly off, and some 
others agree with me. So one can right now upgrade the effective performance of men as they 


himself that is an input of a richer, more effectively 


t I foresee a change in man : ; 
now are, bu Just as the distance receptors and tools turned an ape into a 


structured learning experjence. ; 
superape, this richer input may well some day turn man into a superman. 
ducational benefits to be derived from 


It i t Gerard had great expectations for the e ; 
the A naim Only time will tell, of course, but as Eric Ashby has observed, the 


computer is surely the technological imperative to the present and future in education. 


— computers with fancy 


The following stateme 
clusion to the line of argu 
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Chapter XII 


The interaction between mathematics and other 
school subjects 


H. O. Pollak 


INTRODUCTION 


The purpose of this chapter is to present an overview of 
applications of mathematics and of current world- 


ing. Finally, section 4 examines the forces e 
teaching of the usefulness of mathematics an 
of mathematics to another within mathematics 


As will be seen in the discussion, the Structuring of the ideas in this chapter has benefitted 
from the assistance of 


many individuals and of their published work. It is, however, fitting to 
note the work of Hans-Georg Steiner, and 


(Steiner, 1974) from the Lyon Seminar on Goals and Means Regarding Applied Mathematics in 
School Teaching, for its i 


comments, and it is a 
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(1) 


(2) 


(3) 


(4) 


A convenie 


In this pi 
subsets we have called 


Mathematics and other subjects 


Applied mathematics means classical applied mathematics; that is, the classical branches of 
analysis, including calculus, ordinary and partial differential equations, integral equations. 
the theory of functions as well as a number of related areas. It is sometimes convenient to 
annex those aspects of secondary mathematics which are essential prerequisites to calculus 
in particular algebra, trigonometry and various versions of geometry. The fact that these 
branches of mathematics are the ones most applicable to classical physics is usually under- 
stood as part of this definition, but no actual connection with physical problems is implied. 


Applied mathematics means all mathematics that has significant practical application. This 
greatly enlarges the collection of mathematical disciplines included under (1). All the topics 
that have been considered world-wide for inclusion in the elementary and secondary school 
have significant practical applications — including sets and logic, functions, inequalities, 

statistics and computing. Almost all the mathe- 


linear algebra, modern algebra, probability, 
matics taught at the tertiary level (the undergraduate level at many universities) as well as 
much graduate mathematics are also included. In the views of many people, the most 


important areas of mathematics that are included in (2) but not in (1) are statistics 

probability, linear algebra and computer science. There are many who feel that these topics 

are as important as classical analysis. Fields of potential applicability include more than 

physics, but, once again, only the mathematics itself is being considered. 

matics means beginning with a situation in some other field or in real life, 
model, doing mathematical work within that 


Applied mathe 

making a mathematical interpretation or 

model, and applying the results to the original situation. Note that the other field is by no 
lie in the physical sciences. In particular, applications in the biological 


means restricted to 

sciences, the social sciences, and the management sciences have become extremely active. 
Many other areas of applications will also be considered. 

Applied mathematics means what people who apply mathematics in their livelihood actually 
do. This is like (3) but usually involves going around the loop between the rest of the world 
and the mathematics many times. An excellent example of the process involved in this 
definition of applied mathematics may be found in a report of the workings of the Oxford 


Seminar in the United Kingdom (Oxford, 1972). 
nt aid in visualizing these four definitions is seen below: 


Classical 
Applied 
Mathematics 


Applicable 
Mathematics 


cture the left-hand side shows mathematics as a whole, which contains two intersecting 
classical applied mathematics and applicable mathematics. Classical applied 
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mathematics represents definition (1) and applicable mathematics, definition (2). Why doesn't 
(2) contain all of (1)? The overlap between these is great, but it is not true that all of classical 
applied mathematics is currently applicable mathematics. There is much work in the theory of 
ordinary and partial differential equations, for example, which is of great theoretical interest but 
has no applications which are visible at the moment. Such work is included in definition (1) as 
classical applied mathematics, since this contains all work in differential equations; on the other 
hand, if it is not currently applicable, it does not belong in definition (2). 


The rest of the world includes all other disciplines of human endeavour as well as everyday life. 
An effort beginning in the rest of the world, going into mathematics and coming back again to 


the outside discipline belongs in definition (3). Definition (4) involves, as will be seen, going 
around the loop many times. 


Other categorizations of applied mathematics have also been considered and can be examined 
in terms of the diagram. Typically, they involve a more detailed study of the process within 
mathematics itself than we shall undertake here. For example, applications of mathematics may 
consist of routine uses of mathematics, of mathematical reasoning as opposed to direct 
calculation, and of the building of models of various sizes going from small models through full 
mathematization of real situations to truly large-scale theories. Another very interesting way of 
slicing the pie may be found in Felix Browder (1976) “The relevance of mathematics". His 
categories consist of: (a) practical mathematics, that is mathematical practice in the common life 
of mankind in civilized Societies; (b) technical mathematics, that is the use of mathematical 
techniques and concepts to formulate and solve problems in other intellectual disciplines; (c) 
mathematical research, that is the investigation of concepts, methods and problems of various 
mathematical disciplines including applied ones; and (d) mathematics as a universal pattern of 
knowledge, which means the science of significant form. His essay is highly recommended. 


2 ADETAILED STUDY OF THE VARIOUS DEFINITIONS 

2.1 The mathematics side of the diagram 

pplied mathematics (definition (1)) and of applicable 
y been discussed. One recent trend has been the pub- 
e applicability of many of the mathematical disciplines 


To name just a few examples, Hans Freudenthal (1973) 
a (1973) have written recent books on the applicability 
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pure, and were developed with no thought of applications whatever, have turned out to be 
significantly useful. On the other hand, areas of mathematics which were invented only for 
application, with no thought of their possible contribution to core mathematics, have turned 
out to have an impact on pure mathematical disciplines. As an example of the former, the theory 
of entire functions has given notable insights in electrical communications; ideas of information 
theory, on the other hand, have been useful in such diverse fields as measure-preserving trans- 


formations and the theory of finite groups. 


2.2 The rest of the world 


Perhaps the outstanding feature of applications of mathematics in recent years is that the areas to 
which mathematics is applied have been increasing in number so rapidly. It is fair to say that no 
area of human endeavour is currently immune from quantitative reasoning or mathematical 
modelling. Besides the traditional physical sciences and engineering, the biological sciences, the 
social sciences, the management sciences, the humanities and everyday life are all arenas for inter- 
action with mathematics. This is not meant to imply that mathematics is taking over all these 


other fields, but there are many interesting applications. 


Perhaps the most extensive literature in recent years omn applied mathematics from the point of 
view of the other disciplines has come in the biological sciences. An excellent overall survey 
appears in the book by J. Maynard Smith (1968). Books dealing with specific areas within the 
biological sciences include Victor Twersky (1967) on growth, decay and competition and R. M. 
May (1973) on the stability of ecosystems. Among the articles too numerous to summarize we 
note S. Karlin (1972a,b, the former jointly with M. Feldman) on genetics, S. P. Hastings (1975) 
on neurobiology, Arthur Engel (1971, 1975) and Beck (1975) on population models, W. D. 
Hamilton (1971) on the geometry of group behaviour, and several articles in “Computers in 
Higher Education" (1974) on the use of computers in biology. Not that new books and articles 
on mathematics in science have been lacking: We note particularly a little known volume by 
George Polya Mathematical Methods in Science C 1963) as well as another portion of Victor 
Twersky (1967). Recent articles on mathematics in science include J. B. Griffiths (1976) on 
model building and mechanics, the conference report on “Modern Mathematics and the Teaching 
of Science" (1975), and the previously mentioned computer survey "Computers in Higher 
Education" (1974). 


Another field which has recently flourished is the interaction of mathematics with the social 


sciences. Information on computers and statistics in the social sciences generally may be found 
in (Computers ..- > 1974) and (Teaching of statistics ..., 1973); a fascinating and somewhat 
different viewpoint is represented in the article by H. R. Alker, Jr., “Computer simulations: 
Inelegant mathematics and worse social science? (1974). The Source book on Applications of 
Undergraduate Mathematics to the Social Sciences (1977) contains descriptions of detailed 
mathematizations in many fields of the social sciences. To go on with specific fields, economics is 
extremely active for interactions with mathematics, although good expositions of the problems 
of model building in economics are not common. One nice example is “On the theory of 
interest” by David Gale (1973). Mathematical work in geography has also been quite popular in 
recent years, particularly in the United Kingdom. Again there are significant contributions In 
(Computers ...; 1974) and (Source Book ..., 1977), and an elementary treatment of weather 
forecasting in Durran (1973); see also King (1970). Mathematical psychology is represented by 
two recent survey articles by Anatol Rapoport (1976); Source Book ... (1977) also contains 
extensive references to recent work. Besides their appearance 1n overall summaries, anthropology 
is represented by example ir 


a the book by L. Pospisil (1963) and the traditional mathematical 
theory of warfare by Arthur Engel in (1971). A magnificent example of mathematics applied to 
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political science may be found in M. L. Balinski and H. P. Young (1975) “The quota method of 
apportionment". Mayer (1971) and Coxon (1970), for example, represent mathematical 
sociology. 


he summary work "Computers in 
handicrafts are 


Besides the above-mentioned books and articles more or le: 
applications, there has been a trend in recent years towards the publication of excellent 
collections of articles and Symposium reports which cover a broader spectrum. One of the earliest 
but still of great interest is the Utrecht colloquium “How to Teach Mathematics so as to be 
Useful" (Freudenthal, 1968). This was followed by the Echternach Symposium “New Aspects of 
Mathematical Applications to School Level" (Echternach, 1973) and the Lyon seminar “Goals 
and Means Regarding Applied Mathematics in School Teaching" (Goals and Means... , 1974). 


ss devoted to specific areas of 


(1967), A Conference on the Applications of Undergraduate Mathematics 


es underlies many of the arguments about mathematics education to which we will 
return later. 


2.3 The model building process 


When mathematics is actually applied to a situation in some other field, there are typically a 
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number of distinguishable steps in the process. These consist of a recognition that a situation 
needs understanding, an attempt to formulate the situation in precise mathematical terms. 
mathematical work on the derived model, (frequently) numerical work to gain further insight 
into the results, and an evaluation of what has been learned in terms of the original external 
situation. This picture of the model building process has been widely accepted and there are 
many papers which elucidate the details from various points of view. Overall descriptions appear. 
for example, in the papers by M. S. Klamkin (1971), H. O. Pollak (1970) and P. L. Bhatnagar 
(1974). The same pattern, but applied specifically to operations research, appears in the paper by 
Gordon Raisbeck (1975) “Mathematicians in the practice of operations research"; its application 
to engineering may be found in A.C. Bajpai, L. R. Mustoe and D. Walker (1975), and again in the 
paper by H. G. Flegg (1974). M. E. Rayner (1973) in her paper "Mathematical applications in 
science" in the Echternach report describes in detail some of the difficulties in problem form- 
ulation. A quotation she gives from Eddington is particularly worth repeating, “The initial 
formulation of the problem is the most difficult part, as it is necessary to use one's brains all the 
time; afterwards, you can use mathematics instead". A proposal for better model building in 
mechanics is also given by J. B. Griffiths (1976). See also Wilder (1973). 

The model building process has a number of interesting properties as well as pitfalls which 
we shall examine. A good model is one which is to some extent successful in explaining, or 
even predicting, external reality. If it fails to have this explanatory power then, no matter how 
satisfactory the mathematics itself, the model is not good applied mathematics and must be 

ful for the mathematician but real progress in inter- 


changed. This process can be quite pain h t 
disciplinary efforts is often made through successive changes in the model. This is one of the 
reasons why definition (4) of applied mathematics involves going around the loop many times. 


Another phenomenon which sometimes happens is that a mathematical model predicts too much 
rather than too little. It may happen that phenomena observed in the other field are indeed 
explained satisfactorily, but that further logical implications of the model are not acceptable. 
For example, in the mathematics of communication a model of a signal which is of finite 
duration in time is very realistic. Similarly, a model of a communication signal using finite band- 
width comes up in many situations and gives quite satisfactory engineering results. Unfortunately, 
the two are contradictory and cannot be used at the same time in the same problem; models 
which do so unwittingly will lead to nonsense. On the other hand, attempts to understand this 


difficult situation fully have led to very interesting advances, see e.g. D. Slepian (1976). 


the model buil 
also quite varied. 


ding process is that the purposes for which a mathematical 
In the physical sciences and engineering, the purpose is 
e understanding which will in turn lead to action. In the social sciences, 
on the other hand, the purpose is often one of insight; you want to know whether a certain set 
of hypotheses could account for a particular observed phenomenon. It is often assumed, although 
not necessarily true, that these associations are In fact one-to-one correspondences. Physical 
models of why rivers meander, or why a rapidly slurped pice of spaghetti comes up and hits your 
nose, are not necessarily used for scientific decisions. On the other hand, mathematical models of 
shortest connecting networks and optimal pricing are often used for management action. 

The overall picture of applications of mathematics would not be complete without a discussion 
of truly interdisciplinary activity. Much of the most exciting current work is in fact on the 
borderline between several fields, one of which being in the mathematical sciences. The above 
references will lead the reader to many examples of current interdisciplinary work. 


Another feature of 
model is created are 
frequently very precis 
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3 EFFECTS OF APPLIED MATHEMATICS ON MATHEMATICS EDUCATION 


3.1 Problems and problem solving in the schools 


A. framework for understanding the meaning of applied mathematics has now been established, 
and a number of ramifications of the various definitions have been examined. A look at effects 
of applied mathematics on education follows. It must be emphasized that many of the topics in 
this chapter represent ideas and experiments in various countries which cannot claim to be 
adopted on any large scale. Discussions at the Karlsruhe Congress did not bring forth any data 
which would substantiate broad use of applied mathematics in the schools. 


Traditionally most of what was considered applied mathematics in the schools has been found 
under headings such as “word problems", “problem solving", etc. (This does not mean the 
"word problem" in the sense of modern algebra.) The meaning of such problem solving has been 
examined in a number of projects and articles in recent years. For example, the work of IOWO in 
the Netherlands is of particular importance. IOWO has also paid special attention to the 
een mathematical language and everyday language. 
examined in papers by H. G. Flegg (1974), Beryl 
Fletcher (1976c) and H. O. Pollak (1969). Genuine applications of mathematics to other fields 
and to everyday life should ideally be in the character of definitions (3) and (4). It is often 
argued that a full presentation in the spirit of even definition (3) represents too large a project 
e actual situation and numbers used in the word 
ctions from an honest problem formulation. For 


The opposite phenomenon is tha 
times totally unreal. Problems whic 


made for example by Arthur Engel (1969) *Some e 
like fables, they have a moral, i.e., they facilitate insi 


Williams points out that the same difficulty of unreal models happe t s 
well as at the school level. See also section 1.1.5 of Chapter IV. Senn SRE qug advaneed levela 


The increased awareness in many countries of the importance of teaching the applicability of 
mathematics has led to a number of very interesting attempts to collect real problems at various 
levels, and from various disciplines, and to make them available for teaching purposes. One 
collection at the school level (Source Book - - . Secondary School, pris i 


: 1978 
mentioned. Other general collections have been made by Max Bell Mig son 
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D. A. Quadling (1975), and C. W. Sloyer (1974). Collections devoted to particular disciplines 
mainly at the university level, include the series on statistics by example (Mosteller et al. 1973), 
the social sciences problem book (Source Book . . . Social Sciences, 1977) and the collection of 
mathematical models in biology (Thrall et al., 1967), although the realism of problems in the 
latter collection varies. Another text in the same spirit, although it is organized as an actual 
course in engineering concepts, is The Man Made World (1971). It can be expected that very 
interesting collections of real problems in the above spirit will also be appearing in China. One 
such example of which we are aware contains, among other things, a number of excellent 


geometric problems from industry and agriculture (Applications . . . , 1975). 


3.2 Mathematical subject matter in the schools 
mathematics (definition (2)) which has emerged in recent years has 
k of designing curricula for elementary and secondary schools. The 
traditional goals of preparing students for either shopkeeping or calculus (associated with 
definition (1)) cease to be uniquely valid when so many more areas in the mathematical sciences 
are of undeniable importance to so many of the world's people. As the number of reasonable 
choices increases, so does the difficulty of designing a curriculum. It has been argued by many 
that, for example, probability, statistics and computer science are as important for applications 
as the calculus. School materials for applications to many different disciplines have become 
available in recent years. Collections of materials involving applications to many different fields 
may be found, for example, in Crossing Subject Boundaries (Schools Council, 1970) and the 
materials from the Minnesota School Mathematics Center (Rosenbloom, 1963). The Chelsea 
Centre for Science Education project, “Science Uses Mathematics” (Chelsea) contains interesting 
applications to science which can be used in an interdisciplinary way, although this is not always 
done. Applied Mathematics in the High School by Max Schiffer (1963) also gives excellent 
f mathematics and scientific applications from the point of view of 


examples of the relationship o i 
the schools. A collection of examples which turn the tables and use physics to do mathematics 


has been made by Uspenskii (1961). 


The diversity of applicable 
greatly complicated the tas 


A major work examining curricular goals and pedagogy in the framework of an application to 
Elwitz, Keitel, and Zimmer (1974). Biological applications 


economics may be found in Damerow, ] Zir 
and Blofield (1971), and applications to geography in the materials by 


may be found in Gibbons 
IOWO, in New Ways in Geography by J. P. Cole and N. J. Beynon (1968) and also in B. Fletcher 
(1976c). Applications to geography are also featured in the Travaux d'Orléans (Les 
Mathématiques dans l'Enseignement... 1975), which in fact contains many other fascinating 
iety of fields throughout the curriculum, including economics, technology 
ork also features references to recent work on applications in France and 
he usefulness of mathematics. An interesting application to political 
science may be found in Steiner (1966); environmental applications occur in the work of IOWO 
and in the book by Fred Roberts (1976). As we look at applications organized from the 
mathematical point of view, à superb collection of applications of linear algebra may be found in 
T. J. Fletcher (1972), and of statistics and probability in the work of Arthur Engel, e.g. (1970, 
1973) and in The Teaching of Probability and Statistics edited by Rade (1970). Mathematics 
Applicable by the Schools Council (1973) also motivates much secondary mathematics through 
examples; the volume entitled Logarithmic[Exponential is a particularly interesting sample. 
This great diversity of possible applications of mathematics, and of elementary branches of 
mathematics with significant applicability, has made the curriculum design problem very difficult. 
deserves to precede topic B in the curriculum if topic A is socially more 


For example, topic A : Š 4 : es : 
important at this particular time, Or if topic A is a prerequisite to topic B at this particular time. 


and medicine. This w 
interesting philosophy on t 
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As technology and social goals change, so should the ordering of importance. As available ede 
for teaching change, so will the order of prerequisites. These orderings will differ also ee 
country to country. These facts make it even more difficult than it has been in the past to expor 
curricula from one part of the world to another. Since an imported curriculum incorporates 
problems, situations and values which make no sense in a new country, this was probably never 
desirable, but is is even more questionable now 


3.3 The possible effect of applications on pedagogy 


ounds that it is essential for proper teaching of 
is just as important for interactions of mathematics 
ics itself. The natural desire of mathematics teachers 
nique is reinforced, not contradicted, by applications. 


mathematics. What we see is that “why” 
with other disciplines as it is for mathemat 
to emphasize understanding as well as tech 


1 problems mentioned previously, for example Noble 


(1967) and Source Book ... Social Sciences (1977), take particular pains towards the under- 


standing of the situation in the real world. 


it is described in definition (4) is that such interactions are clearly open-ended. Open-ended 
teaching of mathematics itself has long been re 


linear algebra. There are many other examples of open-end 
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at the tertiary level, represented, for example, by the Case Studies in Applied Mathematics 
(1976), the books by T. J. Fletcher (1972), Maki and Thompson (1973) and Roberts (1976). 
At the elementary level, an outstanding example is provided by the USMES project in the United 
States (Lomon et al., 1975) in which students attack a series of action-oriented challenges by 
appropriate combinations of mathematics, science and social science. Truly open-ended 
applications are particularly difficult to introduce at the secondary level, and corresponding 


materials are very scarce. 


3.4 Applications and teacher training 

As mathematics teaching changes in the light of the increasing applicability of the subject, so 
should teacher training. Teachers should become familiar with the new fields of applicable 
mathematics, with the process of model building, and with the associated pedagogic emphases 
on understanding and open-endedness. There is a general tendency world-wide to reverse certain 
recent trends and to include more experiences involving applications in the training of 
prospective teachers. Perhaps the most exciting development in this direction is the pattern 
pioneered in the United Kingdom and now also spreading, for example, to Australia (Fensham 
and Davison, 1972), i.e. to make an internship in industry part of the training of a mathematics 
teacher. In this way, it is possible for the teacher to learn something of how the mathematical 
sciences are really applied. Practising teachers also sometimes help with the preparation of new 
interdisciplinary, open-ended materials (see e.g. Case Studies... , 1976). Especially in those 
countries in which there is currently an ample supply of teachers, those prepared in the broader 
mathematical sciences and familiar with applications of mathematics enjoy a stronger position in 
looking for employment. In other countries, applied mathematics in the sense of definition (1) 
has always been a strong component in teacher training, but experience with applications in the 
sense of definitions (3) and (4) has been missing. Once again, major industrial or agricultural 


experience has become part of teacher training in China. 


3.5 Vocational education 


A further educational effect of applications O 


i of the mathematical sciences increas { 
irem ie technicians in these disciplines to learn the most appropriate mathematical 


E teworth vocational materials in a variety of technical fields have been developed 
ae onmia For example, of the order of a dozen volumes of applications of 
mathematics in different technologies (clothing, carpentry, metal work, etc.) have been produced 
in Hungary. A different development in the same spirit is the increasing popularity of special 
coena du technicians in computer science and data analysis. These have become particularly 
prevalent, for example, in the United States. 


f mathematics is in vocational education. As the 
es for many disciplines, so does the need the 


3.6 The implications of truly interdisciplinary teaching 
: ES idisciplinary is very difficult to achieve at any level, but perhaps 
crocuses ee ; we mde, where — in many countries — a single teacher 
nearest TO TT itn if not all subjects. The evidence for this may be found in the many multi- 
for the elementary school which have been mentioned. Such activities, 
i ls, are especially satisfactory for students because they 
hool and real life. Students are not always satisfied with 
rent in such statements as “you will find out why this is 
y of mathematics to problems in which they 


disciplinary materials 
when actually carrie 
strengthen the relationsh 
the promise of future gra 
useful later on”, and are p 


ip between sc 
tification inhe such 
leased with the applicabilit 
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are interested. This is particularly stressed, for example, by IOWO and USMES (Education 
Development Center, 1974, 1975). However, if the time during the school day is apportioned 
according to disciplines, it is necessary that the time for multidisciplinary activities be 
contributed by the various disciplines involved. This implies, at a minimum, that multi- 
disciplinary projects must state what responsibility they will take for specific topics in the several 
disciplines. Appropriate teacher training at the elementary level is very necessary. On the 
secondary level, the implications for the structure of the educational system are much more 
severe. If a single unit involves mathematics, science, social science and language arts all in a 
significant way, who is going to teach the material, who will contribute the time, how should the 
school be organized? These problems have not been solved, although team teaching is one possi- 
bility; see also Rao (1975). They are discussed particularly in section 3.7 of Chapter III and in the 
Report of the Memphis Conference (Education Development Center, 1974). At the university 
level, multidisciplinary educational activities may take the form, for example, of genuine model 
building courses discussed previously, or of team teaching by faculty from mathematics and from 
a field of application of sections in basic courses such as calculus, linear algebra, and statistics. 
An example of a master’s programme with multidisciplinary experience is Hunter College (1974). 


4 THE FORCES THAT AFFECT CHANGE IN THE INTERACTION BETWEEN 
MATHEMATICS AND OTHER DISCIPLINES 


4.1 Forces that help applications of mathematics 


The drive to make mathematics in the 
the factors which tend to hel 
world-wide literature on appli 
strongest force that can aid 


school more applied is world-wide. As we examine some of 
P or hinder this drive, we are in fact making inductions from the 
cations of mathematics which we have been discussing. Perhaps the 
the applied point of view is a recognition that in the teaching of 
mathematics the applied viewpoint is a more accurate reflection of the country's social system 
than some alternate guiding spirit. In some countries, the problem is not stated as crisply as that, 
but the tendency towards making mathematics more applied is explained as a reaction against 
something called the "new math". That this reaction can hurt as well as help applications of 
mathematics will be seen in section 4.2 below. More specific forces that help the tendency 
towards applications in the teaching of mathematics are many: 


(a) 


The increased mathematization of many other fields has, as we have seen, made really 
interesting applications of mathematics increasingly available. Mathematics teachers are, 
after all, always happy to use a good problem when it comes their way. 


(b) There is also some increasin 
mathematics teaching. The mat 
not completed its task if the st 
applications of mathematics. 


g realization that applications are an integral part of 
hematics curriculum has, in the opinion of many educators, 
udent has not participated in, or even experienced, genuine 


(c) The problems of motivating students become easier when applications are used as one of the 
possible motivations. There are many different ways in which any particular mathematical 
topic can be approached; it is not to be expected that a single approach will be best with all 
students. If greater individualization of mathematics instruction is desirable, it becomes 
increasingly useful to have available, approaches to a particular topic through applications. 

(d) The recognition that the job opportunities for mathematics students at all levels are 
increased when the student knows how mathematics is applied has also been very helpful. 
This same argument may also apply to prospective mathematics teachers. 
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42. Forces that hinder applications of mathematics 


Forces that hinder applications of mathematics in teachin i 

: g have perhaps been discussed mo 
widely than those that help. Two references of particular interest are the eei cie 
Education (Walton, 1975) and the article by A.D. Turner (1966). The 


Conference on Physics 
d partly with the other discipline: 


difficulties are partly on the mathematics side ani 
(a) Some mathematicians fundamentally believe in the purity of mathematics, and do not, in 
their view, wish to corrupt the beauty of mathematics through extraneous considerations: 
A different way of phrasing this idea is that the pure mathematics itself is very economical 
in that an individual mathematical idea can be the basis of many different ideas useful E 
different disciplines. Thus, it is argued, the basic mathematical idea should be taught 
centrally to all students, and individual applications tailored to particular groups of students 


elsewhere. 
(b) Some mathematics teachers are perhaps ignorant of other disciplines and may even be afraid 
teachers in many countries includes little attention to 


of them. The training of mathematics 
applications, and even less to applications of the mathematics they will be teaching. Mathe- 
matics teaching has been à possible way of earning a livelihood while having relatively little 


contact with the real world. When an effort is made to change this situation, it may be 


resisted by mathematics teachers of this kind. 


(c) The reaction against the «new math" might at first glance be expected to be favourable to 
applications, but this is not necessarily the case. First of all, many aspects of recent 
curriculum reform in mathematics, such as the expansion of relevant subject matter, the 

emphasis of understanding, and the desirability of open-ended teaching, are aspects which 
are really favourable to a -cations of mathematics but which might again be lost. 
Furthermore there is a current popular urge to return mathematics education to “basics”. 
Unfortunately, this is sometimes accompanied by a belief that an emphasis on basics is 
incompatible with higher cognitive strategies, one of which might be relating mathematics to 


the rest of the world. 


(d) A further difficulty, 
be carved from the re: 
those who resist such changes. 


Other forces which hinder applications of mathe 

with another discipline: 

e) Many teachers and practitioners of these other disciplines do not themselves use much 

= aa verna an p with the recent analytical developments in their fields. 
Such people may i d more powerful mathematical ideas, and compact notation, 
even though they have the inherent capacity to benefit the applied discipline in quite 


specific ways. 


(f) Next, other disciplines 
in which it has een 


is that time for applied mathematical activities must 


as we have seen, 
tics or from other subjects, and there will always be 


st of mathema 


matics are concerned more specifically with 


may sometimes use mathematics in a Way which differs from the way 

taught in mathematics classes. There are questions such as the 

u keep units throughout a series of mathematical equations? Do you 

expect to make an interpretation in the field of application of intermediate steps? Should 

the independent variable in à function be made explicit — eg when is velocity a function of 

time and when of position? Should we use matrices or multiple subscripts? Such differences 
pecific technique make communication difficult. 


in point of view; notation and S 
emphasized in Turner (1966), is that meaningful 


(g) Another aspect of the same problem, 
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science is best taught by activity. Activity is likely to breed dirty numbers, and dirty 
numbers are not used in the teaching of mathematics; hence the kids cannot handle them. 
The popularization of the hand-held calculator is very likely to help remove this problem. 
The calculator facilitates concentration on the reasons and methods for applying 
mathematics in a particular situation. 


(h) Finally, there has been in some countries a marked decline of student interest in science. 


Such a development may deprive mathematics teaching of some of the most powerful 
applications of mathematics. 


The long range answer to this last mentioned problem is that interesting applications of 
mathematics occur in all fields of human endeavour, not just in science. The world-wide 


movement to capitalize on applications of mathematics in the broader sense has been the subject 
of this chapter. 
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Chapter XIII 


The role of algorithms and computers in teachin 
mathematics at school 3 


A. Engel 


1 COMPUTER USE AT SCHOOL: PRESENT STATE AND CRITICAL APPRAISAL 
se of this chapter is to give guidelines for comput i i i 
a brief survey of the current state of sott ey test insnn ARCU 
United States. In 1970 and 1975, the American Insti 

t ; tute fi 
ys of public secondary schools, ie. schools having at Teast dep =F 
Bukoski and Korotkin (1975) and Darby (1970) provide reliable data 
r use as well as trends for a five-year period. Let us look at 


The main purpo 
But first we give 
We start with the 
conducted two surve 
9 to 12. These reports by 
of the extent and type of compute 
some of the major findings: 
blem. BASIC has become the predominant computer language. The 


(a) The language pro 
ree most popular languages is shown by the following table: 


frequency of use of the th 


1970 1975 
BASIC 25.8% 62.4% 
FORTRAN 33.6% 18.6% 
COBOL 3.4% 4.6% 


to business education classes and administrative c i 

i ; omputing. M 

in Europe, are hostile to BASIC. Indeed, BASIC is des 
matics BASIC is satisfactory, especially its latest versions which 
n-else, while-do and repeat-until. 


The rise in COBOL is due 
computer scientists, especially 
computer science. or mathe 
include the control structures if-the 


(b) Extent and type of computer use. In 1975, the com 

schools compared with 34.4% in 1970. If the current huc pee A ty ge the 

secondary school in the United States will have access to a computer. These Ed Acn ši every 

numbers, but on closer scrutiny some sobering facts emerge. Of the user oe 

of 54.1% were using the computer only in administration. Thus only 26.7% of a ain 
1 application; 43.2% of the instructional computer denies x 


reported some instructiona 
in mathematics. These numbers are still respectable, but let us look at the potential numbe 
T 
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of students involved in a typical user school (average population 1000). There were on the 
average five terminals per school. This is not bad, but again this number is deceptive since 
wealth is usually concentrated in the hands of a few. The mode, i.e. the most frequent number 
of terminals is one. The median is two. Thus a typical school has one or two terminals. Lack of 
terminals is currently one of the biggest bottle-necks. Student access is very restricted and this 
severely limits individual exploration. Another problem is the narrow base of educational 
computing. Usually only one or two mathematics teachers are involved. Thus the actual number 
of students using the computer is quite modest and the depth of usage is mostly superficial. 


There is a lack of competent teachers and scarcity of good printed material. The majority of 
schools are operating within an information vacuum. Many schools are still "reinventing the 


wheel". This is certainly a valuable learning experience, but it may be wasteful in terms of time, 
money, and personnel. 


The computer tends to generate a new level of demand by students and teachers. In order to 
survive and to thrive, instructional computing requires increasing fundings. In reality the relative 
amount of the school budget spent on computing has not increased since 1970. 


- In most of these countries (programmable) desk-top calculators 
, only 6.7 per cent of the user schools rely solely on desk-top 
powerful and versatile. At the 
language at least as powerful as BASIC. Calculators with obscure machine lang 
phased out. 


The Japanese government has decided to 
desk-top calculator. The project started in 197 


In the Federal Republic of Germany, between 5 and 10 per cent of the high schools possess a 


desk-top calculator. They are acquired through the initiative of dedicated mathematics teachers. 
Usually part of the money comes from donations of parents. 


provide each high school in the country with one 
0 and will be completed by 1980. 


The “Mercouroff Plan" in France has the o 


i 
at the idea behind it and the actions taken so far: It is not desirable to introduce another subject 
(informatics) into an alread i 


an independent discipline, but as a mode of thought and problem analysis (algorithms, 
to all subjects taught in school. Between 1970 and 1975, some 430 


national experiment has been stopped for financi 


In France, large scale experiments on the use of desk-top calculators are being conducted by 
the IREMs (Instituts de Recherche sur lEnseignement des Mathématiques) and the INRDP 
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(Institut National de Recherche et de Docu 7 2 

! ! é mentation Pédagogiques). About 2 
been engaged in this project since 1971, and the results are published deberes te i 
surveys (Emploi ..., 1972 and 1975). In addition, some of the IREMs provide ener 


informatics training for mathematics teachers. 


In some European countries, there is a trend toward i 
ELAN in the Federal Republic of Germany, E.S.L. in E LE E E "p unm 
ECOL in the Netherlands. i Pre Ee 
There are two major uses of computer education with opposite philo ies: 
Assisted Instruction) and problem solving. The proponents of CAI bn rm e 
The advocates of problem solving use the computer as a pupil. In CAI, the computer controls Ud 
student, in problem solving, the student is in control of the computer. Early CAI en 
programmed instruction using the computer as a teaching machine. Between 1960 and 1970 
immense effort was put into CAI. However, the results were disappointing. The future lo ks 
somewhat brighter due to two significant CAI-projects: PLATO (University of Illinois) T 
TICCIT (MITRE-Corporation); see p.226 above, or Nievergelt (in Lecarme and Lewis, 1975) in 


vers is as follows: The best way to learn something is to teach 
of a “model student". It is a very demanding student since it 
to be taught as an algorithm. By doing this, the topic becomes 
completely clear to you. If the computer can understand you, then you can be reasonably sure 
that you have grasped the idea you want to communicate. This point of view is well expressed by 
Kurtz (1970) and Luehrmann (1972), both of Dartmouth. The AIR report gives data on types of 
computer application for each subject area. For mathematics, the percentages of classes making 
use of various applications is as follows: CAI: 59%; problem solving: 62.3%; computer science: 
29.695; gaming and simulation 30.675; CMI: 48.895. The relative amount of time spent on thase 
applications was not determined. In Europe, the use of CAI is negligible. 

Most problem solvers abhor the CAI approach as a machine-dominated, passivity-inducing 
uncreative, preordained and premasticated instruction. This is a reaction to the early and trivial 
uses of CAI with exaggerated claims; see Suppes (1966) for such a grandiose claim. 

In this chapter, we ignor CAI since it has been dealt with in section 2.2 of Chapter XI. We will 


concentrate exclusively on problem solving. Most of the creative uses of computers belong to 


this area. 

A very active proponent of student controlled computing is S. Papert from the Artificial 
Intelligence Laboratory of MIT. Since 1969, he has experimented with elementary school 
children, using the simple and powerful language LOGO. His papers (Papert, 1971, 1972a-d) 
contain many original ideas which go far beyond mathematics teaching. Papert contends that a 
child cannot learn much from a CAI program, but it can learn very much by writing CAI 
programs. The best way to teach a boring subject like arithmetic to a child is not by drill, but by 
asking it to write a program which teaches the subject. He reports that children can get 


passionately involved in writing teaching programs. 
T.A. Dwyer, the director of the SOLO-Project at the University of Pittsburgh, tries to combine 
the two uses of a computer as a teacher and as a student. Borrowing the terminology from flight 
instruction Dwyer calls the two uses “dual mode" and “solo mode". In the first, the computer is 
in control; in the second, the student is in control. Dwyer has worked with high school students 
since 1969. He has developed many ideas of how to integrate computing into the mathematics 
). A Computer Resource Book: Algebra by Dwyer 


curriculum, see Dwyer (1971, 1974, 1975a-b 
and Critchfield (1975) can be used as a supplement to the traditional high school algebra course. 


The philosophy of problem sol 
it. The computer plays the role 
forces you to express the topic 
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In this book, CAI programs dominate. It is not the use of CAI programs but rather the writing of 
teaching programs and the analysis of ready-made CAI programs. The aim is to teach algebra. As 
a by-product, the student becomes a proficient programmer. 


The Learning Research Group (LRG) at the XEROX Palo Alto Research Center is developing a 
small personal computer of great power and flexibility. It uses SMALLTALK, a simulation 
language for expressing and viewing dynamic processes. The system has a graphic display screen 
and can be used for problem solving, music, painting, animation, physical simulations, file 
systems, etc. The group is working with children from ages 8 to 15 and it is influenced by the 
ideas of Papert and Feurzeig; see Goldberg and Tenenbaum (1975) and especially Goldberg et al. 
(1976). 


The CAMP series of textbooks for grades 7 to 12 by Johnson et al. (1968-70) represents a 
typical use of the computer and computer programming in a traditional mathematics course. 


Finally we want to point out the main danger in computer oriented mathematics courses. Such 
a course may degenerate into a course in computer programming with math 


; it grew out of courses for 


Textbooks are beginning to appear which try to integrate computin 
courses such as finite mathematics, probability, and calculus. Typical 
McCracken (1976); Kemeny, Snell and Thompson (1974); 


To summarize, we can Say that by necessity computer us 
It consists at the moment of an accelerated use of the meth 
of antiquated concepts and methods has not yet started. 


g into standard college 
examples are Dorn and 
Lax et al. (1976); and Snell (1975). 


e at School is in an embryonic stage. 
odologies of the past. The overthrow 


2 ALGORITHMS AT SCHOOL: PAST AND PRESENT 
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A substantial part of school mathematics must be restructured from an algorithmic standpoint 
This can be done even in developing countries where computers are not available. Pocket 
calculators could be used to initiate a successful reorientation toward algorithms. 


There are many people throughout the world who propagate the computer (the device) with 
missionary zeal. Among mathematics educators, there is hardly anyone who beats the drum for 
algorithms. This is in spite of the fact that leading computer scientists argue in a convincing way 
that algorithms are the core of computer science; see Knuth (1968-1973, 1974) and Aho et al 
(1974). We should try to initiate a new trend by getting the algorithmic bandwagon rolling. For 
this reason, the main part of our report deals with algorithms and not computers. 


3  THEROLE OF THE POCKET CALCULATOR 


The sudden emergence of the pocket calculator and its unprecedented success pose a formidable 
challenge. In the near future, the influence of this miraculous tool will be much greater than that 
of the computer. Its best-selling status indicates that people prefer their own computer just as 
they prefer the convenience of their own car. Maybe the future development will tend toward 
small and versatile personal computers like the Dynabook being developed by the XEROX 
research. group (Goldberg et al, 1976), if they can be produced at an acceptable price, for 
instance the price of a colour television set. 


We will list some problems posed by the pocket calculator. More details can be found in the 
report by M.N. Suydam (1976); appendix F of the report, written by M. Bell and Z. Usiskin, 
gives a deep investigation of the probable impact of the calculator on school arithmetic. 

(a) The teacher needs quick help. He does not have time to adapt slowly to the calculator. 
Students bring a variety of models to school and teachers must cope with the situation 
immediately. The teacher must be well informed about old and new models, and he should be 


able to advise parents who want to buy a calculator. 

(b) Some people think that we can save hundreds of hours of arithmetic drill and use this time 
more creatively by giving more attention to basic ideas and algorithms. Everybody will enjoy 
mathematics even more since the calculator eliminates the least pleasant aspects of doing 


mathematics. 
children investigate mathematical situations. Arithmetic 


i ithmetic class, 

dit in Se iied = : by-product of these investigations. In such a class the time saved by 

calculators is not substantial. Moreover we cannot discount the possibility that arithmetic drill 

somehow contributes to the learning of important mathematical concepts. In addition, drill may 
lly to the familiarity with numbers and the development of numerical 


contribute substantia 


intuition. 
(c) Most educators point out that children must still acquire basic numeracy. But what does this 
numeracy include? 

ith small numbers, understand place value, and make 


1 be able to operate w. 
rs. The calculator also demands more approximations, order of 


oundoff error, significant digits, floating point and fixed point 
Some of these topics could be postponed to junior high 


Children should stil l 
rough estimates with big numbe 


magnitude, scientific notation, T 
notation, absolute and relative error. 
school. 
i iplication and division algorithms in element 
tion to drop completely the multip ay 
Nus d probably too radical. But we should work with smaller numbers. Multiplication 
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(division) by a multiplier (divisor) of one or two significant digits may be enough. 


(d) Some people think the calculator will help children acquire basic numeracy, while others 
think it will do harm or even prevent them from attaining it. To maintain facility in hand 
calculation requires constant practice, which will be lacking if calculators are available. Thus hand 
calculation may be a dying art which should be left to die quietly. 


(e) The calculator requires an early introduction of decimals. They should come before 
fractions rather than after. Should we postpone common fractions and operations with them for 
the algebra class? 


(f) Outdated computational techniques with logarithms and the slide rule should be dropped 
without delay. 


Do we still need mathematical tables? If yes, what should they contain? Presumably formulas 
and fundamental algorithms. 


(g) The calculator makes it possible to bring into school some new and important topics which 
were avoided in the past because of computational difficulties. 


(h) In elementary grades, the four-function calculator is completely adequate. It should have at 
least one memory register. Two or three memory registers would be very helpful, as can be seen 
by looking into the curriculum outline given in section 5 below. 


In junior high school the seven-function calculator is required: 


Tue, Ry Sry ae LU. TI 
For senior high school and college we need in addition exp, 
It is probably best if the student starts in elementary scho 
switches in senior high school to a fifteen-function machine. 


In, sin, cos, tan, arcsin, arccos, arctan. 
ol with a seven-function machine and 


(i) What is the average life time of a calculator? Four to five years? We do not know. 


(k) A curriculum designed for the currently available calculators is not viable. 
rapid advance of technology the difference between 
computers will gradually disappear. In 10 to 15 
and flexible personal computer. The pocket calcu 


Because of the 
pocket calculators, desk-top calculators and 
years everybody may have access to a powerful 
lator may well be a transient phenomenon. 

(I The pocket calculator is a powerful tool for numerica 
processor. It cannot handle arrays. Small size is incompatible wi 
ments of data processing. 


] mathematics but a poor data 
th the rapid input-output require- 


(m) Personal ownership means unlimite 
vice versa. The pocket calculator chan 
calculator with increasing frequency. 
it will increase dramatically. It is his p 


d accessibility. This makes the machine your slave, not 
ges the attitude of his owner. He finds himself using the 
As he gains mastery of his powerful helper his demands on 
roblem solver, educator and entertainer. 

(n) What is usually attributed 


2 à to lack of intellectual ability in children may be due in part to 
lack of interest in arithmetic dru 


dgery. 
(o) A substantial part of what is done b 


c i y teachers with a terminal can be done as well and some- 
times better with a pocket calculato: 
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Teachers often believe that the tremendeous s 
i I peed of a computer decreases the im 
efficient algorithms. For non-numerical (combinatorial) algorithms, just the opposite vim = 


(p) With time consuming computations out of the way, we can giv i i 

ideas. The definition of mathematical concepts will be iflneniced e iet comedi 
will algebraic manipulations. We will learn to transform algebraic expressions in such a wa th i 
they are easy to evaluate on the pocket calculator. We may prefer nested suene ¢ E 
which permits evaluation on a memoriless calculator without using a scratch pad. Thus = 


1 - x2/2+x4/24-x°/720 


could be transformed into 
1 - x2(360 + x? (x? - 30)/720 


Some formerly difficult topics become trivial, such as compound interest or solving higher degree 


polynomial equations. 


4 SCHOOL MATHEMATICS FROM AN ALGORITHMIC STANDPOINT 


thematics teaching. These are applicable to most countries, and they 
are not sensitive to the rapid evolution of computer technology. They can be implemented if 
there are some pocket calculators in the classroom. They imply a slight change in content anda 
major change in the point of view. The guidelines are flexible, so that you can make small or 
sweeping changes in your classroom. The guidelines can be summarized into one sentence: 


Teach mathematics from an algorithmic standpoint 

Felix Klein initiated a reform of mathematics teaching. The 
“functional thinking". The reformers claimed that 
What the student should have 
This reform has profoundly 


We propose guidelines for ma 


At the beginning of our century, 


reform movement adopted the slogan 
functional thinking must pervade all of mathematics teaching. 


learned in his mathematics classes is thinking in terms of functions. 


changed school mathematics. 

The time has come for a new reform with the slogan “algorithmic thinking”. Algorithmic 
thinking should perva ics teaching. Teachers must realize that a major activity 
in the classroom should be the design and analysis of algorithms. Many concepts can be 
introduced constructively by P is an embodiment of a concept, a function, 
a mathematical object. Programs are abstract machines that can be manipulated and their outputs 
can be studied for variou i i he structure and behaviour of a program, the 
student actively learns the concept which is represented by the program. The interaction between 
pupil and program is decisive for the learning process. Students must learn to modify programs 
and to construct composite programs out of simpler programs. Clarity and simplicity are the 
hallmarks of good style and good mathematics. Algorithms should be lucid. This holds whether 
they are expressed by flowcharts or statements. Initially both kinds of representations will 
balance. One should slowly reduce flowcharting, which is a primitive and clumsy tool. By using it 


too much, it becomes addictive. 

First, algorithms will be stated in the native language of the child. This language is standardized 
step by step. Fina p with a restricted vocabulary (if-then-else, while-do, do-until, 
etc) which can be i computer language in a straightforward manner. This 
vocabulary is like a i ineering kit with whose parts one can construct many 
different gadgets (abstra Igorithms). The purpose of computers is to drive these 
machines as it is the purp to drive a vacuum cleaner. 


ct machines Or à 
ose of electric current 
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Reading and writing (composing an essay) in the mother tongue are equally important. 
Children acquire a good writing style by reading simple prose written in a lucid style (study of 
literature). Similarly, reading and writing programs should be equally stressed. The student 
acquires a good programming style by reading many programs written in good style (study of the 
literature of published algorithms). In primary grades, reading and executing algorithms and 
finding out what they are doing will predominate. Writing a sophisticated program, like writing a 
good essay, requires some maturity and organizational skill. 


For every function f that we study in school, we should give at least one algorithm for its 
computation. To associate a concrete meaning to f the student must know an algorithm which 
for input x produces f(x) without tears. Preferably one should have several algorithms for the 


same function. Then you can compare them: which is more efficient, more lucid, more 
elementary, more universal. 


5 A MATHEMATICS CURRICULUM FROM AN ALGORITHMIC STANDPOINT — 
OUTLINE OF TOPICS 


In this final section, we identify the basic algorithms occuring in school mathematics, grades 5 to 
12 (or 13). Most of the algorithms can be executed with a pocket calculator. For a compre- 
hensive treatment see Engel (1977). At school it may be preferable to use “procedure” instead of 
"algorithm". We use a simple language which can be understood without explanation. A higher 
level language would be preferable, but this would require more space. At the outset we make 
some remarks about numerical mathematics. The computer or calculator is a powerful tool for 
numerical experimentation. For instance, the speeding up of numerical processes by extra- 
polation leading to the Romberg scheme (see section 5.5) is easy to discover by numerical 
experimentation. The Romberg Scheme requires pocket calculators with at least four memory 
registers (see section 5.5). Error analysis should be done by test cases; — run the algorithm for 
special inputs with predictable outputs. For example: 


(a) Apply the log; 9-algorithm to 34/10. Comparing the output with 0.333... reveals the 
accuracy of the algorithm. 


(b) Apply the sine- algorithm to 7/2, 1/3, 1/6. 


Numerical common sense should be stressed through all grades. We must identify the basic 
ideas of numerical mathematics that should be familiar to every student using a computer or 
calculator: fixed point and floating point notation, absolute and relative error, overflow and 
underflow, roundoff error and truncation error (an infinite process is replaced by a finite one); 
subtractive and multiplicative cancellation as in,/n + ~/n, and (1 + 1/n)" for large n (- how 
do you avoid cancellation?); numerical stability of a feedback loop (- will a small error grow or 
decay through successive iterations?). 


Tables of mathematical functions should die quietly. Table look up is more costly than 
recomputation by an efficient algorithm. Instead of information retrieval, we prefer information 
regeneration. 


The following part of this chapter presents a to 
an algorithmic standpoint. This outline includes 
with any one class. For the reader’s convenience, 
chapter is given below. 


pical outline of a mathematics curriculum from 
more topics than would normally be feasible 
a list of contents of the remaining part of the 
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Comprehensive outline of topics 


51 


5.2 


5.3 


5.4 


5.5 


5.6 


5.7 


5.8 


5.9 


Program reading and program writing for lower grades 

5.1.1 Some simple, basic procedures 

5.1.2 Definition of functions by statements and flowcharts 
5.1.3 Ancient Egyptian multiplication procedure 

5.1.4 Growth, decay and the fast powering procedure 
5.1.5 Roots 

5.1.6 Logarithms, powers and random digits 

5.1.7 Powers with real exponents 

5.1.8 Random number generators 

5.1.9 Procedures from elementary number theory 


The circle and the hyperbola 


Roots of equations 


Optimization (maxima and minima I-III) 
Numerical integration 


5.5.1 The initial value problem 
5.5.2 Simulation of deterministic dynamic processes I-IV 


Combinatorics 

5.6.1 Procedures for the Pascal triangle 
56.2 Frequency counts 

5.6.3 Permutation problems 


Probability problems 

5.11 Birthday problem 
5.7.2 Binomial distribution 
5.73 Asymptotic formulas 


Sorting 


Simulation of random processes 
59.1 Simulation with a random number generator 
5.9.2 Symmetric random walk and the Vn- law 


59.3 Data analysis 


5.9.4 Simulation without a random number generator 
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5.1 Program reading and program writing for lower grades 


MA 


A small number of simple procedures occur ve 
identifying names. They are the building blocks 


Some simple, basic procedures 


ry often. They are considered basic and get short 
for more sophisticated procedures. 


l. tex 
Xy <> swap(xy) > xey 
yet 
2. You have a two-pan scale and objects with weights x, y, z, u,... . You want to bring them 
into increasing order by pairwise comparisons. This is called sorting. 
x 
y 
Z 
u 
sort (x,y) sort (x,y,z) sort (x,y,z,u) 
Deeper and systematic investigation of sorting procedures is postponed until much later. 
3. Procedures for generating important sequences. Periodicity 


a) 


Switches, oscillators 


s*-] 
prts 
sel-s 


Powers 


acl 
prta 
1 atata 


c 


— 


Table of factorials 
f<1 
i+0O 
prt i, f 


seo 
prts 
s*6-5s 


1,0:1,0,1/0;... 
2,4,2,A,24, ... 
1,- 1,1,- 1,1 
0,1,2,0,1,2 


> 


s=] 


M prts 


s&s 


yewa 


ET 


ac] 


[* prta 


a 4a 


1,2448,16,32, .. . 
1,3,9,27,81,125, ... 
1,4,16,64,256,1024, sS 


23 4 5 5g 


7 


8 9 10 


Yd 
f<fi 


I 
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d) Some additional remarkable sequences 


531 11,13,17;19,... ..., 60:5 byes 
1,4.9,16,25, sos Ml" ys + 
1,3,6,10,15, .. . ,n(n* 1)/2,... 


triangular 
numbers 


squares 


acl 
prta 
a + 2a mod 13 
ifa<> l 

end 


acl 
prta 
a — 2a mod 11 
ifa<>1 
end 


1,2,4,8,5,10,9,7,3,6 


1,2,4,8,3,6,12,11,9,5,10,7 


scramble 12 


random permutations and random number 
of the scramblers by a «3a, 


mod 11 scramble 10 


The scramblers are the first steps toward 
generators. Design scramblers of your own! Replace line 3 
ac4a,...-« Which replacements give complete scrambles? 


abel 
prta 
a+b 
b —a4 b mod 10 


golden ratio Fibonacci mod 10 


Fibonacci 


for empirical exploration. How does the period p 
wag LO? Conjectures! 


s! It is not good for your mental health! Here 
nto a flowchart. 


sequence modulo 10 is 


y tj 


The Fibonacci 
depend on the modulus m 7 ^ 

Beware of exclusive use of 
is a procedure in plain English. 


flowchart 
Execute it. Translate it i 


Start with a natural number n 


while n<> ] do 
if n even then n<n/2 els 


Example 1. 
enc3ntl 


ber n divisible by 3 


a natural num 
bes of the digits ofnu 


m of the cu ntil n= 153 


Example 2. Start with 
repeat n“ SU 


Start with à pair (a, b) of positive integers 
while a <> 0 do 
if a>b then (a. b) + (a-b, 2b) else (a, b) (2a, b-a) 


Example 3. | 
s for which the algorithm stops. What 


about the number of 


Try to find all starting value 


steps? 
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Example 4. 
E with integers a, b, c from 0 to 9. Set (x, y, z) + (a, b, c) 


repeat (x, y, z) * (y +z mod 9, x + z mod 9, x +y mod 9) until (x, y, z) = (a, b, c) 


Try to find a simple rule which predicts the number of steps. 


5.1.2 Definition of functions b y statements and flowcharts 


max(x,y) = if x>y then x else y 
abs (x) = max (x,- x) = if x 20 then x else - x 
int (x) = [x] = the largest integer <x. This is the most important function. 


Every integer a can be uniquely expressed by the integer b >O in the form 
a= bqtr, 0<r<b 
We have q =int (a/b) and r=a- bx int (a/b) = amodb 


abs (x) max (x,y) 


(a,b) > (q,r) 
5.1.3 Ancient Egyptian multiplication procedure Gy) xx y 


Scribes in ancient Egypt were skillful in addition, doubling and halvin 
Product p of x and y by using these simple operations only? 


They used the fact that xy= x(y- 1)+x = 
numerical example 


25 X 19-25 X18 + 25 = 50X 9 +25 =50X8+75 = 100x4475 = 2 
400 X 1 +75 = 475. 200X 24 75 - 


g. How do you find the 


(2xYy/2) to reduce y as shown by the 


Simplify this procedure further as shown in the table. Simplify the flowchart 


y *[y/2] 
19 
9 


accordingly, 


4 
2 
1 
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The next two basic procedures are quite famous: 


write a 


inp a,b 
prt a mod b 
a+ [a/b] 
ifa>0 
end 


repeat 
print a mod b ; a + [a/b] 
until a= 0 


repeat 

a«amod b;a+>b 
until b = 0 
print a 


GCF by =|| 
Euclid 


5.1.4. Growth, decay and the fast powering procedure 


a) You put an amount x into a bank. At the e 
replacement 


nd of each year the bank makes the 


x «qx, with q= 1.05 being a typical value. 


How long will it take until x is doubled, tripled, quadrupled, . . - ? 


grows every year by 2%: 
H € 1.02 H. 


y years would it take to surpass the current 
constant growth rate 2% per annum (1082 


b) Right now the human race 


dam and Eve. How man 


with A 
be qur 0? ? You may assume 


world population of 4x1 
years). 
he crossing of a busy street are approximately 0.9999. The process 


c) The chances to survive t ; 
of crossing can be represented by this figure. 


10000 crossings? You must find 0.999919999, How do you 
? If the exponent n is a power of 2 then you simply square 
t press k times the square-key on the pocket calculator. But 
example, how do you find 419? We can find a!? by the 


What are the chances of surviving 
find high powers a” without tears 
repeatedly. If n = 2k then you mus 
what if n is not a power of 2? For 
following procedure: 

paa; P< PP; p<«pa; p*pp- 
s we get a! 00°. 


By applying this procedure four time: 
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Special purpose procedures such as these are quite instructive, but of limited applicability. We 
are looking for a fast universal powering program. The following numerical example shows such a 
procedure: 


1X 215 22x21? 22x47 -8X45 - 8 X 16? = 128 X 256 = 32 768. 
It uses two transformations, which leave the product zX x” invariant: 
if y isodd do y + y-1; z €zx elsedo y —y/2; x — x?. 


To execute this algorithm on a pocket calculator you need at least two memories, one for x 
and one for z. We can keep track of y on a slip of paper. Later this procedure will be modified 
slightly to handle real exponents. But before doing this we must deal with square roots. 


fast powering procedure 


5.1.5 Roots 
3) The square root operation is fundamental. The computation of all other roots and of many 
elementary functions can be reduced to repeated Square root extractions. 

We construct a Procedure with input a0 


; and output \/a. The procedure generates a 
decreasing Sequence x_ with su 3 r 
perfast convergenc a the 
recurrence n gence to Va. The sequence is defined by 


xX, = (1+a)/2, Xa 17 (x, +a/x,)/2, n>0. 


x € (1 a)/2 
y*x 

X € Cy + aly)/2 
ifx<y 


inpx>0 


b) The tiny procedure in Fig. 1 printsa Sequence which conver: 
pocket calculator. You will find that 


e ce is li i 
(1 7 x, 4 1)/(1 - x,) > 1/2. This is easy to prove. If your aim is t ommata g N ate 1/2, ie: 
one bit per iteration and you will need 32-33 iterations for a 10-di 
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If there isa / - key on your 
pocket calculator then you can easil ind ® 
us design a procedure for y = i/x.For y 20 we have ee nq 
= B 
ys jx «— yx <> yt =xy <> yey. 

The equation y = xy will be solved by i i i i 

A /N y iteration. Fig.2 has input x and i 
y, which may be arbitrary. The procedure prints the sequence * vam ausu OSE 


Yo: Ya =V Yo Ya “YAYI see > 


It is easy to show that y, ~ 3/x- with linear rate 1/4. Thus about 16 i i 
Ls a A * iterations ar 
10-digit accuracy. Similarly one can deal with other roots. For example: Sonne Tere 
yc Jg cm Pox we P= <> yl =x3y <=> y= xJXY 


ye x «e fs 4—R opta We y XY 


y= Vx SS y =x a y =x/y <> y= A/xIy 
The iterations are easy to execute on the pocket calculator. The convergence rates 1/16 1/8, 1/8 
can be observed on the display. This observation makes the concept of convergence rate 
intuitively clear. Later algorithms for elementary functions will be rated according to their 


convergence speed. 
5.1.6 Logarithms, powers and random digits 


1<a<b we want to solve the equation 
a=b*, 


For 


0<x € 1. We write x in base 2: 

x = 0.x, X2X3 +--+ 7 x, /2+X2/44+x3/8+..- ; 
one by one by repeatedly squaring, as shown in Fig. 3. This 
procedure yields one bit per iteration. Yet it is extremely fast, and there is an unexpected bonus. 
It generates binary random digits. Thus with a pocket calculator we can get one toss of a fair coin 
per second. For instance, a= 1.234567891 , b= 2 yields 


10111 01001 10101 10010 10000 11000 10100 
10010 11001 11100 10100 00000 01011 


for x = log,a, 


We can get the digits Xy, X2» X3»: 


x - 0.01001 
10100 00110 
11101 11101. 11111 
00001 11111 11000 
01100 11000 00101 01100 


01101 11100 10101 10111 11001 
10110 01110 00001 11100 10100 
11100 00010 10001 00100... 


eo 3 


Fig. 4 is a generator of 
Il g and fast powerin 


Similarly random digits from {0, 1, 2... , 87 1], but it is only 
* g. This procedure computes log,a in base g. 


competitive for sma 
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5.1.7 Powers with real exponents 
Given a 7 0 and 0 € x < 1. Find y = a*. 
We write x in base 2: 
X-70.x,X,X4... = xq/2t xo [4t x4/8 * ... . 


2 /4 x3/8 
Then gag og Xa? xa "X 


Thus we can find a* by repeated extraction of square roots. 


5.1.8 Random number generators 


Discuss the random selection of a point from (0, 1), which is called a random number, and the 
selection of an element of 10, 1, 2, ..., n- 1} which is called a random n-digit. 


Weakness of the middle-square procedure. 


The linear congruential procedure (Fig. 5). For input use odd x, a=- 3 modulo 8, and m= 2", 


Fig. 5 


5.1.9 Procedures from elementary number theory 

Conversion of numbers from any base to any other base. 

Euclidean algorithm and Pythagorean triples. 

Extended Euclidean algorithm, i.e. find d= GCF(a,b) and integers x, y such that ax + by = d. 
Continued fractions and their relation to the Euclidean algorithm. 


Periodic decimals. Write a program which for any n < 100, n prime to 10, prints the length of the 
period of 1/n. Patterns and conjectures. 


Prime numbers. Prime nu 
Sieve of Eratosthenes: 
l. Setp-2 
2. Strike all multiples of p after p. 
3. Set p — the first surviving number after p and go to 2. 


mber table by division. Fast twin prime program. Factoring program. 


5.2 The circle and the hyperbola 


The unit circle x? + y? =1 and the unit hyperbola Xy = | are of fundamental importance. With 
their help we can define all the elementary transcendental functions which occur in senior high 
initions are geometric and constructive. They lead 
these functions. 

a) Fig. 6 shows the unit circle; c and C, are the distances of th 


€ chords BD and CD from the 
center; 2s and 2s, are the lengths of these chords. The relations 
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ACXDE- ADXCD and AD? = AE XAC 


yield s =s/2c, ,  =VO + c)/2. 


These relations easily lead to an algorithm for the efficient computation of arcsin x, arccos x, 
arctan x, arccot x with the pocket calculator, as shown in Fig. 7 and Fig. 8. 


input 
s c | output domain 
x 1- x? arcsin X -l<x<l 
1- x? x arccos x -]«x«l 
Fig. 7 
inp $,C x = arctan x -0< x <0 
S; Es 1+x? 1st x? 
cet c)/2 
s «s/c i ——— arccot x -œ< x <% 
ifl-ie> IE-5 14x? J1-x 
prt (4s - 8) )/3 
end Fig. 8 


Fig. 9 
i i iterations to get 10-digit 
m has linear convergence rate 1/4, so we need about 16 itera [ : ] 
Tus i t no additional effort we can get convergence rate 1/16, so that 8 iterations will 
suffice dur 10-digit accuracy. Fig. 9 shows one possibility based on Huygens' extrapolation. By 


the way, the input s = 2, c= 0 yields T. 


Now we design a fast sine- 
geometry with a delightfully sim 


hy 


-procedure. It is based on a little known theorem of elementary 
aple proof. In Fig. 10, S=s(3- °). 


inp X,n 
s+ 2x/31n 
s<s(3- ss) 
n=n-l 
ifn>0 

prt s/2 


end Fig. 11 
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(Of course this is sin3x = 3sinx - 4sin?x in disguise.) From the length 2x of an arc we must find 
the length 2sin x of its chord. We subdivide the arc 2x into 3" equal parts. If n is "sufficiently 
large" (which can be made precise) the arc is practically equal to its chord. Thus initially we set 
s + 2x/3" and apply s — s (3- ss) n times. Then s = 2sin x approximately. The sine-procedure in 
Fig. 11 is based on this idea. By numerical experimentation with the test cases x = 7/6, x = 7/3, 
x = 7/2 we find that n = 9 guarantees an error < 10 9. By changing the print statement appro- 
priately we get cos x, tan x, cot x. Again this procedure is easily executed by means of a pocket 
calculator. 


b) Fig. 12 shows the hyperbola xy = 1. Define In x as the shaded area and exp 2 In !. By 
proceeding in complete analogy with the circle one gets the procedure in Fig. 13 which computes 
1n x and the four inverse hyperbolic functions as shown by Fig. 14. 


l X — Fig.12 Fig. 13 
input 
3 c output domain 
F - 
Ii l|l 1 
26-9 2G *) | Inx x»0 
x 1+x? arsinh x - co « x < oo y 
k=l x arcosh x xzl 
DEM M 1 tanh 
Jeg I artanh x -l<xe< 
1 x " 
E Drai arcot. - 
JVI- x? |i s Mna. 1 x x3 "d 
Fig. 14 Fig. 15 


In Fig. 15 denote the areas of the trapezoids from 1 to x and 1 a 
ai n d to x* by s and i X 
Then S = s (3 + 4s? ). This identity can be used to construct the procédure aba ^6 for ees 
By printing s, /1* s? , sh/1 +s? , /I-*s'[s we get sinh x, cosh x, tanh x, coth x. Again n= 9 
is sufficient for 10-digit accuracy. ? . Again n 
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inp x,n 
s x/3tn 

s € s(3 + 4ss) 
n«n- 1 
ifn>0 

prt s+./1 +ss 


end 


Fig. 16 


In secondary school one will usually restrict oneself to the functions 1n and exp. 


The two algorithms in Fig. 7 and Fig. 13 can be united if we replace line 4 by 
if |1-cl>e 


for some permissible error e , for instance € = 1079. Then the same procedure computes 9 


functions. 


5.3 Roots of equations 
Bisection method, regula falsi, iteration x € g(x) for contracting mappings g, 
inverse of a function by Newton's method. 


Newton's method, 


5.4. Optimization (maxima and minima I-II) 


I. Maxima and minima of an array 
Find a) maxima, b) minima, c) maxima and minima of an array. 


Solution to a) (leftmost absolute maximum): 
14-1 
fork + 2 to n do 
if a(k) > a(i) then i*k. 


IL Maximum ofa unimodal function f in [a, b]. 


a) Trisection method 

h<«b-a 

if h € e then output (at b)/2 
ucath/3;v € b- h/3 

if f(u) < (v) then a tu else b € v 
go to 1. 

isection method 

c f(m) 

if f(m- h/22 2 c then m* m^ h/2 
if f(m +h/2)> c then m*m * h/2 


h &h/2 
if h>e then 1 else output m, f(m). 


b) 


UARWNE Y oU RU 
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c) Golden Search 
1l. Whileb- a e do 


" EST 
LL d 3442 aS. .(b- a); b; cac YZL. (b-a) 


1.2. if f(a) < f(b,) then aa, else b € b, 
2. prt (a+ b)/2. 


III. Search in the Plane 


An unmanned vehicle lands on an unknown planet. It can stretch out feelers in any direction 
and can measure the slope in that direction. Write procedures steering it onto a peak to 
plant a flag and into a deep spot in search of water. Discuss several standard methods and 
give examples of treacherous terrain for which the methods fail. The shape of the terrain is 
stored as a function z = f(x, y). 

a) Random search, 


b) Gauss-Seidel (search parallel to the axes), 
c) Cauchy’s steepest descent, etc. 


5.5 Numerical integration 


No calculus is needed for this topic! Tra 
Scheme — these are enough. Simpson's 
numerical experimentation. This is very i 
pocket calculator should have at least fou 


pezoidal rule, midpoint rule, Simpson's rule, Romberg 
rule and the Romberg scheme can be developed by 
nteresting and instructive. For the Romberg scheme the 
r, preferably even more registers. 


5.5.1 The initial value problem 


If the students know a tiny bit of calculus, then solve the initial value problem 
GQ) y =f(x,y), y(x,)=y,, 


by Euler’s method, the trapezoid method and midpoint method. This can be done even if the 
students are not familiar with calculus. Explain intuitively the idea of a direction field. Now (1) 


describes a motion in the plane with continuously varying direction. Simulate this motion by a 
discrete process. 


X € Xo iy € yo 
prt x,y 

y €y + hf(x,y) 
X*—xth 


X *- X9 5 y “Yo 
prt x,y 
a#x+h/2 


bey + ify) 
Xx*x-th 


y — y + hf(a,b) 


bey + hf(x,y) 


Euler 


y € y + Daocy) + fa,b)) 
xea 


Trapezoid 


Midpoint 


5.5.2 Simulation of deterministic dynamic processes I-IV 


No calculus is needed for these problems of numerical integration. The only prerequisites are 
similarity and the Pythagorean theorem. Some vector algebra is quite useful. 
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Pursuit problems. Two typical problems will be mentioned. 
a) A rabbit runs due north and a do ch i i 
"dese uid g chases the rabbit always heading toward the rabbit. Plot 


b) The dog D chases the rabbit R alwa i i 
x r ys heading toward the rabbit. Th i 
by always running at right angles to the line DR in Fig. 17. Plot the nus sidus T 


Solution for b): The current positions of dog and rabbit are D = (xy) and R = (u,v) d 
3 = (u,v), an 


one second later D, = Gu yi) and R, =(u,,v,). Let d= 
e 1) Vi). =|DR 
velocities of dog and rabbit. Then we fava the procedure in p 18. ii a 


x >> 
inp D,R,p,q 
> > 

prt D,R,d 


Di 


> > p 
D, €D +40- x, v- y) 


> > 
R; <R+4-v+y,u- x) 


> > 


R; T 
D «D, ;R-R, 


Fig. 17 
Fig. 18 


Planetary motion (No calculus, please!) 
At O there is a heavy body of mass M and at R = (x,y) there is a light satellite with mass m 


o> " 
and velocity V = (p,q). At time t + h we have K, = G1). v, = (p,,q1). The satellite is 


attracted to O with force 


È=- SgMg I=] K | , G = gravitational constant. 


The acceleration of the satellite is 


=Q, -Vj/h. 


Newton’s second axiom P = mẹ yields 
yəy =v- ohR/? , a=GM. 


=> > 
= R + hv. Thus we have the procedure in Fig. 20. There are many 


E 
Fig. 19 shows that Ri 
For instance motion of a satellite under the influence of strong 


interesting modifications. 
“solar wind” with amazing fascinating orbits. 


>> 
inp R,v,h 
>> 


prt R,v 


ur he 


> > > 
R, -R*hv 
> E 3 
v, € v- a hR/r 
> > 
R«R, 

> > 
vev 


Fig. 19 Fig. 20 
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III. Spread of rumours and epidemics 
IV. Predator-prey-problems 

5.6 Combinatorics 


5.6.1 Procedures for the Pascal Triangle 


PASCAL I is based on the formula B m boc. kl 


and uses no array. 


PASCAL II is based on (@)=("\= 1 ana(™)=("~ 1) 4 (n- ! 
0 n s s-1 s 


and uses a two-dimensional array. 


PASCAL III is based on the property exemplified by 
]D 5 I0 10 5 1 
1 5 10 10 5, —1 


i 8 38 o dé X d 
and uses a one-dimensional array. 


5.6.2 Frequency counts (deeply nested loops) 
A die is rolled n times. How many of the 6" possible outcomes have point sum n,n+1,...,6n? 


Money change problems. In how many ways can you change a dollar bill? And related 
problems. 


5.6.3 Permutation problems 


Generation of a random permutation, inverse of a 


n permutation, order of a permutation, 
decomposition into cycles, Josephus-problem, etc. 


5.7 Probability problems 


Some elementary probability problems require extensive computations. These are idea] computer 
problems. Three typical examples: 


5.7.1 Birthday problem 


In a room there are n persons. What is the probability that at least two of 
i t 
same birthday? he persons have the 


megs 
prtn,1-q 

q € «(1 - n/365) 
n*ntl 


Fig. 21 


The procedure in Fig. 21 gives the answer for each n. It is easy to execute with the pocket 
calculator. P 
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5.1.2 Binomial distribution 
Let p andq=1-p be the probabilities of i 
an su i i 
Patan AE aed oo ccess and failure in a Bernoulli process. Then the 


s = (Dre. HO, 1, 5d 


ypical proba ili yp l is ind the robability of a or less he 

At babilit roblem to find P ili y l SUCCESSES. is leads to the 
um s- b(0) + b(1) Ew b(a), which cannot be computed by hand. The ae in Fig. 22 
S S g. 


computes s without tears. It is based on the recursion 
E 2 Dx +1 p 
p(0)= a, b= ——. ie D, SOS Ty 2; 5 canis 
10 INPUT A,N,P 
20 Q=1-P 
30 S-B-QfN 
40 FORX=1TOA 


50 B = B*P*(N- X + D/Q*X) 
60 S=S+B 

70 NEXTX 

80 PRINT A,N,P,S 

90 END Fig. 22 


5.1.3 Asymptotic formulas 
= 1/2 then the probability o 


E 1x3X5X...X 2n- l 
b(n) 3x4x6xX... X20 


Ifp=4 f n successes in 2n trials is 


By numerical experimentation with a computer it is possible to discover the remarkable 


asymptotic formula 
1 1 1 
Po = + Ld 
b(n) ~ Yan ( 8n ca). 
5.8 Sorting 
orting by interchange, sorting by frequency counts. 


Sorting by insertion, sorting by selection, S 
These are O(n?) methods and thus unsuitabl 
ort without n 


- algorithm. For example, explain merge's 
n= 2? only nlog2n ^ n+ 1 comparisons are needed for sorting n items. 


Discuss several big programs, like programming big games, the eight queens problem. 


e for large n. Discuss one example of an O(n log n) 
ecessarily programming it. Show that for 


5.9 Simulation of random processes 
austible source of top quality computer problems. Simulation programs are 


Probability is an inexh: 

especially instructive. In addition they do not require any prerequisites. We do not envisage the 
use of a powerful simulation language like SIMULA or SMALLTALK. One learns more if one 
accomplishes a task with limited means, like BASIC. There are two types of simulations: those 
requiring the random number generator and those that do not. See Engel (1975). 
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5.9.1 Simulation with a random number generator 


At the instruction rnd the computer generates a real number u which is uniformly distributed in 
the interval (0, 1). This is the raw material for imitating random processes. By suitable transform- 
ations of u we can simulate any random device. 


Tosses of a fair coin: [2rnd] or [rnd + 0.5] produce 0 or 1 with probability 1/2. 


Steps of a symmetric random walk: 2[2rnd] -1 or 2[rnd + 0.5]-1 generate 1 or -1 with 
probability 1/2. 


Unfair coin: [rnd + p] assumes the values 1 or O with probability p and q = 1- p, respectively. 


[n X rnd] selects at random one element from lo, 1, 2 cesis 1} : 


Draw a random s-sample from an n-set. The elements of the Set are stored in L(1), 
L(2),.....,L(n). 


Draw at random elements from fi, ree n} until you have a complete set of all elements. 
Estimate the expected number of draws. 


Write a program for the game of Craps. The computer should play the game 1000 times and 
print estimates for the winning probability and the expected duration of a game. 


Study runs in random binary sequences. 
Generate 1000 random decimal digits and test their quality by x?. 


Relative frequency and probability: Write a program which tosses a fair coin 2000 times, print 
the relative frequency s/n of successes for n = 10, 20, 30,... , 100, 200, 300, .. . , 2000 and the 
deviation | s/n - 0.5 | in -units (o = 1/2471). 


5.9.2 Symmetric random walk and the yn- law 


Simulate random walks on the line, 


1 in the plane and in space, starting at the origin and discover 
empirically that after n steps the sq 


uare of the expected distance from the Origin is equal to n. 
x0 


x#x + 2[2rnd] - 1 
LO 


Random walk on a line 


x(1) + x(2) 0 
a+ [2rnd] + 1 
x(a) + x(a) + 2[2rnd] - 1 


Random walk in the plane 


x(1) € x(2) € x(3) -0 
a+ [3rnd] +1 
x(a) + x(a) + 2[2rnd] - 1 


x*y*0 
a € 271nd 

X x+ cosa 
yy + sin a 


Random walk in space 
Random walk in the plane with 


unit steps in random direction 
Diffusion and Brownian motion. 


5.9.3 Data analysis 


The random numbers as a source of data with lucid structure. Generate a sequence uj, Uz 
» W2, 
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tze. OL random numbers. Study records in the sequence. Introduce stopping rules: 

Stop as soon as Up-1 X Un ea 
Stop as soon as U; + U2 tus $i nth Ue d 


Stop as soon as Un >u 


What is the distribution and the expected value of the stopping time? The results are highl 
H Ji y 


instructive and amazing. 
How do you choose a random direction in 3-space? 


Simulate radioactive decay. This does require prerequisites, especially the functions exp and In 


A radioactive substance decays by sendin i i 
. t g out signals with gaps T 
signals. The following program simulates a sequence of gaps: gaps Ta, Tas Tewes- Birnen 


N T + - In(rnd)/A 
prt T 
-At 


; 1 
Proof: T<t «—- x In(end) <t <=> In(mnd) > -M <=> mde 


FT «0 - Pand > M)=1- e At 
5.9.4 Simulation without a random number generator 


In school we treat almost exclusively discrete random processes (Markov chains), which can be 


represented by transition graphs. Such a process can be regarded as a discrete (time i i 

à A im 

linear system. The linear system can be operated by the computer, or pocket eb pe 
memories are available. The outputs of the linear system are probabilities, distributions, expect 
ations. We give only trivial illustrations. Details can be found in (Engel, 1976, 1977). gem 


(a) Take the simplest Markov chain: tossing a fair coin until the first success comes up. It can be 


represented by Fig. 23. 


acl 
bec<0 
c<«ctatb 
(a,b) =} (a + ba) 
ifatb>1E-9 
prt c 

end 


Fig. 26 


2 2 

ntrolled by a clock starting at time t = 0. Initially mass 4 -]1is 

...the mass is redistributed as shown by the labels of the 
mulate the cost 


This linear system is cO 
ove mass 1 for 1 time unit. Let c cu 


placed in state 0. At time 1; 25 3, 
branches. It costs 1 monetary unit to m 
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of operating the system. Then we have the procedure in Fig. 24. c = 1 + 1/2 + 1/4+... 
converges to the expected waiting time for a success. After 32 iterations we get c = 2 
accurate to 10 digits. 


(b) Take the process of tossing a coin until a run of two successes comes up. It can be repre- 
sented by the linear system in Fig. 25 and by the procedure in Fig. 26. This procedure 
prints the expected waiting time 6. Convergence is linear with rate Q/5 - 1)/2, i.e. rather 
slow. 


This approach avoids matrices which cannnot be handled by means of the pocket calculator. 
Even more convenient is the use of the difference equation of the linear System. Take the Markov 
chain in Fig. 27, which is an example from genetics (see Engel, 1976). Suppose we start in state 1. 
Let p, be the probability of absorption in exactly n transitions. Then 

P: 70, p; 71/8, Pa =Pa-1 - p, ,/8, n2, 
This difference equation can easily be treated by means of a pocket calculator. 
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